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PREACOGNOSCENDA.. 


A Definition is the Explication of ſuch Words or Terms as want to ks 
explained. 


2. A Partition, or Diſtinktion is the apt Diſtribution of Generals into et 


Particulars. 

3. A Propoſition is the pronouncing ſomething true or falſe. 

4. A Demand is a Propoſition requiring ſomething to be effected my ; 
g. A Demonſtration. is the Connexion of ehe which, are ' brought to 
prove the Truth or Falſhood of a Propoſition. 

6. An Effeltion is the Method of anſwering or ſatisfying a Demand; and 
this, as well as. Demonſtration, is performed by Analyſis or Reſolution, when 
Things are, as it were, unrayell'd into their ſirſt Principles; D by Syntheſis or 


Compoſition when the Proceeding, is quite contrary. 


An Ariom is a Propoſition ſo eaſy/in it ſelf, that it needs 1 Dimodfiraride,” 


7 

8. A Paſtulate is a Demand ſo caſy in it ſelf, that it needs no Effection. 

9. A Theorem is a Propoſition, which requires a Demonſtration. 

10. A Problem is a Demand, which requires an Effection. | 

11. A Corollary is a Conſequent to ſome 8 Truth. 

12. A Lemma is a ſubſidiary Theorem, the Knowledge of which is neceſſary 
either for the Dem onſtration of ſome other Theorem, or the Effection of ſome 
Problem. 

13. A Scholium is an acceſſary Remark, or an Obſervation for inaſtrating 


what | is gone before, or about to follow. 
14. An Hypotheſis is the arbitrary ſuppoſition of ſuch Signs and Terms, as 


are convenient and proper for treating what is in Hand. 
15. One Propoſition is ſaid to be the Converſe of another, when either ſup- 


poſes or implies the other. 


16. Q. E. D. are the initial Letters of Quod erat Demonſtrandum ; i. e. Which 


Vas to be demonſtrated. Q. E. E. of Nod erat efficiendum ; i. e. which was 


to be effected. Ex. gr. denotes Exempli i grattd ; i. e. for Example. verſa, 
here- 


on che Contrary, In. Inſtitution. / Pre. Precept. Con. Concluſion.: T 
fore. Ad Tnfinitum, To Infinity. 


ARIT H- 


ARITHMETICAL INSTITUTIONS. 
PART I. 
Of the firſt Elements of ARITHMETICK:.. 


G84 $6. Bn 


General DEFINITIONS.. 


DErIMTION I. 


DeriniTion II. i 
2. Quantity is whatever is the Subject of Eſtimation, or 

8 3 Computation. 5 

= DErINITION III. 

3. Computation is that Action of the Mind whereby Things are referred to - 


DeriniTion IV. 
4. Unity is chat whereby every thing is conſidered as One. 
; B DeeriniTion V. 


[2] 
DzriniTion V. 

5. The ſame Units are ſuch as are apprehended under the ſame Notion ; 
the Gallons in a Buſhel of Corn, or the Yards in a Web of Cloth. Differen 


Units are. ſuch as are apprehended under different Notions, as the different 
Utenſils in a Workman's Swp, or Levers ing Book. 


DEFINITION VI. 


6. Eats Collection of Things taken as Unity, in reſpect of the Beings collect- 
ed, is called a Whole, nd eb CN fore Det in Pare s and if any 
one Part be aſſumed, the reſt are ſtiled the Complement of that Part to the 
Whole. Ex. gr. If a Buſhel of Wheat be conſidered as a V bole whoſe Parts 
are Eight Gallons, and if Five of thoſe Gallons be aſſumed, then the remain- 
ing Three are the Complement of that Part to the Whole. 


PARTITION I. 


7. The Doctrine of Mathematicks is diſtinguiſhed into Abſtra7, whe] it has 
no regard to Matter; and Concrete, when it has. 


| PARTITION II. | 
8. Aftra Mathematicks is tw two-fold, according as Quantity is the Subject: 


Firſt, Of the Faculty of pure Intellection only, without any regard to the 


Images of Things which are impreſſed upon the Mind: Secondly, As it is the 
Subject of the imaginative Faculty; or as it reſpects the ſenſible Ideas under 
which material Beings are apprehended. The former is ſtiled Arithmetick, the 


latter Geometry, Hence | 
DETINITION VII. 


9. Arithmetick may be defined to be the Doctrine of Quantity, as it is the 
proper Subject of the pure Intellect. Geometry, the Doctrine of Quantity as it 


15 repreſented to the Imagination 4 in the former reſpect, Quantity is the * 


with Multitude, in the latter with Magnitude. 


CorRoLLAaRY I. 


10. we Arithmetick is employed about Beings, both material, and ; * 
material: Geometry, only about Beings that are material. | 


DEFINITION VIII. 


11. A e is a Whole whoſe Parts are aBtually divided, and i is there- 
fore 0 Diſcontinued Quantity. 


DzeriniTion IX. 


74 
5 DrrIxI IOX IX. 
12. A 4 is a Whole, whoſe Parts are only diviſible in Power; and 
is therefore called Continued Quantity. 
. Derin1TION X. | 
13. The 2 of Things in Quantity, i is called Equal ity, and tber Dr 
agreement, 2 5 
DzriIxrrTION XI. 
14. Two Things are ſaid to be equal i in unde when they are the ſame. 
way referred to ak in general. | 
| DEFINIT1ON XII 


1g. Two Things are ſaid to be equal in Magnitude, when they « are the fame 
way referred to the ſame Unit. 1 


DxrinsTiON XIII. 


16. Of bod unequal Multitudes, that is ſaid to be More, & Part of which is 
equal in Multitude with the Whole of the other; that Fewer, the Whole of 
Be Is _ in 1 with a Part of the other. 


* Uo iii on XIV. 


17. Of two . 1 that is ſaid to be Greater, a Part of whichi is 


equal in Magnitude with the Whole of the other; that Laſſer, the Whole: of 
which is equal in Magnitude: with a Part of the other. 


Ds»k6rIONC, XV. 


18, A Multitude 1s * to be Homogeneous, when it is of — the fame . 
kind; Heterogeneous, when it is of things of di ferent kinds, 


68 Axion L. 

0. ben ans may be aſſumed as Unity. 
vn | Axion II. 
20. e to itſelt. 
Aae II. 


2 8 Ar arecqual tone Ne ſame third, edel to dne aro- 


| ; Azvou: W. 13 90 1 
+ The wen more or rae via Pur 1! 3251 05 
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Ax1om V. 
23. The Whole 1s equal to all its Parts taken together, 


Pos TULATE I. 


24. That one Quantity may be increaſed or diminiſhed by another. 


C A A p. II. 
Of the Expreſſon of QUANTITY. 


PARTITION III. 


25. . Terms by which Quantity is expreſſed are Species, and Num- 
er. 


DEFINITION XVI. 
26. Species is that which expreſſes Quantity indefinitely and univerſally. 
| Derinition XVII 
27. Number is that which expreſſes Quantity definitely and particularly. 
PARTITION IV. 


28. Species are diſtinguiſhed into Given and Known, and Sought or Unknown. 


PARTITION V. 


29. Both Species and Number, like the Quantities which they expreſs, are 
divided into Homogeneous, and Heterogeneous. 


HyyPyeoTHEs1s I. 


30. The Species of Quantities are ſignified by the ſmall Letters of the Alpha- 
bet, and ſometimes by the Capital ones ; Unknown Quantities by the Vowels, a, e, 
i, u, y; and Known ones by the Conſonants, b, c, d, f, g. &c. according to 
Mr. Harriot. But according to others ſince him, Unknown Quantities are diſtin- 
guiſhed by the firſt Letters of the Alphabet, a, b, c, d, &c. and Known ones 
by the laſt, «, x, y, &c. | 

HyyoTHEs1s II. 


31. The Sign of Equality is =. The Sign of Majority is >, of Minority <. 
Ex. gr. a=b denotes the Quantity repreſented under the Species a, to be equal 
to that known by the Species ; ſo a > x, ſignifies the Term a, to be greater 


than the Term x; and x Ta, that „ is leſſer than a. 
© ScueliumM I. 
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Scnuoilium I. 


32. The firſt Inventer of Species-Arithmetick is faid to have been Fraxcis 
Vitta, a Switzer, who flouriſhed about the Year 1590, but it was perfected 
by our Country Men Harriot and Oughtred who were Cotemporaries, Ano 


Chriſti 1600. 


Cn A p. III. 


Of NUMBER in general, 


ParTiTION VI, 
3 „ e 1s divided into Iutegers and Fraftions. 


Dzx1niTion XVIII. 

34. An Integer or Whole Number is that which is referred to Unity, as a 

Whole to a Part, as 1, 2, 3, 4, &c. 
DeyriniTion XIX. 

35. A Fraction or broken Number is that which is referred to Unity, as a 

Part to the Whole; as 1 Half, 2 Thirds, 1 Third, 3 Fourths.. 
PosTULATE II. | 

36. That no Integer can be aſſumed ſo great, but another may be aſſumed. 

greater: Nor any Fraction fo little, but another may be aſſumed les. . 
DEFINITION XX. 


37. An Aiguot Part is that which being ſome Number of Times repeated 
becomes equal to the Whole. An Aiguant Part is that which being repeated 
does either always exceed, or fall ſhort of the Whole. Ex. gr. the Number 4 is 
an Aliguot Part of the Number 12, as being juſt 3 times contained in it: 
But the Number 5 is an Aiguan Part of 12, becauſe if repeated twice it is leſs 
than 123 and if repeated thrice it becomes more. 

Axiom VI. 
38. Every leſſer n Jay Number is contained in a greater, either as an 
Aliquot, or an Aliquant Part. | 
Axion VII. 
39. Every Number is contained in it ſelf once. 
c A. VN 


Parts will it contain of that other. 


[6] 

| Axton VIII. 

40. Every Leſſer Number is contained in a Greater more than once. 
| 97 Axiom IX, 

41. The Greater any Number is in compariſon to another, the more equal 

— —— — — i mann * 

42. The nearer any leſſer Number approaches to being equal to a greater 
Number, the leſs often will it be contained in that greater Number. 
'Dzrinirion XXI. 
43. The Compariſon between any two Homogeneous Numbers (the one be- 
ing taken as a Part or Parts of the other) is ſtiled the Ratio of thoſe Numbers. 
DerivITTOY XXII. | 


44. The Ratio of a greater Number to a lefler (as of 8 to 2) is called a 
Ratio of greater Inequality, and the Ratio of a lefler Number to a greater 
(as of 2 to 8) a Ratio of leſſer Inequality. And the former Term in every 


Ratio is called the Antecedent, the latter the Conſequent. 


Axiom XI. 


45. If two Numbers be encreaſed or decreaſed by like Parts of themſelves, 
their Ratio, both of greater and leſſer Inequality, continues ſtill the ſame. 
Ex. gr. If 21 and 12 be each encrcaſed or decreaſed by their reſpective Thirds 


(viz. 7 and 4) the Sums 28 and 16 in the former Caſe, and the Remainders 14 


and 9 in the latter, have the ſame Ratio to each other. 
DeriniTion XXIII. 


46. A lefſer Number is faid to meaſure a greater, when it is an aliquot 
Part of that greater Number. | 
DeriniTion XXIV. 


47. A Common Meaſure of two or more Numbers is that which meaſures 
each. Ex. gr. 3 is a Common Meaſure of the Numbers 6, 9, 12, 15, 18, 


21, Sc. 


PR DETINI TON XXV. 
48. Commenſurate Numbers are ſuch as have ſome one or more Common 
Meaſure beſides Unity, as the Numbers above. | 


Axiom XII. 
49. If a Number meafure all the Parts of another Number, it will alſo 


Ax10M XIII. 


meaſure the Whole of that other Number. 


% > 2 * * 8 
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n . 
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Axiom XII. 


50. If a Number meaſure another Number, it will alſo meaſure all che 

Numbers, which that other Number meaſures, | 
Axiom XIV. 

51. If a Number meaſuring any other Number do alſo meaſure a Part of 

that other Number, it will alſo meaſure the remaining Part. 
Axiom XV. 

52. If two Numbers are commenſurate to a Third, or are commenſurate 
to commenſurate Numbers, they are commenſurate to one another. And the 
{ame of incommenſurate Numbers. 

DEFINITION XXVI. 

53. An Even Number is that which is meaſured by 2. 
DEFINITION XXVII. 

7 54. An Odd Number is one more than an even Number. 

1 DzriviTiown XXVIII. | 
We 55. A Prime or Incompoſite Number is that which no Number meaſures but 
of Unity, as 3, 5, 7» 11, 13, 17, 19. 

DEFINITION XXIX. 
56. A Compoſite Number is that which is meaſured by ſome one or more 


Numbers beſides Unity, as 4, 6, 8, 9, 10, 12, 14, 15, Ec. 
9 DRriIxITION XXX. 
1 57. A Perfeft Number is that which is equal to all its aliquot Parts taken 


I together; ſuch, ex. gr. is the Number 6, whoſe aliquot Parts are, 1, 2, 3. 
: and ſuch again is 28, whoſe aliquot Parts are 1, 2, 4, 7, 14. 


4 | CH Ar. IV. 
# Of the Four Firſt Rules of Arithmetical Invention. 
x PARTITION VII. 


58, THE four firſt Rules of Arithmetical Invention are Addition, Sub- 
T traction, Multiplication, and Diviſion. 1 vagty *% 4 * 


DEri yr. 


[8] 
DxxriniTiIon XXXI. 


59. Addition is the Invention of a Number or Quantity called the Sum 
or Aggregate, by collecting together two or more given Homogeneous Quanti- 
ries, | 


Axiom XVI. 
60. If equal Quantities be added to equal Quantities their Sums will be 
equal, 
HyyoTHEs1s III. 


61. The Sign of Addition is + i. e. Plus or More. Ex. gr. 642 denotes 
the Sum of 6 and 2, or 6 more 2 ; and indefinitely bd denotes the Sum of the 


two given Quantities ſignified by the Species h and d. 
DeFiniTion XXXIL. 


62. Subtraction is the Invention of a Number or Quantity called the Dif- 
ference, Remainder, or Exceſs, by taking a leſſer given „ called the 
Subtrahend, from a greater given Homogeneous Quantity ca Minuend. 

| Axion XVII | 5 

63. If equal Quantities be ſubtracted from equal Quantities, the Re- 
mainders or Differences will be equal. 

Axiom XVIII. 


64. If one equal Quantity be /ubiraFed from another, the Remainder will 


be Nothing. 
| HyyeoTnres1s IV. | 
65. The Sign of Subtraction is — i. e. Minus or Leſs. Ex. gr. 6—2 de- 


notes the difference between 6 and 2, or 6 leſs 2 ; and indefinitely -d ſignifies. 


the difference between the Species b, and the Species d, or b leſs d. 


HVvrOTHESIS V. 

66. The Sign © denotes the difference of two Terms, without knowing 
which is greater, which leſſer, Ex. gr. a Me ſerves indifferently for a—e or 
-a, according as à or e is greater. 

I CoRoLlLaRy II. 

67. Addition and Subtraction are only of Homogeneous Terms. Ex. gr. 
65. +- 25. = 85. i. e. 6 Shillings more 2 Shillings equal 8 Shillings : So 64d, — 
2d. = 4d. i. e. 6 Denarii or Pence leſs 2 Pence make 4 Pence. But 6s. + 2. 


will neither make 85. nor 8 d. Nor will 65. — 2 d. make 4.5. or 4d. but both 
maſt remain as they are, fo long as they continue in different Denominations. 


CoRoL- 


= 


CorRoLLaRyY III. 
68. Addition is the Converſe of Subtraftion, and Subtraftion of Addition. 
Ex. gr. if ab d, then becauſe b (In. 20.) :- a=d-+b (In. 60.) And 
if a=d+b, then becauſe b=b (In. 20.) : a—b=d (In. 63.) 


DeriniTIon XXXIII, 


69. Multiplication is the Invention of a Number or Quantity called the 
Produft, by taking or adding a given Number called the Multiplicand, as of- 
ten as there are Unites, or Parts of an Unite in another given Number called 
the Multiplier. Ex. gr. in the Multiplication of 6 by 2, 6 is the Multiplicand, 
2 the Multiplier, 9 of 2 the Product. 


DzriniTion XXXIV. 
70. In Multiplication' the Multiplicand and Multiplier are alſo called by the 
common name of Faftors, or Efficients. i 
Axiom XIX. 
71. If = ws Quantities be multiplied by equal Quantities, the Products 
will be equal. | 
HVYPOTRESIS VI. 


72. The Sign of Multiplication is Xi. e. Into. Ex. gr. 6 2 denotes the 
Produf of 6 multiplied * or into 2, And xd or rather bd, like Letters in 
a Word, denotes the Product of b into d. 


HyvPpOTRHESIS VII. 


73. If one or both of the Factors do conſiſt of more Terms than one con- 
nected by the Signs + and —, a Line is to be drawn over all the Members in 
each. Thus the Product of a-+b—c multiplied into x z is ſignified by 


atb=cxx +2. 


DEFINITION XXVV. 


74. Numbers multiple into, or prefi cd to Species, are ſtiled Coefficients, 
and denote how often ſuch Species are taken; thus, 5 à is 5 times a: 145 
is 14 times b, &c. And every Species without a Coefficient has Unity under- 
ſtood to be prefix'd to it; thus, à is 1 4, bis 1 b, &c. 


DeriniTion XXXVI. 


75. A Product is faid to be of as many Dimenſions as it conſiſts of literal 
2 Ex. gr. aa is a Product of two; yabc of three; xxx of four, Sc. 
imenſions. , 


D DzeriniTion XXXVII. 
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1 DzriniTion XXXVIII 
76. Diviſion is the Invention of a Number or Quantity called the Qyotient, 
which contains as many Units, as a given Quantity called the Dividend con- 
tains another given Quantity called the Diviſor. Ex. gr. in the Diviſion of 
12 by 2. Here 12 is the Dividend, 2 the Diviſor, and 6 the Quotient. 


1 Axton XX. 

77. If equal Quantities be divided by equal Quantities, the Quotients will 
be equal. | 
| 0 HyyoTHrests VIII. 


78. The Sign of Diviſion is = i. e. By. Ex. gr. 6 = 3 denotes that 6 is to 
be divided by 3. Alſo here, as in Multiptication, when the Divifr, or the 
Dividend, or both are compound Quantities, a Line is to be drawn over all 
the Members in each; thus, the Diviſion of a+b—c by x+z is denoted by: 
F IN 


HYPO TRHEZSIS IX. 
79. Otherwiſe Diviſion is ſignified by drawing a Line under the Dividend, 


alt bhb—c 


and placing the Diviſor beneath it; thus, "IT 


CoroLlLaRy IV. 


80. The Quotient expreſſes the Ratio of the Dividend to the Diviſor 
(In. 43.) 


Axiom XXI. 
$1. Unity neither multiplies nor divides. Ex. gr. xa = = . 2 
the leaſt Integer that multiplies or divides. 
Axiom XXII. 


82. To multiply by an Integer encreaſes the Value of the Multiplicand, 
and to divide by an Integer decreaſes the Value of the Dividend. 


CoRoLLaRY V. 


83. Multiplication is the Converſe of Diviſion, and Diviſion of Multiplication ; 
i. e. If in Multiplication the Product be divided by either Factor, the Quo- 
tient will be the cther Factor. And in Diviſion, if the Quotient be mul- 


tiplicd into the Diviſor, the Product will be the Dividend. Ex. gr. If d 
then 


7 * I * 
* * : 2 5 
WI . - F 1 
ne 5 5 * . — 
2 RS 1 
. 5 _—_—_— © #, 0 is _— — 
* 
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then becauſe Db (In. 20.) :+ a=bd (In. 71.) And if ag bd, then becauſ: 


b=b (In. 20.) :* 5 =d (In. 77.) 
TREOREM J. 
84. The Product of two Numbers or Quantities, (Ex. gr. a+bxe +z is 
equal to the Product of all the Parts of one multiplied (or drawn) into all 
the Parts of the other i. e. M PZN E N 
| Demonſtration. | | 
If equal ntities are multiplied into qua uantities, the Products are 
equal (In. 78 But every Whole is equal to all its Parts taken together 
(In 23.) Therefore the Product made by multiplying two Wholes one into 
another aÞbXe7 is equal to the Product made by multiplying all the Parts 
of one into all the Parts of the ather ; i c. N EAN ETL or 
e | b+2XaFb=ac+az+be--bz, Q. E. D. 
CoxoLLARY VI. | 
85 Therefore in Multiplicarion 'tis all one which of the Factors be the 
Multiplicand, and which the Multiplier. 


TREZOREM II. 
86. If a Dividend and Diviſor (Ex. gr. ) be both multiplied into (and 
conſequently both divided by) the fame Quantity (Ex. gr. x) the Quonent: 
will continue ſtill the ſame; i. e. > == 


Demonſtration. 
If a Diviſor and Dividend be encreaſed or diminiſhed” by like Parts of 
themſelves, the Diviſor will be till the fame Way contained in the Dividend; 
i. e. their Ratio will” ſtill be the ſame (In. 45.) But the Quotient is that: 


. which expreſſes the Ratio of the Dividend to the Diviſor (In.. 80.) There-- 


fore the Quotient is ſtill the ſame 3 i. e. 5 = QE.D.. 


CorolLLaRy VII. 


87. Therefore wherever the fame Term is found in both the Dividend: 
and the Diviſor, it is to be ſtruck out. Or in Numbers, whencver the 
Dividend and the Diviſor can both be divided by the fame Number, it is to» 
be done: Which is called a bringing the Expreſſion to its loweſt Terms. Ex. gr... 


abx „* ' 

Ez 4 n. 81. —=—=1.(la 39.) And in Numbers 
Ane | | 
"= a nd 


CAP. 


L124 
DA. . 
Of FRACTIONS. 


DRIN ITION XXXVIIL | 


IF F a Diviſor be an Aliquant Part of the Dividend, then the Diviſion of 
the Remainder by the ſame Diviſor makes a Frafign (In. 35.) As 
when 14 is to be divided by 3, the 9 4, with the third Part of 2, 


or two third Parts of 1, ie 1 4 So —or 19 +5 = I +7 


n 3 and the 5th Part of 4, or 4 Fifths of 1. 


DeFiniTiIon XXXIX. 


89. The Numerator of a Fraction is the Number above, expreſſing how 
many Parts are taken in the Fraction. The Denominator is the Number be- 
neath, which ſhews the Denomination of the Parts, or the Number of Parts 


into which the Unit is divided. 
PaxTiTion VIII. 
90. Fraflions are divided into Proper and Improper. 
DzFiniTion XL. 

91. A Proper Fradtion is that whoſe Numerator is leſs than the Denominator ; 
a 32. 2,4, An Improper Fraction is that whoſe Numerator is greater, as 
7 T, , Oc. 

PARTITION IX. 
92. Factions are again divided into Pure and Mixed. 
Derixiriox XLI. 


93. A Pure Frattion is that which is joined to no Integer, as 4, + Ec. 
A Mixed Number or Species is that which is made up of an Integer, _ a 


Pure Fraction, as 3 T ; i. e. 3 and a half, b +=. 


 Scnuoiliuvm II. 


94. In Mixed Numbers the Sign + which connects the Integer and Fraction 
is uſually omitted. Thus 3 + 4 is writ 37» 15 + 2 is 1543, but not ſo in 


— 
Ea rg ; ParTITION X. 
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PARTITION X. 


95. Pure Fractiuus are divided into Simple, and Compound. 
DeyriniTiIon XLII. 


96. A Simple Fraction is that which is not divided into more, as the Exam- 

les above. A Compound Fraftion is the Multiplication of Fractions, or the 

— a Fraction into more; as the Expreſſions + of + of 4, £ of 4. of 3, 
+ of HN, Ga 


PARTITION XI. 


97. Simple Fractions are either Homogeneous, or Heterogeneous. 


DzeriniTion XLAI. 


8. Homogeneous Fraftions are ſuch as have the ſame Denominator, or are 
erred to the ſame Unit. Heterogeneous Fraftions are ſuch as have different 
Denominators, or are referred to different Units. 


CoROLLARY VIII. 


9. In Proper Fractions the Numerator is to the Denominator in a Ratio of 
leſſer Inequality : In Improper Fractions in a Ratio of greater Inequality. 


CoROLLARY LX. 


100. Every Integer may be looked upon as a Fraction whoſe Denominator 
is Unity; thus 5 2 ＋ 622, b=—, &c. 


CoROLLARY X. 


101. When the Numerator and Denominator of a Fraction are the ſame, 
the Fraction is the ſame with Unity (In. 39.) 


CoRoLLaRy XI. 


102. The greater the Denominator of a Fraction is in reſpe& of its Nume- 
rator, the leſſer is the Fraction; and vice verſd, the leſſer the Denoginator of 
a Fraction is in reſpect of its Numerator, the greater is the Fraction (In. 41, 


and 42.) 
CorRoLLARY XII. 


103. If both the Numerator and Denominator of a Fraction be multiplied 
(or divided) by the fame Number or Quantity, the Fraction will ſtill retain the 


value (In. 86, and 87.) 
| E. CoRoLLaky XIII. 
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CorolLary XIII. 


104. If the Numerator of a Fraction be multiplied by any Number or 
Quantity, it is made ſo many times greater, as there are Units in that Num- 


ber or Quantity ; and if divided by it, ſo many times leſs (In. 102.) 
CorRollLaRy XIV. 


105. If the Denominator of a Fraction be multiplied by any Number or 
Quantity, it is made ſo many times leſſer, as there are Units in that Quan- 
tity ; and if divided by it, ſo many times greater (In. 102.) 


CoRoLLARY XV. 


106. Whence, to divide the Numerator of a Fraction by any Quantity, 
is all one as to multiply the Nenominator of the ſame Fraction by that Quan- 
tity : And vice ver/a, to multiply the Numerator of a Fraction by any Num- 
ber or Quantity is all one as to divide the Denominator by that Number or 

R ac b b | 


PROBLEM I. 


107. To reduce Heterogeneous Fractions into Homogeneous ones retaining 
the ſame Value. | | 


Effeion. | 
Pre. 1. Multiply all the given Denominators together for a new and common 


Denominator. 
2, Multiply each Numerator into all the Denominators, except its own, for 
new Numerators. | | 
3. Subſcribe the new and common Denominator under each of theſe new Nu- 
merators. Then I fay that each Homogeneous Fraction, thus found, is 
equa] to the reſpective given Heterogeneous one from whence its Numerator 
was formed. Q. E. E. 


| Example. 
Let its be required to reduce the given Heterogeneous Fractions 7 7 0 = 


into Homogeneous ones of the ſame Value. 
By Pre. 1. ÞXqXr par the common Denominator. 


By Pre. 2. the new Numerators are br, cpr, and 4pg. 


Therefore' by Pre. 3. the Homogeneous Fractions required are 297 14 apg 
3 9 40 86. and 87.) Pr PT Pi- 
EW 1 "0 7. 11 


F 


r . b 2 
If b= 2, 023, da 4, P 5, 1712 7, 9 3 then inſtead of =, ©, f, 


| 
2X7X9 _ 126  3X5X9 . 135 , 4X5X7 _ 149. 


577 © 315 * 5X7X9 315 ' 5X7X9 315: 
PROBLEM II. 
108, To reduce a given Integer b into a Fraction of the ſame Value, whoſe 


Denominator ſhall be a given Quantity d. 
Effeftion. | 
Multiply the given Integer þ into the given Denominator d, and under the 


Product bd ſubſcribe the Denominator d; then I fay > = þ (In. 86, and 
87. E. E. | 
2 PROBLEM III. 


109. To reduce a mixed Quantity ( + Sor b—_—) into an Improper 
Fraction of the ſame Value. 


we ſhall have , 7 , 4 „which reduced by the foregoing Precepts become 


Effeftion. 
Multiply the Integer > into the Denominator of the Fraction z, and under 
the Sum bz + x in the former Caſe, or Difference bz — x in the latter Caſe, 


ſubſcribe the Denominator 2; then I fay Z* = b + £ , and ZZ = b — 
=. QE. E. RES. 


2 
Demonſtration. 


The Quantity » = = (In. 86.) Therefore = + = = b + = (In. 60.) 


bs: x Pa- g Lz --x x 
But r Dr (In. 88.) Thergfore — = b + — 
(In. 21.) And after the ſame manner will it be proved that WY or = — =, 


==. QE. D. 
PROBLEM IV. 


bz+-x 
2 


110. To reduce an Improper Fraction 
mixed Quantity. 
3 Effetion. 
Divide the Numerator & by the Denominator z, and under the Re- 


| mainder ſubſcribe the Denominator, I fay b + Z = ZZ. QE. E. 
| ProBLEM V. 


to its equivalent Integer or 


| @ =p, therefore 25 = #23 5, e. *2 is the Product required. Q. E. D. 
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| ProBLEM V. | 
111. To add one given Fraction to another Fraction given. 
| _ Effeftion. s 
Pre. 1. If any of the given Fractions to be added together be a mixed 
Quantity, reduce it to an Improper Fraction (In. 109.) And if they are 
Heterogeneous reduce them to Homogeneous ones (In. 107.) | 
2. Add all the Numerators together, and under that Sum ſubſcribe the com- 


mon Denominator, and it 1s ere 
b a . 
Ex. gr. 2 — —+ _ — . 80 4 AI (In. 39.) Again 25 


* 


TI (In. 109.) r: (In. 107.) = "7 = 37 (In. 110.) 
PRoBLEM VI. 7 


112, To ſubtract a given Fraction from another Fraction given. 
| _ Effeftion. 

Pre. 1. If either of the given Fractions be mixed, reduce it to an Improper 
Fraction (In. 109.) And if they are Heterogeneous make them Homoge- 
neous (In. 107.) 

Pre. 2. Subtract the leſſer Numerator from the greater, and under that Dif- 
ference ſubſcribe the common Denominator, and it is done. 


b b 
Ex. gr. — == = =, 4+=4=4=x (In. 87.) S0 21 - (In. 109.) 
="L—3 (In. 107.) l (In. 110.) 
ProBLEM VII. 
113. To multiply a Fraction _ by a Fraction - (In. 96.) 
Effeftion. 

Multiply all the Numerators together for a new Numerator, and all = 
Denominatops together for a new Denominator, and it is done; I fay, = 
= 5 the Product required. 

: Demonſtration. | 


Put > = #5 = 2, then will xz = the required Product (In. 71.) But 


if r. then b cx; if 5 2, then d=pz (In. 83.) And if Y ce 
and d = pa, then bd = cpxz (In. 71.) And laſtly, if bd = cpxz, becauſe 


ep ep 


87.) In Numbers r gf ke 05 570 So EE du. 5 
27221 (In. 87.) = 15 (In 110.) 


a vm. 
114. To divide 4 Fradtion © = by a Fraction 7 


Effection. 

Pre. 1. When the Numerator of che Dividend can be divided by the Numera- 
tor of the Diviſor, and the Denominator of the Dividend by the De- 
nominator of the Diviſor 3 then the reſpective Quotients will be 
the Numerator and Denominator of the Quotient required; thus, 


4 b 
* 8 SEES Ht St=Þ 44+ 4-52 = 41, But when this can- 


not be done, then 
Pre 2. Multiply the Numerator of the Dividend into the Denominator of the 
Diviſor for a new Numerator, and the other Numerator and Denomi- 


—— for a new Denominator „ 1 
bd : 
BY, ASS IF Se. | 


Demonſtration. 


Since Diviſion is the Converſe of Multiplication (In. 83.) then becauſe the 
Multiplication of Fractions is performed by Multiplying all the Numera- 
tors together, and all the Denominators together (In 1 13. therefore the Divi- 
ſion of one Fraction by another muſt be performed by dividing the Numera- 
tor of the Dividend by the Numerator of the Diviſor, and the Denominator 
of the Dividend by the Denominator of the Diviſor, — to Pre 1. 
above: But . this is all one as to multiply the contrary Numbers to- 
gether, as in Pre. 2. (In. 106.) therefore, Sc. Q. E. D. 


COROLLARY XVI. 


115. Therefore to > divide the Denominator of a Fraction by any Integer 
is the ſame as to multiply the Fraction oy. that Integer; and to divide the Nu- 
merator of a Fraction by an Integer is the ſame as to divide the Fraction by 


that Integer; ay, = X2= =, and = b . 


F CoroLLaky XVII. 


[48] 
* EK -CoroLLary, XVII. | To 
116. Alſo it . that to divide by a Fraction always encreaſes the Va- 
lue of the Dividend, and to multiply by a Fraction decreaſes the Value of the 
Multiplicand, which is the Converſe of Axiom 22, (In. 82.) 


CoRoLLARY: XVIII. 


117. The Product made by two Integers will it ſelf be an Integer; and the 
Product made of two proper Fractions will be a Fraction. 


"COROLLARY XIX. 


118. That Number which being divided by an Integer makes an Integer in 
the Quotient is it ſelf an Integer (In. 83.) And vice ver/# that Number, which 
being divided by a proper Fraction, makes a proper Fraction in the Quotient, 


- 


is it ſelf a proper Fraction. | 


Cnayr. VI. 7 
( the Greateſt Common Meaſure between two or more given 
Numbers or Quantities. 


DEFINITION 


119, HE Greateſt Common Meaſure between two given Numbers or 
antities, is that, which dividing both ſhall bring them to their 
leaſt or Terms (In. 87.) 


PROBLEM IX. 


120. To find the Greateſt Common Meaſure between two given Numbers, 
Ex. gr. Þ the greater, and c che leſſer, 


| Effection. 
Pre 1. Divide the greater Number h by the leſſer c, and call the Re- 
mainder d. 
Pre 2. Divide the firſt Diviſor c by the firſt Remainder d, and call the ſecond 
Remainder f. | 
Pre. 3. Divide the ſecond Diviſor d, by the ſecond Remainder f, and call the 
third Remainder g. 


Pre. 4. Continue fo doing as long as any thing remains, and the laſt Diviſor 
will be the greateſt Common Meaſure fought, Q. E. KE. _ 
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The Demonſtration of this EfeZion. is twofold. 
Firſt to prove, that the laſt Diviſor, how — ſoever there be thus found, 


does really meaſure the firſt given Numbers þ and c. 
. Ex. gr. that the ſecond Remainder f does divide the ſecond Diviſor 


d without a Remainder, fo that the third Remainder g=0. 
Con. 1. The Number d meaſures the Complement of Ff to c (Pre. 2.) and 


the Number F m2aſures d by Suppoſition : But if a Number meaſures ano- 
ther Number, it alſo meaſures every Number which that other Number 


meaſures (In. 50.) therefore the Number: F meaſures the Complement of 


F to c. | : | 
2. The Number F meaſures its Complement to c (Con. 1.) and it: alſo mea-: 
ſares it ſelf (In. 39.) But if a Number meaſure all the Parts of another 


Number, it alſo meaſures the whole of that Number (In. 49.) therefore f 
meaſures c, the leſſer given Number. 

3. The Number c meaſures the Complement of d to þ (Pre. 1.) and f mea» 
ſures c (Con. 2.) But if, Sc. (In. 30.) therefore f meaſures the Comple- 

ment of d to b. 

4. The Number F meaſures the Complement of d to þ (Con. 30 and alſo mea- 
ſures d by Suppoſition. But if, Sc. (In. 49.) therefore F alſo meaſures 5 


the greater given Number. 

It is plain therefore the laſt Diviſor thus found, how many ſoever there be, 
will be a Common Meaſure to the given Numbers. It follows next to demon- 
ſtrate that it is the Greateſt Common Meaſure. - 

10 2. for the Greateſt Common Meaſure between the given Numbers 
b and c. | 


Con. 1. If z meaſures þ and c (as by the Suppoſition) it muſt alſo meaſure what 
remains after the Diviſion of h by c, or the Complement of all the cs, that 


will contain, to þ (In. 31.) But that Complement is d (Pre. 1.) There- 


fore z meaſures d. > 
2. If z meaſures c and d (Con. 1.) by like reaſon it muſt meaſure f and fo on. 


But if 2 meaſure F it cannot poſſibly be greater than f. Therefore F is the 
© greateſt Common Meaſure between h and c. Q. E. D. 


CokxolLIARYT XX. 


121. If the leſſer given Number be an Aliquot Part of the greater, then is 
the leſſer Number the greateſt Common Ace TOY | 


CoROLLARY XXI. 


122. If the laſt Diviſor be Unity, then are the given Numbers in their low- | 
eſt Terms already, 


Coroilaky XXIE 
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Cotottriny XXII. 


3. If a :Nomber = menſlee aby deen Numbers l. and c, it will alſo mea- 
the rea Common Meaſure between thoſe two Numbers, 


Cotoltliy XXIII. 


A. If a Number z which is the greateſt Common Meaſure to any two other 
Numbers b and c do meaſure a third d, it will be the greateſt Common Mea- 
fare to all the'three, b, c, d. For fince z is the greateſt Common Meaſure that 
can be to b and c, therefore no greater Number meaſuring 4 can meaſure 


both 5 "ad c. 


* PROBLEM X. 


135. To find the greateſt Common Meaſure to any Number of Terms; 
Ex. Er. b, c, d, f. 
Efteftion. 
Pre. 1. Find the greateft Common Meaſure between the firſt Term b, and the 
ſecond c, (In. 120.) which call p. 


2. —ç the greateſt common Meaſure between p, and the third Term d, which 


3. Find the greateſt Common Meaſure between and the fourth Term f, which 
call r, and fo on if Occaſion require to a fifth, ſixth, c. Term at pleaſure ; 


and the laſt Common Meaſtire thus found is the greateſt to all the Terms for 


which it is found; conſequently v is the greateſt Common Meaſure to the four 


Terms b, c, d, f. 
Demonſtration. 


Con. 1. The Number 2 meaſures þ and 4 (Pre. 1.) and g meaſures (Pre 2.) 
But, Sc. (In. 50.) Therefore 3 ep b and c. 


2. The Number r A 00 0 3.) 94 meaſures þ and c (Con. 1.) and 4 
meaſures d (Pre. 2.) n. 50.) Therefore r meaſures b, c, d. 


And ſince 7 en T 0 Pre. 3.) Lie e r meaſures b, c, d, and 5 which 


was the firſt Thing to be proved. 
Secondly, Su — z for the greateſt Common Meaſure required, 

Con. 1. The Number ⁊ meafures h and c (by Suppoſition) and p is the greateſt 
Common Meaſure between h and c (Pre. 1.) Bur if, Cc. (In. 123.) There- 


fore z meaſures p. 

2. The Number z meaſures p (Con. 1.) and d (by Suppoſition) and q is the 
greateſt Common Meaſure between p and d (Pre. 2.) But, Sc. (In. 123.) 
Therefore z meaſures g. 

And after the ſame manner will it be proved that z meaſures » the 


Common Meaſure found, but if 2 meaſures vi it cannot poſſibly be leſſer than , 
there- 


U 2.1. ] ; 

therefore 1 is the greateſt C ommon Meaſure between the given Numbers 
Lo 64} GER © | 

ConorraxY XXIV. 


126, If a Number z meaſure ever ſo many Numbers, it will alſo meaſure 
the greateſt Common Meaſure of thoſe Numbers. 


— ä * _ — 
= 


Cn Ar. VII. 


Of the Powers of QUANTITIES. 


DzriniTion XLV. 


127. THE continued Multiplication of a Quantity into it ſelf is termed 
T Involution; and according to the Number of ſuch Multiplications 
of the ſame Quantity, it is ſaid to be raiſed to the Firſt, Second, Third, 
Fourth, &c. Power or Degree; Ex. gr. If the Number or Quantity à be con- 
ſidered as multiplied into wig (i. e. as 1 a) it is termed Root or Firſt 
Power of a; then that firſt Power multiplied into it ſelf compoſes the Square 
or ſecond Power (aa): That ſecond Power multiplied into the Root a, compo- 
ſes the Cube or third Power (aaa): That third Power multiplied into the Root 
a compoſes the Biquadrate or fourth Power (aaaa) : That fourth Power multi- 
plied into the Root a compoſes the firſt Sur/olid or fifth Power (aaaaa), &c. 
ad inſinitum. | 


DzFiniTion LXVI. 


128. The Converſe of Involution, i. e. the Reſolution of the Root from the 
given Power, is called Evolution, or Extraction. | 


DzxiniTion LXVII. 


129. A Scale of Powers are all thoſe in their Order, which are raiſed from 
the ſame Root, as, a, aa, aaa, aaaa, aaaaa, aaaaaa, aaaaaaa, &c. 


PARTITION XII. 
130. Powers are divided into Homogeneous and Heterogeneous, 


DepginiTion XLVIIL 


- 131. Homogeneous Powers are ſuch as belong to the ſame Scale; as, a, aa, 
aaa, &c. Heterogeneous Powers belong to different Scales; as, a, bb, cc, 


add, &c. g | 
G ParTITIoNn XIII. 


Heterologous. 
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PARTITIO W XIII. | | 
132. Heterogeneous Powers, as well as their Roots, are either Homologous, or 
Heterologous. | 
; DeriniTion XILIX. 


133. Homologous Powers are ſuch Heterogeneous Powers as are of the ſame 
Dimenſion; as, as and bb, ccc and ddd, xxxx and z2zzz, &c. all others are 


DzrnintTion L. . 

134. Homologous Roots are thoſe of the ſame Name (viz. the Square, Cube, 

Biquadrate, &c. Roots) which are extracted from Heterogeneous Quantities. 
DzerniTion LI. 

195. Homologous Roots extracted from Commenſurate Quantities are ſaid to 

be Commenſurate in Power. | 

PARTITION XIV. 

136. Powers, as well as their Roots, are again diſtinguiſhed into Rationa? 
and Irrational. 

Dzrin1Tion LIL. 

137. Rational Powers are ſuch as have their Roots capable of being expreſ- 
{:d in Numbers, as 4 = 2 K 2, 8 =2 X2 X2, 64 =4 X4 X4, &c. And 
fach Roots are called Rational Roots. 

DzeriniTion LIII. 


138. Irrational Powers are all Numbers, which either in reality have no 
Roats at all to be expreſſed in Numbers (as 2, 3, 5, 6, 7, 10, Sc.) or at 
leaſt no ſuch as are required to be extracted from them: Of which kind. 
Ex. gr. are 4 taken as a Cube ; 8 taken as a Square, or a Biquadrate ; 9 taken 
as a Surfelid, or as a fixth Power, &c. And their Roots are ſtiled Irrational 
Roots, or Surds, | 1 

DzriniTion LIV. wo 


139. Every Number, or Species, whoſe Root is required to be extracted, is 
called a Reſolvend. ; 


HyyroTHEsIs X. 


140. The Powers of Quantities are denoted (according to the Example of 
R-pler, and after him Carigſius) by Numbers called Exponenis, which are pla- 


ced at the Head of the Quantity to be involved to the right Hand: Thus, 
8 6 5 | a ts 


234 


of 2E. Whence | 
HyyoTHEsS1s XI. | 

141. The Roots of Quantities are denoted by Fraional Exponents ſet at the 

Head of the Reſolvend, whoſe Numerators are Unity, and whoſe Denomina- 

tors are the Exponent of the Power, which ſuch Raſlvend is taken for. Thus 


Ex. gr. the Square Root of a, or a* is 4 l, its Cube Root @T, its Biquadrate 
4, &c. and the Root of a-F taken as a ſeventh Power is 2. 
| HyyoTHEs1ts XII. 
142. The Species m is put univerſally to ſignify the Exponents of all Powers, 
Thus 4, b*, ca, denote indefinitely the firſt, ſecond, third, fourth, &c. 
Powers of the Quantities, a, ö, c. And an, jm F 6 denote the Square, 
Cube, Biquadrate, &c. Roots; according as m is put for 2, 3, 4, &c. 
HvrorRgESsIS XIII. 


143. The Sign G ſet after an antity denotes that ſuch tity is to 
be — to the m Power (i. e. wa 8 — Cube, . 1 4 
ing to what m is put for.) And on the contrary ww" ſignifies that the m Root is 
co be extratted from it; Ex. gr. a@? ſignifies that à is to be involved into a 
Cube, and aw? that its Cube Root is to be extracted. 


| DzxintTiIo0N LV. | 
144. Quantities expreſſed by Exponents are called Exponential Quantities. 
DeriniTion LVI. 


* 


are ſtiled Surſolids : Thus 4“ is the firſt Surſalid Power of a, a“ the ſecond 
Surſolid, a the third Surſolid, &c. 


Ax lou XXIII. 


146. Homologous Powers raiſed from equal Quantities are equal; and, vice 
verſa, Homologous Roots extracted from equal — are equal. f 


CoROLLARY XXV. | 


147. Homogeneous Powers are Heterogeneous Terms, and conſequent] as 
fuch can neither be added nor ſubtracted, 1 


CoROLLARY XXVI. 


148. Irrational Roots are always expreſſed by their Exponents. 
| CoRoLLARY XXVII. 


4 is a*, ag is a*, aaa 40, ada = &*, &c. ſo ã Y ſignifies the fifth Power 


145. All Powers above the third, whoſe Exponents are prime Numbers, | 


A 


[ 24 ] 


\ CokoLLaky XXVII. 


149. Every Integer may be conſidered as a Power whoſe Exponent is 
Unity; Ex. gr. 4 is 4, 5 is 5*, 8 is 8', &c. 


CoROLLARY XXVIII. 


150. Powers whoſe Exponents are Compoſit Numbers may have their Roots | 
extracted, according to the Numbers of which their Exponents are compoſed. 
Thus the Biquadrate Root is extracted by extracting firſt the Square Root, 
and then the Square. Root of that Square Root. Alſo the Root of the ſixth 1 
Power is extracted by extracting firſt the Square Root, and then the Cube Root 
of that Square Root; or otherwiſe, by extracting firſt the Cube Root, and then 
the Square Root of that Cube Root. But in Practice it is always moſt con- 
venient to extract the lower Root firſt; i. e. the Square Root before the Cube, 
the Cube before the Root of the fifth Power, Sc. | 1 


CoRoLLARY XXIX. . 


151. An Exponcntial Quantity is involved to the ſecond Power by doub- MY 
ling the Exponent; to the third Power by tripling it, to the fourth by qua- ü 
drupling it, Sc. Ex. gr. a g =, a*@* = , a' = =, 1 


7 X 2 £48. 13. ond 
a g. Sl , 5g =b*® Sb or b, x * G =X* =X* =X *= xxx*; 1 
'CoROLLARY XXX. WM 


152. An Exponential Quantity is evolved to the Square Root by halfing 
the Exponent, to the Cube by thirding it, to the Biquadrate Root by fourthing 
6722.4), a = 4 73 =a, ar up? dr „ 


it, Sc. Ex. gr. a*w* =a 
a7, * = TT = a*, Se. 
CorolLakRy XXXI. 
153. Homogeneous Powers are multiplied together by adding their Expo- 
nents, and divided by ſubtracting them; Ex. gr. à K A4 = a, 
b xb) = b ö a * — ab De. (In. 111.) a = 4" =4*"* =4g,* 


b 
bb bi bi, b b H= Gn. 87.) 


CoROLLARY XXXII. 
154. Whence the Quotients reſulting from the Diviſion of a leſſer Homo- 


aa I * 
2 — 2 — O37 
aaaad 


geneous Power by a greater may be thus expreſſed ; 


Sa = 


Conxorranr XXXIII. 
155. The Product or Quotient of two Homologous Powers is equal to the 
Homologous Power raiſed from the Product or r Quotient of their Roots; i. e. 
„* =@g* =3n ſo. = & "=; 


CoroLLaky XXXIV. | 
156. The Product or Quotient made by two Homologous Powers has the 
ſame Exponent with thoſe Powers; i. e. a X þm = lab ©. 
CoRoLLaky XXXV. 
157. F rations are involved to any Power by involving the Nomantur and 


pages, 
. ARS... a 
Denominator ſeparately. Thus 5 G = * + * or |= (In. 


113.) 8 76 = 2 r Conſcquently 


T7 s 
CoRoLLARY XXXVI. 


158. The Root of a Fractional Power Zz is had by extracting the Root 


of the Numerator, and Denominator ſeparately 3 i. e. 55 up* = +. 


CoRROLLARY XXXVII. 


159. All Irrational or Surd Roots are incommenſurate, but ſuch as are ex- 
tracted from commenſurate Quantities are faid to be Commenſurate in Power. 


CooLLARY XXXVIN. 


160. Irrational Roots, tho? they cannot be had exactly in Numbers (In. 138.) 
yet they may be infinitely approached to, as lying betwixt the Roots of the 
next greater and next leſſer Homologous Powers, Ex. gr. If it be required to 
extract the Square Root from the Number 12. Here becauſe the next greater 
Square above 12 is 16, and the next leſs is , therefore the Square Root of 


12, i. e. 12 is ſome ſuppoſed Number between g? and 167, i. . between 
H 3 and 


: 
3 


MIT 1. 

4 and 4: Which will be approached yet nearer by multiplying 12 K 100-3 for 
the next greater Square above 1200 3 whoſe Root 35, and the next 
leſſer is 1156 whoſe Root is 34: Therefore 1257 is ſome ſuppoſed Number 
between 3+ and 354. And this again will be approached nearer by 
multiplying 1200 by 100 3 for the next greater Square above 120000 1s 
120409 whoſe Root is 347, and the next leſſer is 119716 whoſe Root is 
346 : Therefore 12* is ſome ſuppoſed Number between 3-44 and 3-42. 
And thus by continuing to multiply the given Reſolvend by 100, the Square 
Root will be approached nearer and nearer ad infinitum. The fame way 
the Roots may be extracted from the other Irrational Powers, obſerving to 


multiply the Cube Reſolvend by 1000, the Biquadrate by 10000, the firſt 
Surſolid by 100000, Cc. For the eaſons of which, ſee,(In. 185, 286, 288, 


Part 2.) 
| Corollary XXXIX. 
161. The Difference between every irrational Root, and the next greater 
or next leſs rational one is leſs than Unity. 5 
Tu ROREN III. 


162. If an Integer can have no rational Root in Integers, it can have none 


in Fractions. g 
Demonſtration. 


Every rational Root is an Aliquot Part of its Power (In. 127.) But that 
Part of any Integer which meaſures not the Whole is no Aliquot Part of the 


Whole (In. 37.) Therefore no rational Root to it. Q. E. D. 
 TrxzoREM IV. 


163. If the Quotient made by dividing any Power h by another Homo- 
logous to it c, be an Integer z, then the Root 6 divided by the Root c will 


allo make an Integer in the Quotient. 
| Demonſtration. 


22 2 by Suppoſition : - — (. 146 and 158.) i, e. the Quotient 
made by dividing h by c is the m Root of the Integer z. But if, Sc. (In. 
162.) : 4 muſt be an Integer. Q. E. D. 
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Rn * Ca 4». VIII. | 
. 0% Arithmetical and Geometrical Proportion. 
| PARTITION XV, 
164. B ATIO'S, as well as the Kinds of Proportion depending thereon, are 
R two-fold, viz. Arithmetical and Geometrical, 


| X DETINITIOR LVII. | 

165. An Arithmetical Ratio is in * of the Difference between the Ante- 
cedent and its Conſequent, which is denoted with the Sign + before it in a 
Ratio of greater Inequality, and with the Sign — before it in a Ratio of leſſer Ine- 
quality. Ex. gr. the Arithmelical Ratio of 8 to 2 is + 6, of 2 to 8 is — 6. 

| HyyoTHEsILs XIV. | 

166. The Sign of the Arithmetical Ratio between two Terms is (. ). Ex. gr, 

the Ratio of 8 to 2, is ſignified by 8 . 2, of 2 to 8 by 2 . 8. 
Dzrix1TIion LVIII. 

167; Arithmetical Proportion is when two Arithmetical Ratio's have the ſame 
common Difference, as in theſe g.. 6 = 7 ++ 4, i. e. 9 — 627 = 4. 8069 
24.7, i. e. 6— 92 4— 7. 

1 HxrorRHESISs XV. 
if 168. Every Arithmetical Proporticn, putting p indefinitely for the Antece- 
dent of the former Ratio, q for the Antecedent of the latter, and d for the 
= Common Difference, will, when both the Ratio's are of greater Inequality be 
IX repreſented by p. Y = q -=; when both are of leſſer Inequality, by 
orf. f Fa | 

DEeriniTiIon XV. 


169. In every Proportion the Antecedent of the former Ratio and Conſe- 
quent of the latter are called Extreams, and the other two Terms Means. 


ParTiITION XVI. 
170. Arithmetical Proportion is either Diſcontinued or Continued. 


DzxiniTIon LX. 


171. Diſcontinued Arithmetical Proportion is when the Mean Terms taken as 
Antecedent and Conſequent have a different Ratio to one another from that of 
the other Antecedents to their Conſequents ; as in the Examples (In. 167. 

DzxiniTION 


* * W 3 "IF ES N {266 . 8 
Y n 1 * . 8 ö PCs 7 _— 
cu 4 a a $3 n 4 : * r 4 8 
* he —_ — — {gens r x p Rt <dd>” > & oo, _—— 
Pm, a = PII _Y Mu 1 — 8051 OA "—- — FE DS . A # W =. 
E XK 2 ey APO 9 Is $a; __ 1 
1 — * * l . 41 22 3 
x , — — 1 — + te. — 2 a R a. 
- — - - 4 - = ”m Y 4 „ 1 ; 
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DeriniTion LXI. 


172. Arithmetical Proportion Continued is when the Mean Terms taken as An- 
tecedent and Conſequent have the fame Ratio to one another with that of the 
other Antecedents to their Conſequents ; or when the Ratio of the ſecond 
Term to the third is the ſame with that of the firſt to the ſecond, or of the 7 

third to the fourth: As in theſe 12++9 = 6 3, or 3. 629 12. where 


12-9 2 9.6 2 63, or 36 =6-:9 =9 +12, _ 1 
DerinitTion LXII. 4 
| | 1 
173. Extream and Mean Proportion Arithmetical is when a Number is divi- x 
ded into two ſuch Parts that the leſſer Part has the ſame Arithmetical Ratio to 
the greater that the greater has to the Whole; as the Number 9 divided into 6 
and 3, becauſe 9g -»-6 = 6+ 3, or 3. 62 6-9, | 1 
« THEOREM V. k 7 
174. In every Arithmetical Proportion the Sum cf the two Extreams is equal 1 
to the Sum of the two Means. ui 
Demonſtration. 9 
1 


Any Arithmetical Proportion, if Ex. gr. the Ratio's be of greater Inequa- 
lity, will be expreſſed by p..p —d , = 4 (In. 168) But p+q—dz 
p —d + by Inſpection ; Therefore, Sc. Q. E. D. 


CoRoLLARY XL. | 4 


175. If the Sum of any two Terms equals the Sum of any other two, then | 
are theſe four Terms in Arithmetical Proportion; i. e. If Ex. gr. b + f= 
c+4 chen b. df. = 


: Co RoLLARY XLI. 1 

176. If che Sum of any two Terms be double a third Term, then are ſn 
thoſe _ in Arithmetical Proportion; i. e. if b + d = 2c, then 
b „% f =» a ; 1 
as PrRoBLEM XI. | 

177. From any three Terms b, c, d given, to find a Fourth Term in Arith- 8 
metical Proportion, 3 
| Effeftion. » F 
Add the ſecond and third Terms together, and from their Sum c d ſub- KK 


tract the firſt Term 5, the Remainder c + 4 —Þ will be the fourth Proportio- | 
nal ſought; i. e. b--c d. C Tad. Q. E. E. | 


0 8 5 YI = 6 
- 2 4 U % W — 
— . * A 1 "<0 * — * a * 2 8 2 
r * GY n * n — 
1 n — 3 ans" Fine." FLY 
p -P k wy LI 3 4 
dents n — N 
K * 3 , : 
= — » w yoay 4 0 >, _ . 
| 2 — 
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PRonLEM XII. 
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ProBLEM: XII. 
. Between any two Terms & and d given b finds Mean Arithmedcat 


Effedtion. 
unn and take the half of heir Sum and the 


. vill be the Mean Proportional required f 5. e. 52.2 


PzoBLEeM. XIII. 


179. To divide any given Number h into. Extream and Mean Proportion 
2-4 43 Ef Fj 


4 Divide the given Number & into 18 then 35 ·· 2þ = 3b ++ «be. 


QE. E. 
| Drin 710% LXIII. 
180. A Geometrical Ratio, or Ratio properly ſo called, is in veſpect of the 
Quotient ariſing from the Diviſion of Denn 
Dze1n1iTion LXTV. 8 
181. And that ient is ſtiled the Nominator of the Ratio, becauſe the 
Ratio is denominated by it. 
| Dzr1iniTrIon LXV. 
182, If the leſſer Term be an Aliquot Part of the greater, the Ratio of” 
Inequality is ſtiled Multiple, and the Ratio of leſſer — ality Submultiple 
f part if the Nominator of the Ratio be 2, it is called Double, * 
; if 2 * if 2, Subtriple ; if 4. Rucdrapl, if 


2 
Daina LXVI. 


183. If che greater Term contain the lefler Term once, and am Aliquot 
Part of it ſelf over; the Ratio of greater Inequality is called Superparticular, and 
the Ratio of leſſer Tnequality Subſuperparticu 2 * che Nomina- 
rn or E it is ſtiled Sefguialier, if 2. Saher if 13 


tian ; and if & Subſeſquitertian.; if 24, or 1 Sequiquartans. and it 


eſquiquartan, &c. 
HyPoTHsEsrs XVI. 
184. The Sign of the Geometrical Ratio between rwo Terms is (eg Thus, Ex.. 


gr. the Ruadruple Ratio of 8 to 2 is ſignified by 8 : 2 or £.; the Subquadruple- 
Radi.of © to + in.denord: by x : WL * 
PaxTiTION XVII. 


wh om dh, 
E . n * 


* 
17 

By 
72 


E523 
ParTiITIon XVII. 


185. Geometrical Proportion i is divided into __ Multiplicate, Harmonical, 
and Contraharmonical. 


DeriniTion LXVII. 


186. "Simple Geometrical Proportion is when two Geometrical Rule have he 
ſame Common Nominator of the Ratio ; z as in theſe 12: 628: 4, and 6: 


= 4:8, which are thus read: As 12 is to 6, fo is 8043 and as 6 is to 
12, ſo is 4 to 8. 


PARTITION XVIIL 


1 8 7. 8 imple Geometrical Proportion is either Diſcontinued, or Continued, after 
the ſame manner with Arithmetical Proportion (In. 171 and 172.) 


Nenn  HyPpoTHrtsis XVII. 


188. "wa Simple Geometrical Proportion putting þ indefinitely for the An- 
tecedent of the former Ratio, 4 for the Antecedent of the latter, and r for the 
Nominator of the Ratio, raw when the Ratio's are of greater Inequality, be 


repreſented by Pp: 7 =7q : T, when of leſſer Inequality, by p r : gr. 


Or putting z = 7 in the TY Caſe, and z= - =7 1n the latter, then 


every rat Proportion will be expreſſed antrerkally 3 thus, 2: 2þ = = 2 
29, or 25 = * 1 


TREOREM VI. 


189. In ny Simple Geometrical Proportion the Product of the two Extreams 
is equal to the Product of the two Means. 


Demonſtration. 


Every Geometrical Proportion may be expreſſed by p: zp = q : zq (In. 
188.) 2 85 * 24 = 2D X q (In. 85.) Therefore, Sc. Q. E. D. 


CoRoLLARY XIII. 


4 F 190. If the Product of any two Terms equals the Product of other 1 
We are thoſe Terms in TR Pro _-w 3: $1465 if Bu gr. f= 


b 
then . or 2 27 


rene 70 £2 Bye = | ' © Corollary XLIII. 


„or > 


L 31 4 
COROLLARY XIII. 


191. If che Product of any two Terms equals the Square of a third Term, 
then are thoſe three — in Geometrical Proportion ; i. e. if Id cc, then 


b c 
5: c: 4 + ary or 7 - 


ConoLLany XLIV. 


192. T any 7852 Terms are in Geometrical 9 vix. ooh 2 82 r, 
9 188.) they will appear to be ſo. SE 


” Ii: 4 


Directiy 92 * 7 
Inverted! op 28: 
| 3 | Alternately 9 1 = 0 9 


Converſely p + 2p: PAT 
Dividedly D = 2p: 2 ='q — 24: 
Þ wt Ant DRY I 
By a Syllepſis D =D =P 2 2 
. P i2þ 2 — 4 . 


COROLLARY XLV. 


193. if one e Rank or Series of Terms in e Proportion be orderly 
multiplied or divided by another, the \-- nbd Frodudts or — will be 
n Gen Proportion; i. e. | 


_—_ Wn | 
And @ : « OY 


Then pa: — = qy : ⁊gey 


: NS 


29 
7 
2 

—— * 2p : 2 

4 
24 
7 
—+ 


« & 


CoRoOLLARY XLVI. 


194. Whence, if Quantities are in Geometrical Proportion to one another, 
their Homologous Powers, and Flomavogous Root: are ſo alſo; i. e. if a:b 


ren do, and an : jm = cn: dm, 


th 5 CoroLLary XL VII 


195. In Maukiplication the Ratio of Unity to one Factor is the ſame with 
the Ratio of the other Factor to the Product: Or, as Unity is to the Multi- 
plier, ſo is the Multiplicand to the Product; and conſequently in Diviſion, 
kong the A ue is to the Dividend, 1 1s ny to the Quotient, Sc. 


1.4 


th VO 9 N PrRoBLEM XIV, 


[32 J 
ProBLEM NV. 
196. From any three given Terms 3, c, d to find a fourth 4 in Geometrical 
Proportion. 
Effeftion. 
Multiply the ſecond and third 1 together, and divide the Product cd 
nene t will be nh 


i. e. Y: 2 d: 72. Q. E. E. 
ScyuoLivm III. 


197. The Effeftion of this Problem is commonly called the Golden Rule, 
by reaſon of its exceeding Uſefulnes in practical Aruthmetick : Or otherwiſe, 
it is termed the Rule of Three, becauſe here are always three Terms given to 
find a fourth: And it is either Dire, when the Terms ſtand in their natural 
Order, as above; or Inverſe, when they wool gone, Ex. gr 
If it be demanded, tur e hevke Bree © Yards of that Piece of Lin- 
nen, three Yards of which are fold for 12 40 ings. _— foe 0 
Pre of the g Yards ought, the Terms will and thus, 3 9 212 4 3; i e. 
. Yards, fo are 12 billings to 4 Shilings 3 or akernately 
thus, 3: 1229: e eee een, 
Yards to 4 Shillngs; by both which Proportions @ = 222 = = = 36 
according to the Effection above. 

Bur if it be demanded what Length of Ground of 9 Perches wide muſt be 
gon in Exchange for an Encloſure of 35 Perches long md 21 broad, 

for Quantity. Here putting 4 for the Length of Ground demanded of 
. erches wide, then becauſe the Produtt of 9X2 is to be the ſame with 
che Product of 21 335 by the Queſtion : Hence have we this Proportion. 


FOE bo . 
9 : 21235 : 4 (In. 290.)4. e. As 9 Perches wide is to 21 Perches wide, fo 


is 35 Perches long to à Perches long; Whence a = "ED =D = 815, 


And this is what is called the Rule of Three Inverſe, of which cake another 


Example as follows ; 
fo had wo determine how many Hlours 9 Cocks will take up in 

emp eee 

Widen in 6 Hours. Here putting à for che Hours required, then 


the Pradudt of 9 X 4 is to be the fame with ae Front of 6X12 bythe 


L337 
Queſtion; Hence have we this Proportion 9: 12 = 6 8, Therefore a = 


12X6 ..72 = 8 Hours. 
9 9 


ScuoliuvM IV. 


198. It ſometimes happens that five Terms are given in Geometrical Propor- 
tion to find a ſixth, which is called the Double or Compound Rule of Three : 
And this again is either Dire, when the 8 is reſolved by two Dirett 
Proportions ; or Inverſe, when it is reſolved by one Dire, and another In- 
verſe Proportion. An Example of the former Sort is the following one. 

If 100 or b Pounds Sterling in 12 or p Months gain 4 or d Pounds Intereſt, 
how much will 650 or c Pounds gain in 18 or q Months? Here becauſe the 
| Queſtion lies upon the gain of 650 Pounds in q = 18 Months, therefore theſe 
two Terms muſt be the Conſequents of the firſt Ratio in either Proportion; 
4 the 1 


L. L _ 
Thus b:c=d: 7. i. e. 100: 650 24: 1X22 = 26, the Intereſt of 
3 


6:0 for 12 Months, to be the Antecedent of the latter Ratio in the ſecond 
Proportion. 


| A. M L. L. 
2412 e 12 : 18 2 26: 80 the Anſwer requi- 
M, M. . L. 
M. M, L. L. 


prg=d: Lie. 12:18=4: 2X2 =6 the Intereſt of 100 for 


18 Months, to be the Antecedent of the latter Ratio of the ſecond Pro- 
. W 


5 2 ie 100: 650 2 6: = 39 as before. 


P k | 

Whence : is plain that the Queſtion may be performed by Compoſition at 
one Operation; as follows, | | 
L.Ed. | 
bp : q=d: A j : 6 4 | 
qDa4: 25:58 100 X 12 : 050 X 18 4 + 39. Therefore the 
| "CI « 2m 
Theorem for all Queſtions of this Kind is 5L „as is further illuſtrated (In. 

341. | INES 
The Compound Rule of Three Inverſe is performed as in the following 
K os * 


6 X 650 
100 


L 34 ] 
It is required to find what Principal = 4 well gain z = 39 Pounds Sterling 
in.q = 18 Months, at 4 = 4 Pounds, per Cent. = 100 Pounds = b, per Annum 
= 12 Months = p. 7 firſt Operation is in direct Proportion (In. 196.) thus, 
I. L. | 


2248 44 i. e. 12: 188 4: 6, the Intereſt of þ = 100 Principal 
for 18 Months. Then ſince the Product of 100 „ 39 muſt equal the Pro- 
duct of a x 6, or bXz = @ X by the Queſtion; therefore | 

| L. L. 
ä Liz=d:s (In. 190.) i. e. 6: 39 = 100: 650 or à Pounds, the Prin- 
Cipal required ; whence * things duly as above, the Theorem for all 
Queſtions of this Kind is == =. CEO 
Schotiuu V. 


109. When the Antecedent and Conſequent of a given Ratio are either, 
or each of them, a Compound of more Terms than one, they are to be re- 
duced (In. 43 and 341.) to ſingle Terms of the ſame Denomination, as in this 
Queſtion; | 

C. Qrs. Ib. | Y 

If 15 1 20 (i. e. 2 —_— 1 Quarter, and 20 Pound 

nn of any thing coſt 40 16 (or 40 Pound 16 Shillings Sterling) a 


will 1 * 7 coſt at that rate? 1 ver reduced makes this Proportion; 1728: 
lb 8. | | 


. . | 8. 
144 = 816: 4 = 68 =3 8, the Anſwer required. 


| PROBLEM XV. | | 
200. Between two Terms , c, to find a Mean Geometrical Proportional a. 
| . Efettion. © 
Multiply the two given Numbers together, and the Square Root 
of the Product Ni will be the mean Proportional fought = a, i. e. ö: a= 
42 4, or: =: (In. 189.) Q. E. E. Ex. gr. If b =4 and c=9 


then @ = N = 367 = 6. 
| DEFINITION LXVIII. 


201. Multiplicate Proportion is that of the Ratio of two Homologous Powers 
in ref of the Ratio of their Roots. Submultiplicate Proportion is that of 


a Roots in reſpect of their Homologous Powers. POE 
| | the 


L I 


the Ratio of two Squares is faid to be Duplicate ; of two Cubes, Triplicate , 
of two Biquadrates, Quadruplicate, &c. of that of their Roots: and vice verſd, 
the Ratio of two Square Roots is ſaid to be Subduplicale, of two Cube Roots, 
Subtriplicate ; of two Biquadrate Roats, Subquadruplicate, &c. in reſpect of the 
Ratio of their Powers. And the ſame Denomination is given to the Ratio be- 
tween any two Products of the ſame Number of Dimenſions in reſpe& of 
the Ratio between their Homologous Factors. Ex. gr. the Ratio. of 300 x 10 
to 600 Xx 20, or of 3000 to 12000, is in Duplicate Proportion to the Ratio of 
300 to 600, or of 10 to 20; and the con Subduplicate. The Ratio of 
2X3 X4to6x9 X12 is Triplicate in reſpect of the Ratio of 2 to 6, of 3 
to 9, or of 4 to 12, and contrarily Subtriplicate, &c. | 


DErINITIONW LXIX. 

202. Harmonical, or Muſical Proportion is when of three Terms, a, b, c, 
(Ex. gr. 4 = 6, 5 2 8, c = 12) there is the ſame Geometrical Ratio between 
the Difference of the firſt and ſecond, and the Difference of the ſecond and. 
third, as there is between the firſt and third; i. e. b—a:c—b=a:c. Or 
when of four Terms a, b, c, d (Ex. gr. a=6, b=8, c=12, d= 18) 
there is the ſame Geometricat Ratio between the Difference of the firſt and ſe- 
cond, and the Difference of the third and fourth, as there is betwezn. the firſt 
and fourth; i. e. 5 - 4: dl -c 24: d. 


DEFINITION LXX. 


203. Contraharmonical Proporiton is when of three Terms a, b, c, (Ex gr. 
a=3, b=5, c=6) the Difference between the firſt and the ſecond 
(b—38a) is to the Difference between the ſecond and the third (c -) as 
the third is to the firſt; i. e. b——a:c—b=c: a. 


Cn Ar. IX. 
Of Arithmetical and Geometrical Progreſſion. 


DETINITIONS LXXI. 


e Progreſſion is when a Series or Rank of Ho- 

k mogeneous Terms do encreaſe or decreaſe by the ſame Arithme- 

tical Ratio; as 1, 2, 3, 4, 5, 6, 7, 8, 9, 8 Common Difference is 1, 
; 9, 8, 7, 6, 5, 4, 3, 2, 1 therefore ſtiled Laterals. 

16. 2 14. e 2, — 5 2 x: — 2 Se. d whoſe Common Difference is 2. 

And io for any other Rank whoſe Common Difference is 3, 4, 5; 6, &c. + 

HyeoTHests XVIII. 


360 
HVPOTEHESISs XVIII. 

205. The Sign of Arithmetical Progreſſion is — 
HyyoTHEsTS XIX. 


206. If the Species I be put indefinitely for the leaſt Term of — Series in 
T, g for the greateſt, d for the common Difference, for the Number of 
Terms, and 5 for the Sum of the whole Series; then every encreaſing Series 
will be thus repreſented /, 14-4, I 24, I + 3d, I 4d, 1+ 5d, &c. ac- 
cording to x the Number of Terms: And every decreaſing Series, thus, g, 
g d, g—24, g — 3d, g — 4d, g 5d, &c. till we come to ] the leaſt 


Term, 
CorRolLtLaRy XLVIII. 


207. The greateſt Term of any Series in — is equal to the leaſt Term 
added to as many times the common Difference, as there are Terms in the 
Series leſs one, i. e. g=1I+dXz—1org=l Ad d. 


CoROLLARY XLIX. 


208. If Se, then the encreaſing Series in — will be thus, o, d, 24, 3d, 
4d, 5d, &c. till we come to £ = nd — d: The decreaſing Series thus, nd — d, 
nd— 2d, nd — 3d, nd — 4d, nd — 5d, &c. till we come to = 1nd -und =0. 


CoRolLLarRy . 


209. In any Series of Terms in the Difference between all ſuch Terms 
as are equally diſtant from one another is equal, as conſiſting of the Common 
Difference the ſame Number of times repeated; Ex. gr. the Difference be- 
tween the firſt and third Terms is the ſame with the Difference between the 
ſecond and fourth, and between the ſeventh and ninth, Sc. fo alſo the 
Difference between the ſecond and ſixth Terms, is the fame with the Diffe- 
rence _ the fourth and eighth, and between the fifth and Ninth, &c. 
Therefore 


CoRROLLARY LI. 


210. If any Number of Terms be in ==, the leaſt Term the greateſt 
Term, and any two middle Terms which are equally diſtant from the leaſt 
and greateſt, will be four Terms in Arithmetical Proportion (In. 167.) and 
conſequently the Sum of the two Extreams will the Sum of any two 
equidiſtant Means. (In. 174.) TY. 


CorolLLakRy LI. 


211. If any odd Number of Terms be in then the leaſt Term, the 
greateſt Term, and the middle Term will be three Terms in * 
6s uca 


. 1 


tical Proportion (In. 167), and conſequently the Sum of the two Extreams will 
be double the Mean (In. 176.) | 3 


TrxrorReteM VII. 


212. In any Series of Terms in ==, if the Sum of the greateſt and leaſt 
Terms be multiplied” into One half the Number of Terms, the Product will be 


rwice the Sum of the whole Series; i. e. © x) Fg = 5 
Demonſtration. | 
I+g is equal to the Sum of two equidiſtant Means (In 209.) 
of ul, 


and to Double the middle Term if the Number of Terms be odd. 
(In 210.) But if every two Terms in the whole Rank be thus ſumm'd up, there 


can be but half ſo many Sums, or 7's, as the Number of Terms u, :. the 
Sum of all the Terms in the Series muſt equal — times [Fg: i. e. 5 = — 


i or . Q. E. D. 
. CoRolLARY LIII. 


213. Therefore the Sum of every Rank of Laterals beginning with Unity 
un 2 
— 


(ie. when I d 1, conſequently g =) will be 


6 CoROLLARY LIV. 
214. Or if S o, then 5s = "XoFg=S- 


DEFINITION LXXII. 


215. Geometrical ' Progreſſion is when a Series or Rank of Homogeneous 
Terms do encreaſe or decreaſe by the ſame Geometrical Ratio, as, 
I,.. 2, 4, 8, 10, 32; Of, 42% 23506 
250, 128, 6% 32, 10; © & KH 7 
I, 3, 9, 27, 81, 243, 729, 2187, 6561, Sc. . . 
6561, 2187, 729, 243, 955 ps * 8 whoſe Nominator is 3. 
And fo for any other Rank where the Nominator is 4, 5, 6, 7, &c. 


whoſe Nominator is 2. 


Scuolivm VI. 


216, Obſerve that the Nominator of the Ratio here always belongs to the 
Ratio of leſſer Inequality. | | 


HyPeoTHesls XX. | 
217. The Sign of Geometrical Progreſſion is # TE 
| L HyyPoTartss XXI. 
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'Hyyrorursts MI. 


218. If the Species / be put indefinitely for the leaſt Term of any Series 
in , g for the greateſt Term, 1 for the Nominator of the Ratio, » for the 
Number of Terms, 5-for the Sum of the whole Series: Then every encrea- 
ſing Series will be thus repreſented, I, Ir, Ir*, Ir, Ir*, lit, &c. And every 


decreaſing Series thus, g, 5 >, 75 1 „ &c. according to x the Num- 
ber of Terms. Whence | | 
7 Corollary LV. 


219. The greateſt Term of any Series in & is equal to the leaſt Term mul- 
tiplied into that Power of the Nominator, whoſe Exponent is the Number of 


Terms leſs one; i. e. g lea | 
 Conrottary LVI. 
220. If |= 1 then will the encreaſing Series in * be thus repreſented, 
1, „ , , , ri, r*, &c. till we come to g And if 281 
the decreaſing Series will be 1, 7, 7*, n, 74, 7*, &c. or which is the fame 
thing *, 1, „ r „ , , &c. (In. 154.) 
Conor LARY LVII. 


221. Therefore every Scale of Powers is a Rank of Terms in Geometrical 
Progreſſion, whoſe firſt Term is Unity, and Nominator is the Root. And 
the Exponents of the Scale are a Rank of Terms in Arithmetical Progreſſion 


whoſe firſt Term is o, and Common Difference is Unity. 


: COROLLARY LVIIL 


222, In every Series of Terms in ==, the Ratio between all ſuch Terms as 
are equally diſtant from one another is the ſame. 


CorRolLLarRy LIX. 


223, In any Number of Terms in =>, the two Extreams and any two 
Means which are equally diſtant from thoſe Extreams are four Terms in 
Geometrical Proportion (In. 186.) conſequently the Product of the two Ex- 
treams is equal to the Product of any two equidiſtant Means (In. 189.) 


CorRoLLakRy LX. 


224. If any odd Number of Terms be in , the laſt Term, the greateſt 


Term, and the middle Term are three Terms in Geometrical N 
(In. 186.) 


e 
(In. 186.) and conſequently the Product of the two Extreams is equal to 
the Square of the Mean. 


TREO REM VII. 


225. In any Series of Terms in =, the Sum of all the Terms, except 
the greateſt, multiplied into the Nominator of the Ratio will be equal to 
the Sum of all the Terms except the leaſt ; i. e. = KT , or 


ar gr = Sl, 


Demonſtration. 

Suppoſe any Series of Terms in = whoſe leaſt Term is I, Nominator , 
and laſt Term g; Ex. gr. Is, i.e. lr = g (In. 218.) Then 5 — g = 
I + lib lt +l + If, and s - I= + + +1 +1 = 
I Th N= Ii (In. 71). But this will always be, let 


the Terms be many or few (In. 214.) : 5 —!=rxs—g(ln. 21.) QE. D. 


* 


| CA A . 
| Of Polygonal Numbers. 


DErIxNITION LXXIII. 


226. HOLYGONAL Numbers are ſuch as ariſe from the Addition of a 
J Series of Numbers in = beginning with Unity ; and are ſtiled, 
Firſt, Triangulars, or Trigons, when the common Difference is 1. 
Arith. Progr. J 1, 2, 3, 4, 5, 6, 7, 8, 9, Se. 

Trigons Q1, 3, 6, 10, 15, 21, 28, 36, 45, Se. | 
Secondly, Quadrangulars or Tetragons, when the common Difference is 2. 
Arith. Progr. f 1, 3, 5, 75 9, 11, 13, 15, 17, Oc. | 

Tetragons.Q 1, 4, 9, 16, 25, 36, 49, 64, 81, Se. 
Thirdly, Pentagons, when the Common Difference is 3. 
Arith. In 1 4» 7; 10, 1%, % 235 OT, 

Pentagons. | 1, 5, 12, 22, 35, 51, 70, 92, 117, &c. 
Fourthly, Hexagons, when the common Difference is 4. 
Arith. Progr. J 1, 5, 9, 13, 17, 21, 25, 29, 33, Ge. 

Hexagons. N 1, 6, 15, 28, 45, 66, 91, 120, 153; Se. 

Sc. Sc. * 


DEFINITION LXXIV. 


227. The Side or Root of a Polygon is the Number of Terms in the , 
which are ſum'd up for forming it. | 


DzeriniTion LXXV. 


L 40 | 
DeriniTion LXXV. 


228, The Denominator of the Polygon, which otherwiſe is called the Num- 
ber of its Angles, is the firſt Polygonal Number of its Kind, next after Unity, 
from whence each Kind receives its Name; as the Number 3 in a Trigon, 4 
in a Tetragon, 5 in a Pentagon, 6 in a Hexagon, 7 in a Heptagon, 8 in an 
Octagon, &c. 


HryyoTuzsrs XXII. 


229. In the Arithmetick of Polygons put n for the Side or Rat of the Po- 
hon, or the Number of Terms in from whence it is formed, d for the 
Common Difference of the Arithmetical Series, g or G for the greateſt Term in 
the ſaid , S or P for the Polygon it ſelf, and D for its Denominator, or 
the Number of its Angles. | 


CoRoLLaRy LXI. 


230. The Common Difference of the = is always equal to the Denomi- 
nator of the Polygon formed from it, leſs 2 ; i. e. d = D —2. 


CoROLLARY LXII. 


231. It appears alſo that every Scale of Polygons (i. e. the Trigon, Tetragon, 
Pentagon, &c.) formed from the ſame Root n is a Rank of Terms in 
whoſe leaſt Term is , and whoſe Common Difference is that Trigon which 
has for its Root n — 1; Ex. gr. let „ = 4, then becauſe the Trigon is 6 
whoſe Root is 1 —1 = 3; therefore the Trigon, whoſe Root is x = 4, is 
1 ＋ 6 S 10; the Tetragon is 10 + 6 = 16 ; the Pentagon is 16 + 6 = 22 
the Hexagon is 22 + 6 = 28 z the Heptagon is 28 + 6= 34, &c. And the 
ſame for any other Root or Side. 


| Derin1TIon LXXVI. . 
232. Pyramidal Numbers are ſuch as are formed by the Addition of a 


'Series of Polygons after the ſame manner as that Series of Polygons were formed 


by the Addition of a Series of Terms in — . And the Sums of thoſe firft 
Pyramidals the ſame way collected are called Second Pyramidals ; the Sums of 


thoſe Second Pyramidals, third 2 Sc. ad infinitum ; which in parti- 


cular are ſtiled Triangular, Quadrangular, Pentagonal, &c. according as they 
are formed from a Series of Polygons that are Trigons, Telragons, Pentagons, 
&c. Ex. gr. The Geneſis of Pyramidals Triangular, are as follows: 


Units 


AER r 


Unites 21: 1.3.5 3} - 5 &c. 
Laterals es.. 
; T! — "3045 


From whence it will be ay to conceive the For ain of f Pyramidal 
ee r &c. 1 


Things can admit of. 


| C H A p. XI. 
Of Combinations and Permutations. 


 DrerniTION LXXVn. 


233. OMB INATIO N is the taking together of all te different 
C Two's, or Pairs; the different Three*s, or Ternaries ; the different 
Fours, or Quaternaries; Froes, or Innes, &c. . that any given Number of 


ParTiTIon XIX. | | 
234. Combinations are either Simple or Redundant. = 2 ——* 


© DzriniTIoOn LXXVIN. 
235. A Simple Combination is when the ſame thing i in each Combination occurs 


but once. 
THeoReteM IX. 1 82 


236. The Simple Combinations of things by Pairs proceed in a Rank of 
Trieons, whoſe Root i Is the Number of ings b to be combined leſs one, or 
11; by Ternaries in a Rank of firſt Pyraniidals Triangular, whoſe Root 
is 2; by AY! in a Rank of n e Triangular, whoſe 

Root 


nnn. 

Root is 2 3; by 2utharies; in a Rank of third Pyramidals, whoſe Root is 

un - 4, &c. ad infinitum;, — 
CCC 

Con 1. If x =2 = A, B, then the Number of Pairs in the Things to be 
combined is 1 (4 Trigon, whoſe Root is 3 — 1 = 1, In. 226) viz. 
AB : [Km Sz = 2; B, C, then the Number of Pairs are 3 (a Trigon, 
whoſe Root is » — 1 2 2; In. 226) viz. AB, AC, BC: HFH 4A. 
B, C, D, then the Numbet of Pairs are 6 (a Trigon, whoſe Root is 
#— 1= 3) viz; Ah, AC, (AD, BC, BD, CD: IfM = 5 A, B, C, 
D, E, the Þ = = of Paiss are 10 (a Trigon, whoſe Root is #q—1 =4,) 
viz. AB, AC, AD, AE, BC, BD, BE, CD, CE, DE. But this Law 
will ſtill hold, if „ = 6, n= 7, » = 8, &c. ad Infinitum. There- 
fore the Number of Pairs, in any Number of Things u, is a Trigen, 
whoſe Root or Side is - 1, = 

Con. 2. It » = 3 = A, B, C, the Number of Ternaries is 1 (a firſt Pyramidat 
Triangular, whoſe Root is 1 — 2 = 1, In 232) viz. ABC: If n= 4 

rn, of  Ternaris are I (a firft Pyramidat” 

Triangular, whoſe Root is „ — 2 = 2, In, 231) viz. ABC, ABD, 
ACD, BCD: If n= 5-= A, 3, C, D, E, the Number of Ternaries are 
10 (a firſt Pyramidal, whoſe Root is 1 — 2 = 3, In. 232) viz. ABC, 
ABD, ABE, ACD, AGE, ADE; BCD; BDE. But this Law will 
ſtill hold, if »= 6, „ 7, a =8, z = 9, &Cc. :- The Num- 
ber of Ternaries in any Number of Things u, is a Pyranidal Triangu- 
lar, whoſe Root or Side is 2 2. : | | 

Con. 3. If #=4= A, B, C, D, then the Number of Qualernaries is 1 (a ſe- 
cond Pyramidal Triangular, whoſe Root is 1 — 3 = 1, In. 232) viz. 
ABCD. If nn=5 = A,B, C, D, E, the Number of Quaternaries 
are 5 (a ſecond Pyramidal, whoſe Root is 1 — 3 = 2. In. 232) viz. 
CD, ABCE, ADE, ACDE, BCDE : If n=6=A, B, C, D, E, F, 
the Number of Quaternaries are 15 (a ſecond Pyramidal, whoſe Root 
is - 3 23 In. 232) viz. CD, ABCE, ACF, ABDE, ABDF, 
ADE, ACDF, ADEF, BCDE, BCDF, BDEF, BCEF, ABEEF, 
AEF, CDEF : But this will ftill hold. if »=7, n=8, n= 9, 
2'= 10, &c. :- the Number of 2uaternaries, in any Number of 
Things u, is a ſecond Pyramidal  Ariangular, whoſe Root or Side is 


1 — 3, 5 
Con. 4. And by the fame Method of Induction, we ſhall find that the Num- 
ber of all the Quinaries, that any Number of Things can admit of, 
will be a third Pyramidal Triangular, whoſe Root is # — 4; the Num- 
ber of all the Senaries, a fourth Pyramidal, whoſe Root is n—5; 
of all the Septenaries, a fifth Pyramidal, whoſe Root is 2 — 6, &c. 
Whence we may infer the Certainty of the Theorem. Q. E. D. 
h Dzrixiriox LXXIX. 


„ — | ts 


31 
DeriniTion LXXXX. 
237. 1 call that a Redundan Combination, wherein the fame thing occurs oft- 
ner than once, as in theſe, 44, AAB, BBAC, &c. 


TrzoremM X. 
238. The Number of all the Poſiible Combinations (Simple and Redundant 


of any given Number of things u, by Pairs is a Trigon, by Ternaries a 
yeah Triangular, by — à fecond Pyramidal Triangular, by 
Quinaries a third Pyramidal, by Senaries a fourth, c. ad Iuſinitum whole 
Root is u. 


Demonſtration. 


Con. 1. If „ 1 = A, the Number of all the paſille Pairs is 1 (a Trigon 
whoſe Root is „ = 1 In. 226) viz. AA: If n = 2, A, B, the Num- 
ber of all the poſſible Pairs are three (a Trigon, whoſe Root is n = 2) 
viz. AA, AB, BB: If n= 3, A, B, C, the Number of all the poſſible - 
Pairs are 6 (a Trigon, whoſe Root is «= 3) viz. AB, AA, AC, B 
BC, CC. But this will ftill hold, if » = 4, 1 3, n= 6, &c. : 
the Number of all the Pofible Pairs, in any given Number of things 

to be combined u, is a. Trigon, whoſe Root is 7x. 

Con. 2. If „= 1 = A, the Number of all the pyſible Ternaries is 1 (a fir 
' Pyramidal Triangular, whoſe Root is # = 1 In. 232) viz. AAA 
If „ = 2 = 4, B, the Number of all the poſſible Ternaries are 4 (a 
firſt Pyramidal, whoſe Root is # = 2) viz. AAA, ABB, AAB, BBB: 
If a= 3 = A, B, C, the Number of all the poſſible Ternaries are 10 

(a firſt Pyramidal, whoſe Root is u = 3) viz, AAA, AAB, A, ABB, 
ACC, ABC, BBC, BBB, BCC, CCC : But this will always hold, : - The 
Number of all the poſſible Ternaries, in any Number of things, is a 
firſt Pyramidal, whoſe Root is u. 

Con. 3. If += 1 A, the Number of all the poſſible Qualernaries is 1 
(a ſecond Pyramidal Triangular, whoſ: Root is 1 = 1 In. 232.) viz. . 
AAAA: If n = 2 = A, B, the Number of all the paſſible — * 
ries are 5 (a ſecond Pyramidal, whoſe Root is # = 2) viz. AAAA, 
AAAB, AABB, ABBB, BBBB: If n= 3 = A, B, C, the Number of 
all the poſſible Quaternaries are 15 (a ſecond Pyramidal, whoſe Root is 
ABBC, ABCC, ACCC, BBBB, BBBC, BBCC, CCC CCCC : If » = 4 
A. B, C, D, the Number of all the poſſible Qua ernaries are 35 (a ſecond 
Pyramida Number, whoſe Root is » = 4) viz, A444. AAAB, A1AC. 
-AAAD, AABB, AABC, AABD, AACC. AACD, AADD, ABBB; 
ABEC, ABBD, ABCD, ACCB, ACD, ADDD, ADDB, ADDC. BBBB, 
BBBC, BBBD, BBCC, BBDD, BBCD, BCCC, BCCD, 128 


[ 44 ] 


BDDD, CCCC, CCCD, CCDD, CBNDs DDDD : But this will 
ſtill hold, if #= 5, 1 26, n 5, Sc. : the Number of all the 


Poſſible Duaternarits, that any given Number of things will admit of, 

is a ſecond Pyramidal Triangular, whoſe Root is zn. 

Con. 4. And by the ſame Method it will be found, that the Number of all 
the poſſible Quinaries, that any Number of Things can admit of, will 

be a third Pyramidal Triangular ; the Number of all the poſſible Sena- 
ries, a fourth Pyramidal ; the Number of all the poſſible Septenaries, 

a fifth Pyramidal, &c. whoſe. Root is ; whence we may infer #89 


t Certainty of this Theorem, ad Infinitum. Q. E. P. 


CoROLLARY LXIII. 


239. If the Number of Redundant Combinations of any Kind be required 
alone, ſubtract the Number of Simple Combinations from the Number of poſe 
** Ones, . the Remainder will be the Combinations required. 


Drrixrrior LXXX. 


240. By Permulation is meant the Changes that any Combination of Things 
will admit of, in reſpect of their Order or Situation, 


ParTITION XX. | | 


241, Permutations are either of ſuch Combinations as are Simple, or ſuch 
as are Redundant. 


TRHZOREM KI. 


242. The Number of all the Permutations that any Simple Combination 
admits of, is equal to the Product of all the Natura] Numbers, beneath the 
Number of things combined, multiplied one into another; i. e. if the Com- 
bination be a Pair it is equal to 2X 1; if a Jernary it is equal to 3 % X13 
if a Quaternary to 4X3 X2X13 if a Quinary to g XAXNHNXAZ II, &c. 
ad Infnitum. And univerſally all the Permvtations, which the » Number of 
things combined will admit of, is equal to » Xz—1X#z— 2X#Z = i N =74 
Sc. till the laſt Factor be equa] to Unity. 


Demonſtration. 


If „ 2 = A, B, the Permutatious are 2 X 1 = 2, viz. AB, BA: If 
n = 3 = BAC, the Number of the Permutations are 3X2 X14 xx ©, viz. 
ABC, ACB, BAC, BCA, CBA, CAB If n=4=A, B, C, D, the Permuta- 
tions are 4 g X N = 24, viz, ACD, ABDC, ACBD, ADB, ADBC, 
ADCB, 90554 BCAD, BDCA, BDAC, BDC, BACD, CDB 4, 'CDAB, 
CBAD, CBDA, CADB, CABD, DABC, DACB, DCBA, DCAB, DBA, 
DBCA. And i in the ſame manner, the Number of all the Changes that any 


Quinary 


* * 


[ 45 ] 


Quinary admits of is found to be 5X4X3X2xX1= 120; of a Senary, 

6% 5%4%X3X2X1=720; of a Septenary 720 X 7 = 5040+ of an Os- 

nary 5040 X 8 = 40320; Fe. Q_E.D. | | 
Coroltary LATV. 


243. Hence we may learn to compute in what Time, at a certain Rate: 
all the Changes can be rung upon any propoſed Number of different Bells: 
Ex. gr. All the Changes that can be rung upon a Peal of 7 Bells are 
7X6X5X4X3X2X1 = 5040 3 which by allowing 15 Changes to a 
Minute, will require 336 Minutes, or 5 Hours 36 Minutes, in ringing out. 
All the Changes that can be rung upon a Peal of 10 Bells are 10 K 9 x8 
X 7 X 5040 = 3628800, which. by allowing 10 Changes to a Minute, will re- 
quire 362880 Minutes, or 36 Weeks, continual ringing before the Peal be 
rung out. And the ſame may be eaſily applied to other Inſtruments of Muſick. 


CoroLLakRy LXV. 


244. And hence alſo -is eaſily deduced how to find all the poſſible Changes 
that can be rung upon any ſingle tunable Set of Bells of any given Number; 
4. e. Firſt, by Pairs; Secondly, by Ternaries ; Thirdly, by Quaternaries, Cc. 
Ex. gr. Suppoſe the given Number of Bells be 7 = n. 

1. The Number of Ones is 7, whoſe Permutations are 7 = . 

2. The Number of Pairs in 7 Things is 21 (In. 236) and the Permutations 
of every Pair are 2 (In. 242) therefore the Permutations of all the Pairs 
in 7 different Things are 2 X 21 = 42 =»nXz—1. 

3. The Number of Ternaries in 7 different Things is 35 (In. 236) and the 
Permutations of every Ternary are 6 (In. 242) therefore the Permutations 
of all the Ternaries are 6 X 35 = 210 = X%—T1Xn= 2, Fo 

4. The Number of Quaternaries is 35 (In. 236) and the Permutations of 
every Quaternary are 24 (In. 242) therefore the Permutations of all the 
5 are 24 35 = 840 = IN 2 J. 

5. The Number of Quinaries is 21 (In. 236) and the Permutations of 
every Quinary are 120 (In, 242) therefore the Permutations of all the 
Quinaries are 120 X21 = 2520 =1X#—TX#—2X#— 3Xn—7q. 

6. The Number of Senaries is 7 (In. 236) and the Permutations of every Senary 


— — — — — — ——— ᷑ — Io—— 


=NXu—IXu—2Xu—3Xn—4Xn—5 Xu— 6. 

Therefore the Number of all the poſſible Changes, which can be rung upon 
2 tuneable Pea] of 7 Bells, is equal to 7 + 42 ＋ 210 + 840 + 2520 + 5040 
+ 5040 = 13699 ; which by allowing 15 Changes to a Minute will take up 
913753 Minutes (or 15 Hours 13 Minutes near) in ringing out. X 


N The 


e 

The Theorem then for finding all the poſſible Changes, which a given 
Number # of different Things will admit of, is n + n XZ —T + 1Xn—1 
X 2+HXE—IXE=2Xn—3 T NEIN IIA 4 


&c. till the laſt Multiplier be Unity. 
| TREOREM XII. 


245. The Number » of all the Permutations, which any Redundant Com- 
bination admits of, putting p for the Number of Times that the ſame Thing 
occurs in ſuch Combination, is equal to the Number of Permutations found, 
— the laſt y divided by 2 K 1 ifp=2, by 3 K 2 K 1 if p= 3, 

Y 4X3X2X1 if p = 4, Sc. or univerſally b XP—IXP-2XP— 
Xp—4 c. till the laſt Factor be equal to Gar 2 25 the = kh o all 
the Permutalions is equal to 


1 N f N = Ne = Xn n—qXxXn—_s5 c. 
PN E. 
7 Demonſtration. 
If one Thing occur twice, i. e. if p = 2, then the Permutation of two 
Things 4, 4, will be = = 1, of three Things (4, 4, B) wil be L = 3 
(viz. AAB, ABA, BAA); of four Things (4, A, B, C) will be ©3*2** 


2 xk 


= 12 (viz. AABC, AACB, ABAC, ABCA, ACAB, ACBA, BAAC, BACA, 
BCAA, CAAB, CABA, CBAA) ; of five Things (A, A, B, C, D) will be 
Ix4x3 451 = 60 (viz. ABCD, AABDC, AAC BD, &c.) 

If one Thing occur thrice, i. e. if p = 3, then the Permutations of three 


Things (A, A, A) will be = = x ; of four Things (A, A, 4, B) will 


3Zx2x1 
be 1 2 1 = 4 (viz. AAAB, AABA, ABAA, BAAA) ; of five Things 
(4, 4, 4, B. c) will be EA = 20 (viz. Ad Abc, AAACB, AABAC, 
AABCA, AACAB, AACBA, ABAAC, ABACA, ABCAA, ACAAB, AC ABA. 
 ACBAA, BCAAA, BACAA, BAACA, BAAAC, CBAAA, CABAA, CAABA, 
CAAAB) ; of ſix Things (4, 4, A. B, C, D) will be EEA = 120 


3Zx2x1 AI 
(viz. AAABCD, AAABDC, AAACBD, AAACDB, &c.) 
But this Law will always hold, whatever # or p be. Therefore, Cc. 


Q. E. D. 


 CoroLLaky LXVI. 


[47] 
Corollakny LXVI. 


246, If one Thing occur p times, another q times, a third r times, Ec. 
then the Number of Permutalions in the n Number of things will be f 


— - ——pͤ— — * — — — 
PXP—1Xp—2&, X NT IX 2 &c. *r RK 7 = 2 &c. &c. 
TRTORENM XIII, 


247. If be put for any Number of Things, then the Number of all the 
Permulations in all the Varieties of Things that ſuch a Number can poſſibly 
admit of is #* +1* +1* + 1, Sc. till the higheſt Power be *. 

Demonſtration. | 


If „ =2 = A, B, then the Permutations of the Simple Pairs are 2 (viz. 
AB, BA In. 242) to which if you add the Redundant Pairs AA, BB, the Sum 
will be 4 = 2* ; therefore 2*+2* is the Number of all the poſſible Per- 
mutations, that can happen to every Variety of Things, whoſe Number ex- 
ceeds not Two. 

If x = 3 = A, B, C, then the Permutations by Pairs are 9 = 3 * (viz. 6 by 
In. 242, with AA, BB, CC;) the Permutations by Ternaries are 27 = 3 * (viz. 
6 by In. 242, with AAA, BBB, CCC; alſo the Permutations ariſing from 
theſe redundant Ternaries, AAB, AAC, BBA, BBC, CCA, CCB (which by 
In. 245 are 6X3 = 18) in all 6+3+18): Therefore 3 +3*-þ3?* or 
34-9+27=39 is the Number of all the poſſible Permutations that can hap- 
pen to every Variety of Things whoſe Number exceeds not Three. 

And after the ſame manner the Number of all the poſſible Permutations 
that four Things can admit of will be found to be 4* +4* +4*+4* = 3403 
that five Things can admit of to be 5*+5*+5-þ5*+5* = 3905, Sc. 
Whence we may conclude the Truth of the Theorem. Q. E. D. | 


CorollLaky LXVII. 


243. Hence we may learn to compute the Time, at a given Rate, wherein 
all the poſſible Changes (or all the poſſible different Noiſes) that can be made 
upon Bells not exceeding a given Number; Ex. gr. all the poſſible Changes 
that can be rung upon 7 Bells are 7+7*+7* +7*+7* +7*+7? = 96079, 
which, by allowing 15 Changes to a Minute, will require upwards of 6 Weeks, 
2 Days, 11 Hours, 33 Minutes continual ringing, before all the different 
Changes can be rung out. 

And all the Changes that can be rung upon 10 Bells are 10*-þ10*-+10* + 
10*-Þ-10*+10% +107 +10%þ10*%*+ 10?” = 11111111110, Which, by al- 
lowing 10 Changes to a Minute, would require upwards of 2113 Years and 
51 Weeks continual ringing Night and Day, before all the different ge 

. . « cou? 
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cou'd be rung out. So great a Difference is there upon the Addition of three 
Bells. And if but one Bell more were added (i. e. if the Number of Bells 
were 11) the Number of Changes wou'd be 313842837071, which, by al- 
lowing 10 Changes again to a Minute, wou'd take up above 59714 Years, 
18 Weeks, and 12 Hours in ringing out. | 

CorRoLLakRy LXVIII. 


249. Hence laſtly we may learn the exceeding Abſurdity of that Notion, 
which ſome wou'd have us believe, that all Things in the Courſe of Provi- 
dence do happen by Chance; i. e. without any Deſign : For it is plain that 
no two Things only, much more an Infinity of Things, can, for any Time, 
conſpire exactly to the ſame End: Becauſe the Proportion of miſling to that 
of hitting is as Infinity to one; i. e. there is no Proportion at all; and there- 


fore it can never happen at all. (In. 36.) 


The End of the firſt PART. 
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General DEFINITIONS. 


= 
. : Dzyrx3 Tron I. 


mz UME RAL Algoriſm is the Method of handling Num: 
bers, according to their Notation. 


PARTITIOX I. | | 
251, And this is either * or Artificial. 


- DeriniT ton FL! 
252, Natur Ager is that which proceeds by. the Natural Numbers. 


'DeriniTion III. 


253, Artificial Algoriſm is that which proceeds by Artificial . ſub- 
-, | firuted in p ä of Naum Ge! called Logarithms, 


3 te, 4 * 'CH AP. 
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F 


_ 
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Cn ave. II. 
Of the Notation of Natural NUMBERS: 
| Dzr1n1T1ion IV. 3 | 
254- HE Netation of Numbers is the Method of expreſſing them by 


proper Names and Characters, according as are above or 
below Unity. | | 


| ParTiTION II. 
255. Notation is either of Integers, or Frafions. 


HyPpoTHnEtsi1s I. 


256. The general received Way of Naming or Denominating Integers pro- 
' ceeds by Tens as follows. 
The firſt Denomination is that of Units, whoſe particular Names and Cha- 


tacters are, 
One, Two, Three, Four, Five, Six, Seven, Eight, Nine, 
1, 2, 3» 4 $5, 6, 7, 8, 9, 
called Figures, or Digits. 

The Reond Denomination is of Tens, or ten Units, which are ſignified by 
the Character o, called a Cypher, ſet to the Right-hand of the foregoing Cha- 
racters; and are particularly named thus, 

Ten, Twenty, Thirty, Forty, Fifty, Sixty, Seventy, Eighty, Ninety, 
10, 20, 30, 40, 50, 60, 70, 80, 90. 

The third Denomination is of Hundreds, or Ten Tens, which are 
by the Character o ſet again to the Right-hand of the Denomination of Tens, 
thus 3 mo, e. 1 Hundred; 200, i. e. 2 Hundred; 300, i. e. 3 Hund- 
ted; 400, c. 

The fourth Denomination is of Thouſands or Ten Hundreds, characteriz d 
with three Cypbers; 1000, 2000, 3000, 4000, 5000, &c. 

The fifth Denomination is of Ten Thouſands, with four Cyphers ; 10000, 
20000, 30000, Ec, ; | 

The fixtbh Denomination is of Hundred Thouſands ; the ſeventh, of Millions 
vr Ten _— ; — — of 7. — Millions ; = ninth, of * 
Millions, &xc. ad Inſinitum, ollowing Denomination ſtill conſiſting of one 
pber or Place more than the foregoing one. | | 

Dzx1n1Tion V. 


2̃§35. The Character o, is alſo ftiled Nothing, becauſe it ſignifies nothing of 
1.45 but only ſerves to diſtinguiſh the Places of 8 
proper 


US 


proper Denominations : So that if a Number of different Deno 
nations, each Figure. obtains its proper Place in Order together with 
Reſt. Ex. gr. 


15 10 + 5 or Fifteen 
530 500 ＋ 30 
1786 1000 + 700 ＋ 80 ++ 6 
68054 denotes 60000 + 8000 + 50 + 4 
130507 130000 ＋ 500 ＋ 7 
9100753 9000000 ＋ 100000 + 700 + 50 + 2 
321321321 321000000 ＋/ 321000 ＋ 321 


HyyPeoTHEesis II. 


258. And for the ready Diſcovery of the Value of each Figure, in Num- 
bers which conſiſt of many Figures, every three Places from Units 
are diſtinguiſhed into Periods, the loweſt of which to 8 in 
In is ſtiled the Period of Units ; the ſecond, of Thouſands ; the third, of 
ions ; the fourth, of Billions or ten Hundred Millions; the fifth, of Trillions 
n 1 8 
&c. to an umber aſſignable; Ex. gr. ollowing is a Number of 
eighteen Places or ſix Periods 754 654 654 654 654 654 which is thus read 
654 Nyadrillions, 654 Trillian, 054 Billions, 654 Millions, 654 Thouſands, 


654. 

This Method of charaRerizing and diftinguiſhing Numbers, is de- 
. podtnet to be one of the moſt wond yrs Braman Hint 0 
man Sagacity attain'd to. By this you ſee that Numbers, which would take 
up even Millions of Ages in being enumerated one by one, are diſtinctiy ex- 
preſſed, and handled with the ſame Exactneſs, as the ſmalleſt :: A Performance 
_— Ec Eng 0 

The Invention of Numeral Figures is attributed to the Indians, who-taught 
them to the Arabs, and they to the Moors, with whom. it came into Spain ; 
as the learned Dr. Wallis thinks, between the gth and roth Centuries. 


HyyeoTnzsrs III. And Paxt1TIONn III. 


260. If a Point be ſet to the Right-hand of Units Place, a Figure ſt to- 
the Right-hand of that Point is put for ſo many tenth Parts 3 and a Figure to 
the Right-hand of that again, for ſo many Thouſand Parts; and ſo on to Ten 
Thouſandths, Hundred Thouſandths, Millioneths, &c. And theſe Parts are called 
Decimal Fraftions, as thoſe are called Yulgar Fraftions (a: 88 aboye) 3 thele 


ScnoLIUM L 


41 


ring their Denominators always underſtood, and not E as n others 
have; Ex. gr. 


0.5 | C5 F Tenths. 
0.05 | —— - | 5 Hundredths. 
0.005 f is — bi. e. a 5 Thouſandths. 
0.000 5 b — | | 5 Ten Thouſandths. 
0.00005 j | — I 5 Hundred Thouſandths. 


. „ "Be: | r &c. 
| ParTiTION IV. 
261. Decimal Fraftions are either Exaf or Approximant. 


DxxiniTION- VI. 


10 262. An Bras Decimal Fraction is that which expreſſes the Ratio of the 


Part to the Whole exactly; as 0.4 = +4 = , which expreſſes the Ratio of 
the Part 4 to its Whole 10; or, which is the ſame thing, of the Part 2 to 
its Whole 3. An Approximant Decimal Fraction is that which does not ſo, but 


9 n near it; an Example of which ſee (In. 318.) 
We- | ScnoLlivm IL 


5 26g. The firſt Appearance of Decimal Fraftions 8 to be i in a Work 
. writ by Jobannes Mullerus Regiomontanus, about the Year 1464 (Valli 8 A- 


2 0 2 9.) 

"39 Vital 54 WT PARTITION V. | 4 

Win EY Numbers both beg and F racted are divided into ate, and 

: n Palynomes. i | 1; $1 
eee ors | DzF1NITION, VII. 


265. Defines, are meant ſuch Numbers as conf bur of one icant 
4 N * 1, 2, 5 bo, 0.007, 9000, Sc. 1 
e ir; PanmITION VE d ini 6 4 


' 40 
; #18 Is, £ ITh 


wk Him 266 2 are e Homogeneous when they are of the ſame Denbmimtzon ; 
as 2 and Li 30 and 60, 700 and goo, 3 and 8, Sc. Heterogeneous, when 


— they are of different Denominations; as, 2 and 20, 3 and 0.33 50 and 400, Se. 
DeriniTion VIII. 


L 9 ] 


Dze1 NiTiIon VIII. 


267. Polynomes are ſuch Numbers as conſiſt of more Figures than one; 
and theſe are called Binomials, when they conſiſt but of 2 Figures; Trinomi- 
als, when they conſiſt of 3 Figures; Ryadrinomials, of 4, Cc. 


ParTiTION VII. L N 


268. Again a_Polynome is ſaid to be Pure, when it expreſſes the ſame Spe- 
cies of Quantity according to the received way of Notation; and mixed, 
when not : Of the former Kind are the Numbers (In. 257) ; for the latter ſee 


CHape, III. following. 
Dzer1niTion IX. | 
269. Polynomes are ſaid to be of the ſame Denomination when they conſiſt 
of the ſame Number of Places, each of the fame Denomination, 


CoRoLLARY I. 


270. Cyphers to the Right-hand of Integral Figures do encreaſe them in 
a ten- fold Ratio; and to the Left-hand of Fractional Figures decreaſe them in 


the ſame Ratio. 
CorRotlaRy II. 


271. Cyphers to the Left-hand of Integers, and to the Right-hand of Fracti- 
ons ſignify nothing, unleſs it be to diſtinguiſh their Places from Unity in re- 
ſpe& of other Numbers, 

CoRoLLARY III. 


272. Only Homogeneous Figures, or thoſe of the ſame Denomination, can 
be added to and ſubtracted from one another (In. 67.) 4 


CoRoLLARY IV. 


273. All the Figures in a Fractional Polynome may be read with the De- 
nomination of the loweſt ; Ex. gr. 


0.25 25 Hundreds. 
0.325 is read < 325 Thouſandths. | 
0.03072 3072 Hunared Thouſandths. 


CoROLLARY V. 


274. The leaſt Monome of any Place from Unity, is when it is expreſſed 
by the Figure 1, as 1, 10, 100, 1000, Sc. 1 0 .001 . oo Sc. the 
when it is expreſſed by 9; as 9, 90, 900 and 9. 09. 009 Cc. N 
; l N IIa ene ee | 


C ; CoRROLLARY VL 
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Corollary VI. 


275. The greateſt Polynome of any Number. of Places is when all its Pla- 
ses are filled up with 9s; as 99, 999, 9999, &c. 


Corollary VII. 


276. The leaſt Integral Monome of any Number of Places is greater by 
Unity than the greateſt Integral Polynome of one Place fewer ; f. e. 10 1s 
greater by one than 9, 100 than 99, 1000 than 999, 10000 than 9999, &c. 


CorRoltLarny VIII. 


277. If a * be removed from its Place to the Place next higher, it 

will be encreaſed by as many ys as it contains Units; and if to the Place 

next lower it will be ſo many gs decreaſed; Ex. gr. 7000 = 70QX 9 

nene 
0 


Corollary IX. 


278. If the two loweſt Figures in a Polynome be confidered as ſo many 
Units, there will be juſt as many 9s omitted, except the firſt Figure to the 
Left-hand : Ex. gr. in 12 there is omitted 1 * 93 i. e. 1+ 2 =12—1X9: 
in 47, there is omitted 4 K 9 i. e. 4+7 = 47 —4X9: in 239, there is 
omitted 23 X93 i.e. 23 + 9 = 239 —23 x9 : in 50308, there is omit» 
ted 503OX 9 3 i. e. 5030 + 8 = 50308 — 5030 X 9, Sc. ' 


CoROLLARY X. 


279. In Multiplication when the Multiplier is 10, 100, 1000, c. the 
Product is had, by only advancing all the Figures in the Multiplicand as many 
Places higher, as chere are Places above Units Place in the Multiplier; and 
when the Multiplier is 0.1 ,0.0z, 0.001, Ec. by depreſſing them as many Pla- 
ces lower as there are Places below Units Place in the Multiplier. Ex. gr. 
36 X 1000 = 36000 ; 36 X0.001 = 0.036. And on the contrary 


CorRoLLaRY XI. 


280. In Diviſion when the Diviſor is 10, 100, 1000, Sc. the Quotient is 
had, by only depreſſing all the Figures in the Dividend as many Places lower, 
as there are Places above Units Place in the Divifor ; and when the Divi- 
ſor is O. 1, ©.01 , 0.001, Cc. by advancing them as many Places higher as 
there are Places below Units Place in the Diviſor (In. 82, and 115.) 


' Corollary XII. 


287. If the Product of the two higheſt Figures alone, or together with the 
Increaſe they receive from the lower Figures, in any two Integral Factors do 


[7] 


conſiſt of two Places, then the Product made by thoſe entire Factors will core. 
fiſt of as many Places as are in both Factors; otherwiſe of one Place leſs. 
Or, which is the fame thing, if the higheſt Figure of the Product be leſſer 
chan the higheſt Figure of either Factor, then will the Product conſiſt of as 

many Places as are in both the Factors 3 otherwiſe of one Place lebs. Ex. gr. 


n z 20 X 40 = 800, 
CorotlLaky XIII. 


282, How much ſoever any Multiplying Figure is above or below Units 
Place, fo much will it advance or the Multiplicand above or below 
Units Place. Whence | 


CorRoLLaRy XIV. 


283. In Multiplication there will always be as many either 2 Fracti- 
onal Places in the Product, as there are in both the Factors; Conſequenrly, 


CorRolLLARY XV. 


284. In Diviſion the Quotient er with the Diviſor will make up as 
many, either Cyphers or Places between them, as are contained. 
in the Dividend. | 


Coronary XVI. 


285, How much * any Diviſor is of a lower Denomination than the 
Dividend, ſo much higher will the tient be advanced above Units 
Place: and, vice verſa, T much ſoever higher. the Denomination of a Diviſor: 
is above that of the Dividend, ſo much the lower will the Quotient Figure be 
depreſſed below Unity, Therefore- 


_ CoRrotlLary XVII. 


286, Whenever the higheſt Figures of the Dividend are greater than thoſe 
of the Diviſor, if the latter be ſet directly under the former, as in theſe, . 


=, 722 „ And whenever they are leb, if the higheſt Figure in the Divifor- 


e OY 8 3; chen it is 


manifeſt that the higheſt Figure in the be of the ſame 
—ͤ— i ded, which over Jaity in 
=_—_ 00.2 


0.4 Sc. 


Coxoulany XVIII. 


A 
Contra XVIII 
287, The leaſt Integral Monomes of their Number of Places has been ſhewn 


to be 1e 2 +1, 100 = 99 r, 1000 = 999 ＋ 1, 10000 = 9999 þ 1 
Sc. (In. 271) whoſe Powers are as follows (In, 280.) | 


Roots 10 100 1000 &c. 
Squares 100 10000 1000000 &c, 
Cubes 5 1000 1000000 1000000000 &c. 
Biquadrates® 10000 100000000 1000000000000 ec. 
&. - &c, &c. rn 


Whence it appears by Inſpection, that counting from Unit's Place, there 
can be but one Place in tie Root for every Period of two Places in the 
Square, of three Places in the Cube, of four in the Biguadrate, &c. and 
one Place for what remains over and above; which in each Power is alſo to 
be taken as a Period of it ſelf. 


HyyoTHEs1s IV. 


288. The Periods of Powers are diſtinguiſhed: by drawing Lines over the 
Head of each; Ex, gr. the Number 68719476736 if conſidered as a Square 
conſiſts of ſix Periods 6 87 19 47 67 36» if as a Cube of four Periods 68 719 
376 736, if as a Biquadrate of three 687 T947 6736, if as a Vt Surfolid of 
three 8 87194 76736» if as a ſixth Power of two 68719 476736, &c. 


CoRoLLARY XIX. 


289, For every Cypher, or F rational Place poſſeſſing the Right-hand in 
any Number conſidered as a Root, there muſt be two in its Square, three in 
its Cube, four in its Biquadrate, &c, 


CoxoLLARY XX. 


290. The Root of the next Homologous Power to the higheſt Period in 
every given Reſolvend is the firſt Figure of the Root required, and of the ſame 
Place from Unity that the higheſt Period is from the Period of Units. 
Ex. gr. in the Square Reſolvend c 87 T9 47 67 3s the Periods are ſix, viz, 
60000000000 + 8700000000 ++ 19000000 ＋ 470000 + 6700+ 36, con- 
ſequently the Root conſiſts of fix Places (In. 284) i. e. if the loweſt Place in 
the loweſt Period be Units Place, then the higheſt Place in the Root is the 
Place of Hundred Thouſands (In. 254) and becauſe by the Table (In. 349) 
the next greateſt Square under 60000000c09 is 40000000000 whoſe Root is 
200000, therefore 200000 is the firſt Figure in the Root. Again in the Cube 
Reſolvend 68 719 476 736 the Periods are four, viz. 6800000000 ＋ 7 19000000 
+ 476000 + 736 conſequently the Root conſiſts of four Places (In. 284) i. e. 


it 
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if the loweſt Place in the loweſt Period be Units Place, then the higheſt 
Place in the Root is the Place of Thouſands (In. 254) and becauſe by the 
Table (In. 349) the next greateſt Cube under 68000000000 is 64000000000 
whoſe Root is 4000, therefore 4000 is the firſt Figure in the Root. In like 
manner in the Biquadrate Reſolvend 887 1947 6736 the Periods are three, viz. 
68700000000 + 1940000 + 6736, conſequently the, Root conſiſts. of three 
Places (In., 284) i. e. if the loweſt Place in the loweſt Period be Units Place, 
then the higheſt Place in the Root is the Place of Hundreds (In. 254) and be- 
cauſe by the Table (In. 349) the next greateſt Biquadrate under 68700000000 
is 62500000000 whoſe Root is 500, therefore 500 is the firſt Figure in the 
Root. | | 


— Q — — — 
— 2 — 


CH Ay. III. 


07 Mixed Polynomes, and the Tables of Weight, Coin, and 
MEASURES. 


DeriniTion X. . 


9.1 Call chat a mixed Polynome which expreſſes different Denominations 
of Quantity according to the Table of Coin, Weights, Meaſures, 
Sc. to which it belongs. 


DexriniTion XI. 


292. The Standard of the currant Coin of England is called Sterling or 
Efterling, by which is meant the Weight of an Engliſh Silver Penny, which 
ought to be equivalent in Weight with 32 Grains of well dried Wheat taken 
out of the middle of the Ear: The fourth Part of this is termed a. Farthing 
marked gr. for Quadrans, which is the leaſt Denomination of Engliſh Coin; as 
in the following 


TABLE. 
F . A Crown. 
4 qr=1d Denarius, a Penny . 4 . 
48 qr=12d = 15 Solidus, a Shilling — toads 4 Noble 


| 960 qr =2404d, = 20s = 11 Libra, a Pound Sterling lu 336 — 2 Mark. 


D | | There- 


If 21. be the Integer. If 15. be the Integer, 
gornnotogndo „ ode 7; d. gr. l. d. gr. . 
„ 3 0=r. 7,2 =. 6..0,= 2 
067, 8 „ o . 8=;F 6.0= 4 [4 9,4 
2 
04. 0 = or. 3 4 08 | 2,08 + 
03'.4=4 O00. O=,s 3.3 = x4 $..2= .4 
6 bo. 10 3 881 I . 0 = x4 Ce. 
oo. 08 = 2 Sc. | 


DeFiniTion XII. 


297. 5-4 ti Weight is that whereby Corn, Bread, Liquors, Gold, Silver, 
Jewels, Electuaries, &c. are weighed : the leaſt Denomination of this 
Weight is an Artificial Grain, Gr, 24 of which are equal in Weight to 32 
Grains of Wheat. 3 | 


The TABLE. 
| C24 Blanks = 1 Periot, 
485 2 px e any _ =. — ro = 1 1 
60 Gr. ah P. Wo Oz. 1h. Pound 24 Droites = 1 Mite. 
57 3 2 Oz, = 116, Pound Troy (10 Mines — 1 Grain, &c,as before. 
Therefore 
If 115. be the Integer. If 1 cz. be the Integer. 
0Z. P. d. ib, oz. p. w. I. | P. w. gr. x. p. w. gr. ex. 
6 . 0 2 ＋ I. 42 * 10 OS 2 02 44 
8 6 . 16 2 4 15 6 
3. O02 2 0 . 12 = y- 5. 0 2 1.02 
2, 9 44 ©, LE Tx 4 » q o . 16 = ++ 
2. 0 23 2 P 6s I . 2 G. 22 Mind 
1 . 1224 * | 2.1 24 A. .. 


DeriniTion XIII. 


294. Apothecaries Weight is a different Table of Troy Weight, by which 
Apothecaries compound their Mecicines. 


The T ABLE. 


20 Gr. = 13. Scruple. 
60 Gr. = $9 = 13 Drachm. 
480 Gr. = 243 = 83 = 13 Ounce 
5760 Gr, = 2883 = 963 = 123 = 1b Troy, as above. 


Three- 


If the 
3 3 Fr. 13.5 33 
06,0=4<102.3.0;12=+jF|1.1.1.16=>-4+|0.3.0,12 =7+ 
04,0 =+]02.0.0. 0=4|1.0.0.00=-;[|0.2.1,04=zx; 
03.0=+| 1.4.0. o=x4[0.4.2.08=.; Sr. Oc. 
If x 3 be the Integer 
3. I'S FF 3 SS RTF. } 3 I 1 
4. o 0 21. 1. 16 40. 2. 6 4 |0o.io=x: 
2. 2. 0 1. 1. 00 „lo. 2 0 re. sen 
2. o. o 4 l. 0. 00 lo. „4 Sc. Oc. 


DzriniTion XIV. 


295. Averdupois Weight is that ear Fleſh, Butter, Cheeſe, Tallow, Salt, 
Flax, Hemp, Wax, Pitch, Tar, Rofin, Copper, Tin, Steel, Iron, Lead, To- 
bacco, &c. and in general all Kinds of Grocery Wares, and whatſoever is ſub- 
ject to waſte, are weighed. The Pound Averdupais Mr. Fobu Ward of Cheſter, 
ſays, he found by a very nice Experiment to be equal to 14 o. 11 p. W. 132 
Grains Troy, The leaſt Denomination of this Weight is a Dram, Dr. 


Te TAB L E. | Ib 


16 Dy. = 1 Oz. Ounce. 14 = 2 Stone. 
256 Dr. = 16 Oz. = 1 bb. Pound. 28 = 4 of C. 
28672 Dr. = 1792 Oz. = 112 1b, = 1 C. Hundred. 56 = 3, of C. 
573440 Dr. = 35840 Oz. = 2240 lb. = 20 C. = 1 Tun C84 = 4 of C. 
Therefore 
If 1 C. be the Integer, If 115. be the Integer. 

a Ge C, Oz. Ib. Oz tb. 

56 = 4 14 = 3 8 =! 1 = 2 

28 = + 7 = Tx 48 H 3 

16 = 5 &c. 2 = + 


DzxiniTion XV. 
296, The Denominations of 'obt * 
„ — 0 Wool-Weight are as follows, the leaſt Denomi 


| The T | 
7 . = 1 Cl. Clove. n 
14 Ib. = 2 Cl. = 1 St. Stone. 


2816, = 4 Cl. = 2 St. = 1 Tad; Todd, | | 
182 1b, 
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182 lb. = 26 Cl. = 13 8t. = 6: Tad, = 1 V. Way. 
364 ib. = 52 Cl. = 268S:. = 13 Tad. = 2 W. = 18S. Sack. 4 
4368 1b. = 624 Cl. = 312 St. = 156 Tad. =24W.=128.=1 Laſt or Ney. 


DxEeFriniTion XVI. 


297. The leaſt Denomination of Long Meaſure is an Inch In. which is ſup- 
to be equal in Length to. three Corns of Barly well dried, and taken 


poſed 
our of the middle of the Ear. 
The T ABLE. 
In. 
21= 1 Mail. 


| 
wo 

l 

2 e 
tl 

hs 

th 

2 

iS 


= 203z= 2022 = = 2 + h 
72= 32z 24= 182 8 = 4= 2= Jz;= I;= 1 Fathom. 


198 = 3686 495= 2222163 11= $i= 4123.12 21 1 Perch. 
7920=3520=2640=1980=880=660=4409=220=176 =132=1102240=1 Furl. 
1 Maile. 


8 Furlongs | 
3 Miles ii 1 League, 
23 = Leagues 1 Degree, 


Or the + Part of the Earth's Circumference. 
| DexexriniTion XVIL 
298, The Diviſions of a Circle are as follows.” 


Circle 12 S. Signs, 
Sign | 30 Degrees, 
Degree ; 60 Minutes, 
Every 5 Minute þ is divided into 4 60” Seconds, 
Second 4 60! Thirds, 
Third 60% Fourths, 
{ &. } e 
Therefore | 
ud | 8. . 
108000 = 1800 = go= I  _ 
1296000 = 21600 = 360 = 12 = 1 Circle, 
CoroLLARY XXI. 


THI 
CorolLaRy XXI. 


299. The Circumference of the Earth upon this Suppoſition equals 
69% X 3609 = 25000 Miles nearly; as was found by the learned Picard, and 
after him by the famous Co/ini ; which is but 20 Miles leſs than what was 


found by our Country-man Mr. Norwood upon a lefs advantagious Experiment. 
DEFINITION XVIII. 


300. The leaſt Denomination .of Superficial Meaſure is a Sguare Inch In.; 
i. e. an Inch in Length and Breadth. 


We Table of Superficial Meaſure. 

In. | | 
144= 1 Foot Square, 

1296 g FF= ard Square. 

3600 25= 25= 1 Pace Square. 

39204= 2724= 304= 10542= 1 Perch, or Pole Square. 
1568160=10890=1210= 435;£= 40=1 Rood. 
6272640=43560=4840=174254=160=4=1 Statute Acre, 


DereiniTion XIX. 


301. Becauſe an Acre or 160 Square Perches = 43560 Square Feet 1s equal 
to 40 Perches or 40 X 16: = 660 Feet in Length, and 4 Perebes or 462 
266 Feet in Breadth : Therefore in Land Meaſure there is commonly uſed 
a Chain of 66 Feet or 22 Yards Long; every 10 of which in Length and 1 
in Breadth (i. e. every 10 Square Chains) makes an Acre. And this Chain is 
ſubdivided. into 100 Links of 7.92 Inches each, according to which 


Sg. Chains, Sq. Links, Acre, Roods, Perches Square. 


10.000 = 10000 = TI = 4; = 160 
2.500 = 2500 = - = 1 = 40 
0.0025 = 62.5 = Tr = 7 = I. 


DEFINITION XX. 


302. Meaſures of Capacity are ſuch as are of three Dimenfions ; viz. Length, 
Breadth, and Thickneſs, Height or Depth : Of which there are eſpecially four 
Sorts uſed in Britain, viz. Corn, Beer, Ale, and Wine Meaſure : The leaſt 
Denomination to all which is called a Cubic Inch, i. e. an Inch in Length, 
Breadth, and Thickneſs. 


DEFINITION XXI. 
303. In the Table of Corn Meaſure, 1 Gallon 268.8 Cubic Inches, and 
the leaſt Denomination is a Pint, Pt. 


4 


E The 


140 


We TABLE 
Pints 9, 
28 1 art. 
= 4= Fallon 
162 = 2= 1 Peck 


64 32= 8= 4 = 1 Buſhel Wincheſter. 

128= 64= 16= 8= 2= 1 Strike, | 

256= 128= 32= 16= 4= 2= 1 Carnock or Comb. 

512= 256= 64= 32= 8= 4= 2= 1 Seam, Raſt, or Quarter. 
3072=1536=384=192=48=24=12= b= 1 Wey, 
5120=2560=640=320=80=40=20=10=15=1 Loſe. 


DEFINITION XXII. 
304. In Beer Meaſure 1 Gallon 282 Cubic Inches. 


The T ABLE. 
Gill. 
2= 1 Pint. 
4= 2= 1 Quart. 
16= 8 4= 1 Gallon. 
144= 72 36= 9=1 Frkin, 
288=144= 72=18=2=1 Kilderkin, 
576=288=144=36=4=2=1 Barrel. 
864=432=216=54=6=3=13=1 Hogſhead. 
DEriniTion XXIII. 
305. In Ae Meaſure 1 Gallon = 282 Cubic Inches. 
The T ABLE. 
Gills. | 
a= 1 Pint. 
4=" 2= 1 Quart. 
16= 8= 4= 1 Gallon. 
128= 64= 32= 8=1 Firkm. 
256=128= 64=16=2=1 Kilderkin. 
512=256=128=32=4=2=1 Barrel. 
768=384=192=48=6=3=13=1 Hogſbead. 
DexiniTIon XXIV. 


306. In Wine Meaſure the Gallon equals 231 Cubic Inches, by which are 
meaſured all Wines, Brandies, Spirits, Mead, Perry, Cyder, Vinegar, Oyl, 


_— &c. The 


L 15 ] 


The T ABLE. 


Gills, Pints, Quaris. 

16 = 3 = 4 = 1 Galloz as before. 
18= 1 Rundlet. 
314.=14= 1 Barrel. 
42=24=14= 1 Tierce. 
69 234 2=1i= 1 Hogſhead. 
84=4+=24= 2=14S 1 Puntion. 
126= 7 4= Z3= 2211 Bull. 
252=14= 8= 6= 4= 3222 1 Tun. 


DeriniTion XXV. 


307. The leaſt Denomination of any Part of Time is a Second, from whence 
is formed the following Table of Time. 


HH / 


60 1 Minute. 
3600= 6bo= I Hour. 

86400=> 1440= 24= 1 Natural Day. 
604800= 10080=168= 7=1 Week. 
s 77 H. 9 " D. H. , 77 * 

2360587 =39343+7=655+43+7=27+7+43+7=1 Periodical Month, 
or the Time which the Moon takes up in finiſhing her Courſe round the Earth. 

D , I 


33 
29 T12＋44 T8 I Mean Synodical Month or Lunation, i. e. the mean 


Time between Conjunction and Conjunction. 
The Calendar or Civil Month conſiſts of ſometimes 30 Days ſometimes 313 


and -e * viz. February, of 28 or in Leap-Near 29 Days. 


365+5+48+57=1 Solar or Tropical Tear, i. e. the Time which the Sun 
takes up 2 finiſhing its apparent Courſe thro the 12 Signs of the Zodiact. 

2654 649+ 14=1 Syderial, Anomaliſtical, or Periodical Year ; the Space 
4 1 19 which the Sun takes up in finiſhing its apparent Courſe round the 

arth. | 

The Civil, Fulian, or Calendar Tear, is the Space of 12 Calendar Months, or 
of 365 Days 6 Hours; or it is the Space of 365 Days every Common Near, 
and of 366 every Fourth Near, which is therefore called Bifſextile or Leap-Near, 
| becauſe of the Day added. | 


DzeriniTion XXVI. 


308. The Golden Number, Cycle of the Moon, or Metonic Cycle. (fo called 
from itis Author Meton) is a Period of 19 Julian Years, which is ſuppoſed to 
be 
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be equal to 235 Lunations, ſo that every new and full Moon is computed to 
return to the ſame Day of the Month it was 19 Years before, but with the 
Errour of about 1: Hour in Point of Defect. The Beginning of this Cycle was 
the Year before Chriſt. 


DeriniTIoNn. XX VII. 


309. The Cycle of the Sun is the Space of 28 Years, in which Time ail the 
Days of the Year return to the ſame Day of the Week that they were 28 
Years before. The Beginning of this Cycle was 9 Years before Cbril. 


— 


— 


— — 


1 IV. 


Of the Addition and Subtraction of Polynomial NUMBERS. 


PARTITION VIII. 


310. A DDITION and Subtrattion of Polynomial Numbers is either 
Pure or Mixed, according as the Numbers to be added or ſub- 
tracted are ſuch. ng, | 


PROBLEM I. 


311. To add two or more given Homogeneous Polynomes into one Sum. 


Effeftion. 
Pre. 1. Set all the Homogeneous Figures which belong to each given Num- 
ber in the ſame Column one under another (In. 67.) \ 


Pre. 2. Draw a Line beneath all. | 

Pre. 3. Begin at the loweſt Figure in the firſt Column. to the Right-hand, and 
add up all the Figures in that Column marking all the Tens. 

Pre. 4. Set down the Remainder above all the Tens in the firſt Column. 

Pre. 5. Add the Number of Tens in ſumming up the firſt Column to the 
loweſt Figure in the ſecond Column, and proceed to ſum up that 
Column in the fame manner as the firſt. | 

Pre. 6. Thus continue doing thro? all the Columns, 

Pre. 7. And becauſe in ſumming up the laſt Column, there remains no other 
Column for the Tens to be added to; therefore they are to be ſet 
down by themſelves : And the Number thus found will be the Sum re- 


quired (In. 35.) Q. E. E. 


Ex. gr. 


4 


Ex. gr. Let it be required to find the Sum of the given Numbers 4037. 
654 7956.508+684.097 53 80 Firſt ſet down the Numbers as in the 
Margin, then, beginning at the loweſt Fi- 4037.054 = 6 l 
gure in the firſt Column to the Right hand, 7966. 308 = c 
which is here the Fractional Place of Thou- 0684.97 d 
ſandths, ſay 7 and 8 1s 15s An 4 1s 19, or $5932.630 = f 

+8+4=19=10+9, let down 9 and car- "Wi 1 | 
g 1 for the 10 143 T9 ＋T5 =18, ſet 18610.88g = n d +. 
robe 8 and carry 1; 1+6+5;5+6=18, ſet down 8 and carry 1 3 1+2-þ4 
+6+7=20, ſet down o and carry 2; 2+3+8+5+3=21, ſet down 1 
and carry 23 2+9+6+9=26, ſet down 6 and carry 2; 2+5+7+4=18, 
which ſet down by Precept 7, Therefore the Sum required is 18610.889. i. e. 
18 Thouſand, 6 Hundred, and Ten, with 889 Thouſandth Parts. 


PROBLEM II. 


312. To ſubtract a leſſer given Pure Polynome from a greater given one. 
| Efection. TY 
1. Place all the Homogeneous Figures in the ſame Column one beneath ano- 
ther (In. 67.) | ad 
2, Draw a Line beneath all. 
3. Begin at the lower Figure in the firſt Column to the Right-hand, and ſub- 
tract every lower Figure in each Column from its reſpective one above. 
4. When the upper Figure is leſſer add 10 to it, in ſuch Caſe always obſer- 
ving either to take an Unit from the next upper Figure to the Left-hand, 
or which is the ſame Thing add an Unit to the next lower Figure (In. 68.) 
And the Number thus found will be the Difference required. Q. E. E. 
Ex. gr. Let it be required to take the Number 730.25 from the Number 
940.18, Firſt ſet down the Numbers as in the Subtrabend 940.18 = b 
Margin, then, beginning at the lower Figure Minuend 730.25 = Cc 
in the firſt Column to the Right-hand, ſay 5 Fra eee, 
from 8 leaves 3 to be ſet down under the firſt e 
Column; 2 from 1 I cannot take, but 2 from ro 1 11 leaves ꝗ to be ſet under 
the ſecond Column; then for the 10 that I added to the upper Figure in the 
ſecond Column I add t to the lower Figure in the third Column, thus 0+1=1, 
and proceed ſaying 1 from o I cannot, but 1 from oo n fo leaves 9, which 
I ſet under the third Column; then 1 that I add to 3 in the fourth Column 
for the 10 added to o in the third makes 4, 4 from 4 leaves o, which I ſet un- 
der the fourth Column: Laſtly, 7 from leaves 2, which I ſ:t down under the 
laſt Column. And the Remainder is found to be 209.93. 


PROBLEM III. 


313. To add together two or more Mixed Pelynomes into one Sum. 


F Efectiou. 


[18] 
| Effection. 

The Effeftion of this Problem is directly the ſame with that of Problem t. 
of this Part, only, inſtead of marking (or pointing) all the Tens, as is there 
directed, take Notice here how many of each ſuperiour Denomination in the 
given Polynomes are contained in the Sum of all the Figures of the next in- 
feriour Denomination, and ſo many Units are to be added to the Figures of 
that ſuperiour Denomination. | | 8 
Ex. gr. Let it be required to add together the ſeveral Sums of Money ſet 

down in the Margin. 

E | 
256 , 13. 07 . Or Here beginning as before at the loweſt Figure to the 
79 . 09 . 10. 03 Right-hand, fay 24+3+1=6=14.-+29r. (In. 290) ſer 
63 . 17 . 11 . oo down the 29r. under their proper Column, and carry the 
42. 00. 03 , 02 fs oy yer 1+3+11+ e ormanghigs Dv/7 
eee eee ee m9 25. 2+17+9+13=415.=2/. 

„ ere + 15, ſer oats wal carry 2 3 . 

ſet down 2 and carry 2; 2+4+6+7+5=24, ſet down 4 and carry 2 

2-+2=24. Therefore the Sum required is 4421. 015. 08d. 0297. 

Ex. 2, Sold at ſeveral Times to Mr. Thomas gs, 1732, * 13. 
A5 a 

— Yards of —— at — per Yard 42 . 13 . 00 

Feb. 4th —— C of Flax at —— per. C. 209. #8:;- 00 

April 29th —— Ells of Shalloon at —— per Ell 170 . 15 . 06 


In all 292 . 19 . 06 


Examples in Addition of Weights, 
Troy Weight. Averdupois Weight. 
15. oz. paw. gr. C. 0 „ On 


03 . 09 . 15 . OO 14. 03 . 24 . 15 
1 IO , 11. 12. 15 ro a 18 . 01 . 27 11 


19. 20 t9 - 02. 14.55 


times 


e e 151 Bought at h 


— 


Sum 38 , 01. 08 . 08 Sum 64 . 00 . 04. 04 
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Addition of Long Meaſure. 

Yds. 9rs. Nails. Yas. Feet. Inches, 
23 * 02 70. 02. 09 Leagues. Miles. Furlongs. 
19. 03. 01 26 , 01 , 11 24”. . 5: 07 
I4 . OO . 03 43 . OI . 10 b 
06 . 00. 02 27. 00 , og —— TW 
O4-. O2 . 03 20. 01. 04 „ i- 

. OI . oo 17 508: 9 00 «, 07 


Sum 68 . o1 g Sum 206 . 02. 06 Sum 94 01 . O4 
And fo for any other Kind of Weight or Meaſure, 


PROBLEM IV. 


314. To ſubtract a leſſer given Mixed Polynome from a greater. 
Effeftion. 

The Effection of this Problem is in all reſpects the ſame with Subtraction 
of Pure Polynomes, only when the upper Figure is lefs, inſtead of adding 10 
to it, as is there directed, let it be encreaſed by the Addition of as many of 
its own Denomination as make one of the next ſuperiour Denomination. 

Ex. gr. Suppoſe it be required to ſubtract the lower Sum of Money in the 
gy from the upper one. 

ere beginning as before, ſay, 2 from 1 cannot, but 2 from 4 ＋ 1 = gar. 
leaves 3 gr. then for the 4 qr. = 1d. which I added to l. 3. d. gr. 
the upper Figure in the Farthings Column, I add 1d. 432 . 11 . 05 . 01 
to the lower Figure in the Pence Column, ſaying, 14+7 252 . 11 . 07 . 02 
=8 ; 8 from 5 I cannot but 8 from 12+5=17 leaves | 
9d ; then, for the 124 = 15. I added to the upper Fi- 79 79 99 + 03 
gure in the Pence Column, add 15. to the lower Figure in Shillings Column, 
ſaying 1+11=12 3 12 from 11 I cannot, but 12 from 20+11=31 leaves 
195. then for the 205. = 1. added to the upper Figure in Shillings Column I 
add 1/. to the firſt lower Figure in the Pounds Column, ſaying 14223, 3 
from 104+2=12 leaves 9; 1+5=6, 6 from 10+3=13 leaves 7; 1+2=3, 
3 from 4 leaves 1; therefore the Remainder required is 1790. 195. 09d. 039r. 

Ex. 2. — 4 a Writing drawn April 3d, 1680. I demand how long it is 
ſince, this preſent 18th of Auguſt 1734 ? . 

Obſerve from your Calendar that — New Year's Trs, M. V. D. 

Day 1680 to April 3d is juſt 13 Weeks 1 Day, it 1734 . 08. 00. 06 
being Leap-Near : and from New Year's Day 1734 1679 . 03 . 0 . 01 
to Auguſt 18 is 32 Weeks 6 Days. Therefore ac- 
counting 4 Weeks to the Month, the Age of the 99 4, 94-03 - WG 
Writing will be found to be, as in the Margin. 


— — ̃ͥͤ !ſ—ů— —ñ—2— —e—0H — — — ꝑ — — 
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Examples in Subtraftion of Weights, 


Troy Weight. Averdupois Weight, | 

Ib, oz. pw, gr. | Tun. C. 2; B. 0 Dr. 

From 13. 07 8 Feom '5*. 15... o 2 0 
Take 12. — 8 05 Take - 3 16. 0 21. 186 02 
Remains oo 08 | Remains 1. 19 . 00 pay” Papi 13 . OL 


PrRoBLEM V. 


31 5. To prove Addons, i. e. to know whether the Sum found be the 
true Sum or no. 
Effeftion. 


1. Sum u e Column by it ſelf beginning with the uppermoſt Figure 
to the Left-hand, - 
2. Take the Sum of all theſe, 2 if chat equals the Sum found, the Addition 
is right, otherwiſe not (In. 23.) 
Ex. gr. Let it be required to prove whether the Sums found in the Exam- 
ples (In. 311 and 313), be the true Sums or not. 


a bed eg | | I. NC eee 
4037.64 210 256. 132 0 08 
7956.08 79 . Og . 10. 03 
0684.097 ere 
3932. 630 42 . 00 . 03. 02 
18610.889 442. 01. 08. 02 

* 16 5 

= 24 | an 2 

19 Pounds can 22 

= Ts: 1.1 +; 20 | 

= 1.7 Sum of Shillings Column = 1. 19 

= 70 Pence Column "80027 of © 

= 19 Farthings Column =» OI . 02 

Proof 18610.889 I A608. 08. 


PrRoBLEwM VI. 


316. To prove Subtraction, i. e. to know whether rhe Remainder found be 
the true Remainder ſought or not. 


Effeion, 
Add together the Subtrahend and the Remainder, ard if the Sum be the 


ſame with the Minuend, the Work is right, otherwiſe not (In. 68.) Q. E. E. 
Let 
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Let it be required to prove whether the Remainders found in the Examples 
(In. 312 and 314) be the true Remainders required. | 


The Work is as follows. 


| „ 

Minuend 940. 18 Minuend 432. II. 05. 01=Þ 
Subtrabend 730.25 =c Subtrabend 252 . 11. 07 . oz AY 
Remainder 209.9 z=b—c g Remainder 179 . 19. 09 - 03 =- 


Proof 940.18 =b=—=c 6 =d Proof 432. 11.05. 01 =bo—=+c=b 


7 


Wo IO 

Of Multiplication and Diviſion. 

PROBLEM VII. 
317. To make the Multiplication Table, or to find the Product to all the 

9 Digits. | 

Write down the 9 Digits 1 EE . . 2189 
Add 22, 3+3, 414, 578, &c. EI 10112134126 4 
To the laſt Sums under 3, 4, 5, Sc. add 3, 4, 5 9112 12514 421424127 
To the laſt Sums under 4, 5,6,&c. add 4, 5, 6, Sc. N [10j20124128132136| 


20135; 40 45 


— 
— 


36 


To the laſt Sums under 5, 6, 7, Cc. add 5, 6, 7, Sc. 
To the laſt Sums under 6, 7, 8, Sc. add 6, 7, 8, Se. 
To the laſt Sums under 7, 8, 9 add 5, 8, 9. 

To the laſt Sums under 8, 9; add 8, 9. 

To the laſt Sum under 9 add 9; and it's done. 


1 
25 
— — 


ere 


Scholfun III. 


318. It is neceſſary that this Table be got perfectly by Heart, before the 
Learner proceed to Multiplication and Diviſion. Its firſt Inventor is faid to have 
been Fylbagoras of Samos, whence it is ſtiled the Pythagoric Abacus. 


PROBLEM VIII. 


319. To Multiply by a Monome. : 
| G EffeTion. 


[ 22 ] 
Effeflion. 


1. Set the Multiplier under that Figure of the Multiplicand, which is of the 
ſame Denomination, and draw a Line under both. 

2. Begin with the loweſt Figure in the Multiplicand, and proceed in ſuch Sort, 
that the Tens which are gained by multiplying each lower Figure be added 
to the Product of the next higher. 

3. Count as many Cyphers or Fractional Places to the Right-hand in the Pro- 
duct, as ate in both Factors, and it is done. Q E. F. 8 

Ex. gr. Let it be required to multiply 6780.5 by 0.4. Set down the 
6780.5 given Factors as in the Margin, then fay 4 X 5 = 20, ſet down 
0.4 O and carry 2; 4 Xo = o and 2 that was carried makes 2, ſet 
883 down 2 and carry o; 4 X8 = 32, ſet down 2 and carry 3 
28 4 X 7 = 28, and g that was carried makes 31, ſet down 1 and 
carry 33 4 X 6 = 24 and 3 that was carried makes 27; Therefore the Pro- 

duct required is 2712.20 or 2712.2 (In. 268.) Q. E. E. 

Ex. 2. Let it be required to multiply 72000 by 900. The Work is in 
72000 the Margin. 


PROBLEM IX. 


320. To Multiply by a Polynome. 

Effefion. 
Set each Figure in the Multiplier under its Homogeneous one in the Mul- 
tiplicand, and draw a Line beneath them, as in the laſt. 
Multiply by each Figure in the Multiplier ſingly as in the laſt. 
. Obſerve ſuch Order in ſetting the particular Products beneath one anotker, 
that the loweſt Figure in each be ſtill ſer under its reſpective multiplying Figure. 


Add all the particular Products as they ſtand, into one Sum. 
Annex the Cyphers to that Sum, which are in both Factors, if any there 


— 
= 


nr 


(In. 283) and it is done. Q. E. E. 
Ex. gr. Let it be required to multiply 5432.01 by 960.32. The Ope- 
ration follows. 
5432.01 Multiplicand.. 
960.32 Multiplier 


1086402 = 000.02 
1629603 . = —_ X 5432.01 


3259206. = 060.00 
4888809.... = 900.00 


52 16467.8432 = 960.32 X 5432.01 the Produt. 


PROBLEM X. 


be: or cut off from it as many Fractional Places as are in both Factors 
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PROBLEM X. 
321. To multiply large Numbers without the help of a Multiplication Table. 
Ex. gr. Suppoſe it were required to multiply 507.8420063901 = A by 87. 
0600914532 = B, 
, Effeflion. 


1. Set down the 9 Digits one under another as below, + 

2. Set down the Multiplicand againſt 1, for 1 X A: for 2 X A ſet down its 
Double : for 3 X A add 1 and 2 A: for 4 X A add 3 Aandi A: for 5 
Aadd 2 Aand 3 A: for 6 A take twice 3 A: for 7 Aadd 3 A and 4 4: 
for 8 A take twice 4 A: for 9 A add 4 A and 5 A: and thus you will have 
a Table or Tariffa of the Multiplicand to every Figure in the Multiplier, 
as below. 

9. . B, with a Line drawn beneath them, as in 
the laſt. 

4. Inſert the cular Products out of the Tariffa one beneath another, as in 
the laſt. the Sum of theſe (cutting off as many Decimals as are in both. 
Factors) will be the Product required. 

Tarifa. 

= 5078420063901 

= 10156840127802 

= 15235260191703 

203136802 55604: 

25392100319505 = 

= 30470520383406 = 6 

= 35548940447307 = 7 4 

= 40627360511208 = 8 A 

= 45705780575109 =g A 


307. 8420063901 . 
87.6009 14532 = B.. 
10186840 127802 Any 
1|5235260191703, 
261392100319505, 
203 | 13680255604. 
5071 8420063901 
45705|780575109, 
7 30470520 383406, 
4 3554894044 [7307 
40627360511 208 


44212.771520109868477509332 = A X Þ. 


> >>> > 


| 


= 
, 


I 
2 
3 
4 
5 


XA 
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But becauſe it is generally ſufficient; 'if we can only have ſix or ſeven Deci. 
mal Places true in the Product; therefore the following Problem is of grcat 


Uſe to contract the Work in large Multiplications. 
PROBLEM XI. 


322. To abbreviate large Multiplications ſo as to retain no more than an 


aligned Number of Fractional Places in the Product. 7 gy 
| Effeftion. 


r. See how many Places of Integers there will be in the Product from the 
given Factors (In. 281) and adding to that Number the aſſigned Number 

of Fractional Places, note the Sum. | 

2, Retain as many Figures in each Factor as that Sum, and one Figure more : 

andi if either Factor want of ſuch Number of Places, ſupply it with Cyphers 

in the Places of Fractions. . 
Make a Tariffa of the Multiplicand to every Figure in the Multiplier. 
Set down the Multiplicand in its direct Order, and the Multiplier under it 
in an inverted Order: i. e. ſet the higheſt Figure of the Multiplier under 
the loweſt Figure of the Multiplicand, and the next higheſt Figure of the 
Multiplier under the next loweſt of the Multiplicand, Sc. 

g. Set down the particular Products one under another, in ſuch Sort, that each 
Product reach to no more Places in the Multiplicand than what ſtands to 
the Left-hand over its Multiplying Figure : obſerving to place the loweſt 
Figure of each in a direct Line beneath one another, and withal retaining 
the Increaſes of all the loweſt Figures, as in the Tariffa. 

6. Add up the particular Products, as they ſtand, and the Sum will be the 
Product required, true in all it's Places, except the one or two loweſt, 

BE gr. Let it be required to multiply 507.8420063901 by 87.0600914532 

ſo as to retain 6 Fractional Places true in the Product. | 
The Places of Integers in the Product will be 5 (In. 281) which with the fix 

Places of Fractions will make up in all eleven Places: Therefore by Pre. 2. the 

Factors are to conſiſt of 12 Places of Figures each. The whole Operation will 

ſtand as follows. 


+ vs 


L 25 J 


The Tarifa. ; 
1| 50784200639 507.842000390 8 
2 age 2354190060. 78 the Autiplier inverted. 
3152352501917] 4062.360561 120 = 80. X 507. 84 2006390 
4203136802550 3554. 940447 = 7: X.507 84200639 + © 
5125392 1003 at 30.47052038 = 0. 06 X 507842006 + 2 
6] 304705203934 4570578 = 0.00009 X 507842 + o 
7 355439404473 50784 = o. 000001 X 50784 + © 
$140 270057 20313 = ©. 0000004 X 5078 + 1 
9 1457057905751 2539 = ©. 00000005 x, 507 ＋ 4 
152 = O. 000000003 X 50 2 
| 10 = ©. 0000000002 X 5 ＋ © 
The Produft = 44212.57152007 only too little in the loweſt 
Figure by 2. 
The Reaſon of this Operation will appear plainly to any one who conſiders 
that all the particular ucts here, are E wich thoſe in the other 


Method, only rejeQing a certain Number of inferivur Places, and conſe- 
quently the whole muſt be the ſame too (In, 23.) 


ProBLEM XII. 


323. Todivide by a Monome. 

| Effeftion. F 

1. Set down the Diviſor to the Leſt- hand of the Dividend with a Curve Line 
between them. | 

2. Make another Curve Line to the Right-hand of the Dividend, for the 

Place of the Quotient. | 

Aſk how often the Diviſor can be contained in the higheſt, or (if not) in 

the two higheſt Figures of the Dividend, which call the Fir Dividual. 

Set the Anſwer behind the Curve Line to the Right-hand for the firſt Quo- 

tient Figure, and note its Place (In. 286.) 

Multiply the firſt Quotient Figure into the Diviſor, and ſubtract the Pro- 

duct from the Firſt Dividual. 

To the Remainder draw down another Figure or Cypher out of the Divi- 

dend, for a Second Dividual, making a Point in the Dividend under every 

Figure ſo drawn down. 

7. Ask how often the Diviſot can be contained in the Second Dividual, and 
if it cannot be contained in it, draw down Figures or Cyphers out of the 
Dividend, till it can, obſerving to make a Cypher in the Quotient for 
every Figure or Cypher drawn 9 beſides the firſt; and 

continue 
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continue to make Points under every Fi igure in the Dividend, as they are 
drawn down. 

8. Set the Anſwer again to the Right-hand of the firſt iet Figure, or 
to the Right-hand of the Cypher or Cyphers, if any there be, which were 
ſer in the Quotient by the laſt Precept. 

9. Multiply the ſecond Beuel Figure into the Diviſor and ſubtract the 
Product from the Second Dividual, "and to the Remainder draw down ano- 

ther Figure or Cypher « out of the Quotient for a Third Dividual. | 

10. Ask how often the Diviſor can be contained in the Third Dividual, and 
if it cannot be contained in it draw down Figures out of the Dividend. 
as before, till it can, ſtill obſerving to make a Cypher in the Quotient for 
every Figure or Cypher drawn to the Remainder, beſides the firſt. 

11. Thus coſſtinue doing as long as any thing remaips, or if ſomething always 
remain, carry on the Operation to what Number of Fractional Places you 


pleaſe. Q. E. E. 
Ex. 1. Let it be required to divide 2712.26 by o. 4 Here the Fit Divi- 
2 


dual is 2700, but == is -> 6000 (in. 283) or the 4s in 27 are 6, there- 


fore 6 (or 6000) is the firſt Quatient Figure. The Operation is as follows. 


Diviſor, Dividend, Quotient. 
0.4) 2712.26 (6780.65 


Goe0 X 0.4 = 24 a 24 « « ſubtraf 
Second Dividual 31 7 
700 X 0.4 = 28 28 ſubtra?. 


Third Dividua 32 
80 X 0.4 = 32 ſublraF. 


Hauri Dividual = 26 
0.6 X 0.4 = 24 ſubtrat7. 


Fi fth Dividual = 20 
5 ++ 6.05 X04 = 20 ſubtraf. 


Remains (0) 


Ex. 2. Let it be required to divide 62.85 by 0.007, Here the firſt Quo- 
tient Figure muſt be in the Place of Thouſands, i. e. _ > 8000 


(In, 286.) a 


oo 


oy) — (8978.571428571428571428 &c. ad infinitum, 


In this Operation you ſee 
that the ſame Figures return at 


the ſixth Place below Unity. 


ScyuoLium IV. 


324. But the Diviſion by one Figure is more compendiouſly performed by 
Halfing, Thirding, Fourthiag, &c. the Dividend. | 
Ex. gr. Suppoſe it were required to take the ſeventh Part of 22407, fay 
the of 22 is 3, and the Remainder is 1, to which annex the 43 and ſay the 
a of 14s 25 the 5 of o is o z the . of 7 is 1 : Therefore the Quotient of 22407 
divided by 7 is 3401, as in the Margin. Thus again in tak „ 


ing the eighth Part of 4165856, ſay the 8th of 41 is 3 and 7 — . 
there remains 1, to which annex 6; the 8th of 16 is 2; the 3201 
8th of 5 J cannot, but the 8th of 58 is 7, and the Remainder NY Oy" 
is 2. ; the 8th of 25 is 3, and the Remainder is 1; the 8th of T — 
16 is 2: Therefore the Quotient, is 520732. _ 520732 


w- 


" ® ScnoLivM 


* w_- 


£28 ] 
; ScaoLiivy 55 

25. The Hftbing of any Number is performed by doubling it, 
1 and FRE whe all the Places in the Product one Plat 
T[2037+5 lower, or by multiplying it by 0.2. Ex. gr. Suppoſe it were re- 
3 quired to take Part of 2037.5, the double of 2037.5 is 4075.0 : 
407.5 therefore the 4 Part is 407.5, and fo for any other. 

| PROBLEM XIII. 
326. To divide by a given Polynome. 

| Effeflion. Hs 
1. Set down the given Diviſor and Dividend, as in the laſt Problem. 
2. From the higheſt Figures in the Dividend aſſume the ſame Number 
of Places that are in the Diviſor of the Firſt Dividual ; or if the Fi- 
gures in the Diviſor excced the ſame Number of Places in the Dividend, 
aſſume one Place more out of the Dividend, for the Firſ# Dividual. Then 
nana directly, as in the laſt Problem: Only the Quotient Figures 
ere are determined by comparing the higheſt Figures alone of each 
Dividual with the higheſt Figures of the Diviſor, omitting the reſt, as will 

be beſt ſeen by an Example. | 
Example 1. 


Let it be required to divide 32 16467. 8432 by 960.32. Here the Numbers 
being ſet down as is directed, the firſt Dividual will be 32 1646 (or 5216460) 
whence the firſt Quotient Figure of — or which is nearly the ſame 
LE or = will be in Thouſands Place ; il e. the gs in 52000 are 
the ſame with the 960.325 in 5216460, which are 5000 for the firſt Quotient 
Figure; and 5 X 96032 = 480160, 52 1646 = 480160 = 41486, to which 

draw down 7 fora ſecond Dividual 414867 ; 
960.32)5216467.8442 (3432.01 then the 960325 in 414867, or which is the 
4838016 ] 


00 ce. fame the gs in 41 are 4 for the ſecond 
7 Quotient Figure; 4 * 96032 == 384128, 
38412 414867 — 384128 = 30739» to which 
1 draw down 8 for a third dual 307398 
307398 then the 96032s in 307398, or the 95 in 
| 9 07398, or the gs 
—_— Neg. dee 
| 3 & 90032 = 2 4307399 — 2 
= 5 =: 19402, to which draw . 4 for a 
* Dividual ; the 960425 in 193024 of 
96032 the 9s in 19, are 2 for the fourth Quotient 
96032 Figure, 2 x 96032 = r +» oY 
* 192064 = 960, to which bring down 3, 


and becauſe the Diviſor 960.32 cannot be 
con- 


[ 29 ] 


1 contained in the Dividual 9603, therefore the Figure 2 muft be alſo drawn 
XZ down, obſerving to place a Cypher in the Quotient; laſtly the 96032s in 
= 96032, or the 9 ing are 1 for the fifth Quotient, which finiſhes the Diviſion - 
== without a Remainder, as in the foregoing Margin, [ 29 

; -Let it be required to divide 694943164 by 57.91. Here the firſt Dividual 
is 6949, and the Quotient Figure of 094943104 57.91)694943104(12000400 


© At. 
is in the 10000000s Place (In. 286) then becauſe 5791 
the ſecond Figure in the Diviſor : greater 1n 11584. 
its Place than the firſt, therefore 55 iS mear- 4182 
ly the ſame with Z i. e. the 575 in 69 * re 23585 | 
the ſame with the 57915 in 6949, which gives (0) 


x (or 10000000) for the firſt Quotient Figure, 
1 X 57.91 = 57.91,6949—5791 =1158, to which draw down 4 for a ſecond 
Dividual; then the 57915 in 11584 are 2 for the ' ſecond Quotient Figure, 
2 X 5791 = 11582, 11584 — 11582 = 2, to which draw down 3 for a third 
Dividual 23, - but becauſe the given Diviſor cannot be contained in this Divi- 
dual without drawing to it the other three Figures 164 out of the Dividend, 
and ſo making it inſtead of 23 to be 23164, therefore 3 Cyphers are to be 
ſet in the Quotient before the third Quotient Figure, which is 4, or 400 (In. 
286) and the Diviſion is finiſhed without a Remainder, as in the Margin. 


ScyoLiuMm VI. 


327, When the Diviſor is an Integer with Cyphers to the Right-hand, if thoſe 
Cyphers be cut off, and the Dividend depreſſed ſo many Places lower, the 
Quotient will be ſtill the ſame (In. 286) as in the following Examples. 


eder ten 000(900 12[0)172|8(14.4 
4 | 


Scyuolivm VII. 


228. When the Diviſor is a Fraction with Cyphers to the Left-hand, thoſe 
== Cyphcrs may be cut off, and the Dividend advanced fo many Places higher, 
and the Quotient will be ſtill the ſame, as in the following Examples. 

0.0648 __ 6.48 __  , ©0648 __ 64850 __ 6480000 


0.0072 0.72 ©” 0.0572 0:72 EY 72 EIN 


1 PROBLEM XIV. 


C300 


Px OBLEM XIV, 


329. To abbreviate large Diviſions, ſo as to retain no more than an aſſigned 


Number of Fractional Places in the Quotient. 


ON $ 


Effetlion, 


See the Place of the firſt Figure in the Quotient, by comparing the Divi- 


dend and Diviſor (In. 286.) 


Retain as many of the Figures of the higheſt Places in the Dividend, as 


you deſign there ſhould be in the Quotient, and one Figure or Cypher 

more. 

Retain the ſame Number of the Figures of the higheſt Places in the Di- 

viſor, if the higheſt Figure in the Diviſor be leſs than the higheſt in the 

Dividend, if not, retain one Figure fewer. 

Make a Table or Tariffa of the Diviſor to all the 9 Digits. 

Set down the Dividend and Diviſor in their direct Order as (In. 326.) 

Subtract the greateſt Product you can find in your Tariffa beneath the 

Dividend, "neg —— 3 — Figure for the — Figure in the 
otient; and the Remainder without annexing any other Figures to it 

N ſecond Dividual. | 15 

Subtract the greateſt Product you can from that ſecond Dividual, rejecting 


as many of its loweſt Figures, as it exceeds the Number of the Places of | ? 8 
ils Dividual, and ſet down the multiplying Figure for the ſecond Figure in 
the Quoticpt, and the Remainder without annexing any other Figures to it 


will be the third Dividual. 


Subtract the yn Product you can from that third Dividual, proceed- | : 


ing juſt as before. 


Continue ſo doing as long as any thing remains to divide by, obſerving 1 4 
that for every Place above one your Diviſor is ſhortned for any Dividual, 
a Cypher muſt be inſerted in the Quotient. And the Quotient thus found 


is in general true in all its Places, except perhaps the loweſt. 


507.8420063901 ſo as to retain ſeven Places of Fractions true in the 


tient. | 
The Place of the higheſt Figure is that of Tens 7 

the ſeven Places of Fractions make in all nine. herefore by Pre. 2. 
the Dividend is to conſiſt of ten Places, and the Diviſor of nine. The whole 


Operation is as follows. 


Ex. gr. Let it be required to divide 44212.771520098684775 Ge. by Wi 


. 286) which with ; 


E 
The Tariffa. 8 
507842006 )442 72. 77 15287. 609145 the Quotient: 
1013684012] 40627 36051 = 80 X 50%. 842006 


1523526019 758541100 


2031368025 5 | 
202138085] eee X $07.4200 + 4 
3047052038. 3051696 
3554894044 3047052 = 00.06 X 507.842 + © | 
4062736051 | * 


4570578 4570 =. 00.00009 X 507 ＋ 7 
73 


OOo Am Þ> w 0 »w 


NF 50 = 00.000001 X 50 + ©. 

# 23 

9 20 = 00.0000004 X'5 + 3: 

is 

4 ProptEM XV, 

330. To prove Muliplication. | 

A — 

"4 Divide the Product by either Factor, and if the Quotient be equal to the 
other Factor the Work is right, otherwiſe not (In. 83.) QE. E. 

1 ProBLeM XVI. 

*T 331. To prove Diviſion. 

A Effeftion. 

4 | Multiply the tient into the Diviſor, and if the Product be equal to the 
ZE Divi the Work is right, otherwiſe not (In. 83.) Q. E. E. 


8 ProBLEM XVII. 
332. To find the greateſt Common Meaſure between any two given Num- 


bers (In. 1 $5). ; | 
4389 and 3927. The Operation is as follows. | » 
3927)4389(1 
3927 
55 462) 392708 
231046202 
462 


EEE 


— ji: 
* 2 


5 * 


oy x 63 
= 22 wy 
34 few, r 


— a Ws Y = — 
x . od” ded * - 
* + ie 
& 1 - © af 
* 2 2 4 
— res 1 


Therefore the greateſt Common Meaſure is 23. Cu AP. 


323 
yy Ci a e, VI. i 
Of the Reduction of Coin, Weights, Meaſures, c. 


DeriniTion XXVIII. 


333. B Y Reduftion is here meant the bringing Numbers of one Denomi- 

nation into Numbers of another Denomination. | 

2 85 PARTITION IX. 1 

334. Reduction is ſtiled Deſcending or Aſcending, the former is performed 
by Multiplication, the latter by Diviſion. 


DErINITION XXIX. 


335. That is termed Reduction Deſcending, which brings Numbers of a 
higher into a lower Denomination by Multiplication, as of Pounds into Shil- 
lings, of Shillings into Pence, Sc. in Coin; of Pounds into Ounces, of 
Ounces into Penny Weights, Sc. in Troy Weight; &c. 


PROBLEM XVIII. 


336. To reduce a Number of a higher into a lower Denomination. 

* & 9 Effeftion. 

Conſider how many Units of that lower Denomination are contained in an 
Unit of the given Number (according to the Table of Coin, Weight, 
Meaſure, &c. to which it belongs) and the Product which ariſes by the Mul- 
tiplication of the given Number into that Tabular Number 1s the Number 
required. Q, E. E. . | 
| 1 Example. 

Let it be required to reduce 369 J. Sterling into Shillings, thoſe Shilling; 
into Pence, and thoſe Pence into Farthings. 
| 3 
. | 
- Multiply by 20 the Shillings in 1/. Sterling (In. 292.) 
7380 = the Shillings in 369 J. 
Multiply by 12 the Pence in one Shilling. 


— — ——üF 


14760 
7380 


88560 = the Pence in 369]. 
Multiply by 4 the Farthings in one Penny. 


— 
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354240 = the Farthings in 369l. 7 
| Other- fo 


- UNIT 
Otherwiſe the given Number may be reduced into Pence or Farthings at one 
Operation, thus, 


2 369 | 369 wn 
Multiply by 240 the Pence in one Pound. Xx980 the Farthings in 11. 
9 1476 2214 
4 88560=the Pence in 369l. as before. 354240 = the Farth. in 3697. 
4 Example 2. | 
bl: £ „ Cn | 
1 Reduce 835 . 13 . 11. 03 into Farthings (In. 292.) 
X20 | 


3 x6700 = Shillings in 8458. 

9 + 13 the odd Shillings add 

1 16713 

9 2 

* 33426 

9 16713 

4 G 200556 = Pence in 835 J. 135. 

7 +11 the odd Pence add 

4 200567 = the Pence in 8351. 13s. 11d. 


802268 = the Farthings in 8351. 135. 11 d. 
+ 3 the odd Farthings add PIE 


802271 = the Farthings in 835]. 13 5. 11 d. ©39r. as was required. 
Otherwiſe this Work =_ be ſhortned by taking in the odd Shillings when 
vou multiply by 20, the odd Pence when you multiply by 12, the odd Far- 
1 N 
=X Kinds of Reduction, as follows. | 


8351. 135. 11d. og qr. 
Multiply by 20 and take in the odd 139. 


0 a 
—_ 
2 


16713 | 
Multiply by 12 and fake in the odd 114, 
200567 


Multilpy by 4 and take in the odd 3 grs. 


802271 the Farthings in 8350. 135. 11d, 0345-48 above. 
K | Reduce 


[34] 
| Example 3. | | 
Reduce 341b. 102. 13p.w. 21gr. Troy Weight into Grains (In, 293) 
X12 


415 = the Ounces in 34ʃb. 702. . 
X20 | | | g FO 
8313 = the Penny Weights in 341b. oz. 13 f. ww. 

R 24 | | | 


199533 = the Grains in 3 405. 02. 13 P. w. 21gr. as required. 4 
i; The following Examples with their Anſwers are inſerted for the Learner's BY 
ractice. | iN 

Ex. 4. In 5C. or gr. 230b. 130z. Averdupois how many Ounces ?- 
Anſwer, 9789 Ounces. | | 

Ex. 5. In 360 Degrees (In 297, 298) How many Barley Corns? 
Anſwer, 4752000000 Barley Corns. 

Ex. 6. In 1734 Julian Years, How many Seconds (In. 307.)? W 

Anſwer, 54720878400. Seconds. | 6 

ScnuoLlivuM VIII. 8 


337. Whenever you are to multiply by 12, the Work may for Brevity's 
Sake be performed (as in the ſecond and third Examples above) by help of 
the following Table. | | 


1 = 127 4 = 48 7 = 84 ; . 

12 K 42 = 24> 12X 45 = 605 12 „ö <8 96 | 7 

43 36 6 * 72 9 = 108 K 

| 5 DEFINITION XXX. 1 

338. Reduction Aſcending is the Converſę of Reduction Deſcending, or it is 4 0 

the bringing Numbers out of a lower into a higher Denomination by Diviſion ; 
- wy Farthings into Pence, of Pence into Shillings, and Shillings into 

ounds, | 


| PROBLEM XIX. 
339. To reduce a given Number out of a lower into a higher Denomi- 
nation. 1 


Conſider how many Units of the given Number are contained in an Unit of 


the next higher Denomination, according to the Table of Coin, Rap ht, 
eaſure, 


A Meaſure, Sc. to which it Wh, ; and the tient reſulting from the 
of Diviſion of the given Number by that Tabular Number is the Number re- 
bk ired. And if any thing remain after the Diviſion is finiſhed, it is of the 
i Denomination with the Dividend. Q. E. E. - 

| Example 1. 

= Let it be required to determine how many en 
contained in 802271 Farthings? I” 
ui 12) 
4)802271(200567(167113(835. 


ww” 7 


. 85 IL 


31 . 


327. — : % '> 


L. a5 
11d. 


Anfeer, 858. 135. 11d. og gn. 
In 199 533 Wan, How many Penny Weights, Ounces, and Pounds: 


9 — i 
= 200 12) 
7 240199533083 1418840. 
4 2. 3. 35 
Fl do v2 
33. a 13 P. p 
24 
93 
72 
21 


Anſwer, 341b.. 702: 13 p. w. 21 gr. 
Ex. 3. In 978) Ounces, How many Pounds, Quarters, and Hundreds Auer- 


dupois ? 
Anſwer, 5 C. oi gr: 231b; 18 0. 
Ex. 4, In 54720878400 Seconds, How many Days, Weeks, and Years 2 
Anfoer, 1734 Julian Years.. 


SC©OLIUM: IX.. 


. 
ab ._. Scnortivm IX. | 
340. When you are to divide by a Monome or by 12, as in the foregyoi 
—— where it is required to = 275 
a 


#| 802271 grs. Farthings into Pence, Shillings, Pounds 

20036) d. 34r. Sterling: The Operation may be abbreviated, 

7 5. 114, as in the Margin. (In. 319.320.321.322.) 
8351. 135. 114. 3 ge. | | 


_ SenoLrvm X. | 
341. The principal Uſe pf Reduction is, in Queſtions of the Rule of Three, 
to bring Numbers of diffzrent -Denominations into the ſame Denomination, 
and fo fit them for Multiplication and Diviſion (In. 199) As in the following 


Examples. 
Example 1 

Suppoſe 94 Yards of Cloth coſt in all 87/. 135. 4d. for 32 Ells of which 
were given after the Rate of 1/. 6s. 8g. per Ell, it is required to determine 
what was given per Yard for the Remainder. This Queſtion when all the 
Terms are 1 to the ſame Denomination will be reduced to the follow- 
ing one. Suppoſe 376 Quarters of Cloth coſt 2 x040 Pence, for 160 Quarters 
of which were given after the Rate of 320 Pence per 5 Quarters (or 64 Pence 
per Quarter) it is required to determine what was given per Yard (or per 
4 Quarters) for the Remainder ? | 

The Anſwer to which Queſtion is performed by two Operations of the Rule 
of Three Direct, as follows. | 

Firſt 19r : 64d. = 1609r : 102404 the Price of the 32 Ells or 160 Quar- 
ters; then 376 qrs 160 fr = 216grs : and 210404. — 102404. = 108000, 


fer Queſtion : Therefore Secondly, 21645. 108004. = 4qrs. 2004. or 165, 


84. for the Price of 1 Yard of the Remainder : The Anſwer required. 
Example 2. 


If 16s. 104. be paid for the Carriage of 2C. 3qrs. 1416. Averdupois, ns | 7 


Miles, What muſt be paid for the Carriage of 15C. 19r. 2246. for 32 Miles, 


at the ſame Rate? Or 
If 202 d. be paid for the Carriage of 322 1b. 75 Miles, What muſt be 


paid for the Carriage of 1730ʃb. 32 Miles? A Queſtion in the Compound 
Rule of Three Direct. 

Anſwer, 322 lb. X75: 17 30lb. x 32m, 202 d.: 463 7494 or 10, 185. 
72150 the Sum to be paid (In. 198.) 


Example 


_—_—— 
5 


37 J 

| Example 3. | 

If when Wheat is ſold at 65. 8d. per Buſhel ; the Penny Loaf ought to 
weigh 8 oz. Troy, it is required to determine the Weight a of a Six Penny Loaf, 


when the Buſhel of Wheat is ſold for 10s. A Queſtion in the Compound Rule 


of Three Inverſe. 
For 63. 84, put 80d. and for 105. put 120d. (In. 292.) then by the ſin- 


gle Rule of Three Direct (In. 196.) ſay 
1d. : 6d. = 90z.: Ee. the Weight of a Six Penny Loaf when Wheat 


is ſold for 6s. 84. or 804. per Buſnel. But the Weight aoz. of a Six Penn 


Loaf (when Wheat is at 105. or 1204. per Buſhel) muſt be in Proportion fo 


much leſs than the Weight 2XG x, of a Six Penny Loaf (when Wheat is 


at god. per Buſhel) as 804. is leſs than 120d. i. e. 1204 muſt equal 8x22 


= 4320 or 120d : 80d, = 2X% : 36 02, (In. 190.) Therefore a=360z. 


| the Anſwer required, 


ScnoLium XI. 
342. By Reduction alſo is determined the Value of the Coins, Weights, 


& Meaſures, Cc. of one Country in Compariſon with another. 


; Example 1. 
The Ell Flemiſh contains 4 of our Yard, it is red then to determine 
how many Ells Eugliſb are contained in 435 Ells 72 


Anſwer, —.— = 261 = the Engliſh Ells in 435 Ells Flemiſh. 


Example 2. 
The Florence Crown courrant is equal to 55. og d. Engliſh ; I demand how 


| many FHorence Crowns are contained in 6351. 155. 6d. For 5s. 3d. put 


YN 63 d. and for 6351, 15s, 6d. = 1525809. 


Then IS = 2422 Horence Crowns. 


Example 3. 
How many Por!uga! Teftoons at 15. 3 d. per Piece are contained in 75, Fend 
Crowns at 45. 6d. per Crown ? | 
15, 34 = 154. and 45. 64 = 544, then 75 X 54 = 40504. the Number of 
Engliſh Pence in 75 French Crowns, which divided by 15d. gives 270 the 
Number of Teſtoons required. 
Example 4. 


The Proportion of the London Foot to the Paris Foot is nearly, as 15 to 16 3 
many London Feet then are contained in 240 Paris Feet ? | 

15 : 16 = 240 : 256 the Anfoer required. 
1. 


L 4 


— 
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38 J 9 
I. 4 TABLE of Foreign Coins con pur with Engliſh: 


Foreign Coins. 


[ ENIER is equal to 
| Double Denier 2 os 
Liard — 
French 4Sols Paris — — 
Livre, Acc. — die; 
Ecus Crown — — 
Piſtole — — 
(Maravedis old — 
Quarta — — — 
Octavo — — 
Spaniſh J Real, old Plata — 
Pieces of Eight, or Piaſtra — — 
Piſtole — — 
(Kez — — 
IVintain 2 2 
Cruzada — hich 
Portugueſe! Mi-moeda, or half Piſtole — 
I Mi- moeda d'Oro, or Piſtole — 
Doppio Motda, or Double Piſtole — 
Ducat of fine Gold — 
[Penny — — 
Duyt — — m 
Gros — — 
Dutch #4Stuyver, or Shilling common — 
Scalin, or Shilling groſs — 
Florin, or Guilder — | 
Dollar, or Ducatoon — 
{Patard, or Penny — mn 
Groat — Sd 
| Single Stiver — 
Hemiſh J Shilling — 2 
Gulden — SHE e 
| Rixdollar —— — 
Umperial — 


J. 


OO 


3888 8 


5. 
O0 
00 


00_ 
o 


O1 


d. qr. 
00 O,}Z 
00 O: 
0a . 
00 3 ? 
o6 o 
06 O 
00 Oo 
00 0 2 
oo 24 
e 
os 
04 2 
06 oO 
OO OZ. 
OJ | O87 
04 34 
06 o 
O00 O 
O00 O 
00 O 
O00 012 
00 012 
00 2 4 
OI 07 
07 O 
O00 O 
O00 O 
O00 0,4 
oa: 19:2 
OL 1 
07 2 
O00 O 
06 O 
03 o 
Cermain 


Engliſh Coins. 


p 
$ * 4 


7 


S 
TY 


. * Ch 
. * N #7 


TS 
1 OE an 
P 
ind br 
OY TR EPI 


14.5 


& 9 2 


—4 
* 
4 8 — 


= CT; . 4 
A 


ST Tad Wax \ y 


= hs In > vv 


TIS 


* x * 
1 4 
«4, 
| 4% 
4 \ 
* 


= 


X 4 1 A Aa ee EPA 
£54 i: FL — 1 28 0 
„ * - 6 TRY 


bs " 
vos 42 » 


* 


4 m0 


» 
4 e 77 SAEED 
3 B ee = £2 
, 8 * 
+4 ä . + F — 2 2 
„ * 
, = " x 8 1 


1 4 
EZ”; 


e 
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* 
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Foreign Coins. | Englio Rt * 
* 5 LA A 1d. N. II 
enin is equal to 00 OO OO O45 7 
Creux, or Kreuxer Ce amo oo oo o 2rip 
2 — en. 
— — oo 02 03 2 
Germain | CE WEE, oo 02.09. o 
Gulden, or Florin — oo 03 0 0 
Rixdollar, or Dollar —— 00.04 6 ̊ 0 
Mucat — 00 07. 06 
[Pignatelle = a Bayoco = =" 0 Jo" 5 i 
| Julio == — 00. oo 6 OF 
Carlin _ oo oOo 6 0' 
Italian ' Derlingue =". 2 Jaſtine — do "Or ane 
Juſtine — — Oy. Up 2. & 
| Monaco = a Croiſat _ Sener, 
{Sequin — — don e en 
N 8 : 
Roup — * oo 00 O4 3 
Poliſh Abra — — 00 01 0004 
Groch | — — 00. O0 0 2 145 
Horſe — 00 or or. 2 
Daniſh Marc Lubs — —— 00 on 6 99 
(Scheſdale — —— oo 03 oo o 
ne > 701 
Chriſtine — — — OO O o 2 
Caroline _ — OO OI O5 x 
wedih 5 Mark — — OO o O2 1 
Rouſtic — — = O00 00.02) 14 
Alleuvre — — 00 o oO 0,2 
| Muskoske —_ oo 00 O0 1 
1 „ Polusk — — — - O00 oO o 2 
Miſſcovite Copec of Silver, or Danaing — OO OO O1 © 
[Copec of Gold — — — 00 Oo 06 0,4 
5 1 re — — 00 O0 0 24 
MOR Shake of Aleppo and Scanderoon — o 0 02" 2 
Turkiſo 4 
Para Parat, or Paraſi — O00 00 o 2 
ultanin Scherif, or Sequin — 00 09 o © 


= 
* 


[ 40 ] 


II. 4 TABLE of Foreign Weights compar'd with thoſe 
of Amſterdam. 


An Hundred Pound Weight of Amſterdam is equal to 


th 
108 of Micant, 
105 of Antwerp. 


120 of Archangel, or three Poedes. 


105 of Arſchot. 
120 of, Avignon. 

98 of Baſil in Switzerland. 
100 of Bayonne in France. 
166 of Ber gammo. 

97 of Berg ap Som. 

954 of Bergen in Norway. 
111 of Bern. 
100 of Beſanzon. 
100 of Bilboa. 
105 of Bois le duc. 
151 of Bologne. 
100 of Bourdeaux. 
104 of Bourg en Breſſe, 
103 of Bremen. 
125 of Breſlaw. 
105 of Bruges. 
105 of Bruſſels. 
105 of Cadiz. 
105 of Cologne. 
125 of Coningsberg. 
1074 of Copenhagen. 
87 Rottes of Conſtantinople. 
1132. of Dantzic. 
100 of Dori. 

97 of Dublin. 

97 of Edinburgh. 
143 of Horence. 


98 of ÞFrankfort, on the Maine. 


105 of Ghent. | 
89 of Geneve, 


15 

163 of Genoa, Caſh Weight. 
102 of Hamburg. 

106 of Leyden. 

tog of Leipſic. 
105. of Liege. 

114 of Liſt. 

116 of Lyons, City Weight 
1062. of Lisbon. 

143 of Leghorn. 

109 of London, Averdupois. 

105 of Lovaine. 

105 of Lubec. 
1412. of Lucca, Light Weight, 
114 of Madrid. 

105 of Malines. 
12347 of Marſeilles. 
154 of Meſſina, Light Weight. 
168 of Milan. 

120 of Montpellier. 

125 Bercherocts of Muſcovy. 

100 of Nantes. 

106 of Nancy. 

169 of Naples. 

98 of Nuremberg. 

100 of Paris. 
1124 of Revel. 

109 of Riga. 

100 of Rochel, 

146 of Rome. 

100 of Rotterd - in 

96, of Rouen, Vicounty Weight. 
100 of S. Malo. » 
100 of S. Sebaſtian. 
158+ of Saragoſa. | 
106 of 


= 
1 
, 
; 1 


L41100 


106 of Seville. 118 of Tholouſe and Upper Languedoc. 
114 of Smirna. _— | 151 of Turin. = 
110 of Stetin. 158s of Valencia. 


81 of Stockholm. 182 of Venice, Small Weight. 2 


a 
— 


EE 


III. The Proportions of the Long Meaſures of ſeveral Nations to 
the Engliſh Foot, by Mr. Greaves. 


IV the Engliſh Standard Foot be divided into 1000 equal Parts, ien 


Of fuch Paris 
1068 = the Paris Royal Foot in the Ch4telet, 
1033 = the Rhinland Foot in Snellius. 
1007-45 = the Greek Foot. 8 
967 = the Roman Foot, on the Monument of Cofſutius. 
972 = the Roman Foot, on the Monument of Statilius. 
986 =" the Roman Foot of Villalpandus, taken from the Congius of Veſpaſian. 
1162 = the Venetian Foot. 
2283 = the Ell of Antwerp. 
2268 = the Fll of Amſterdam. 
2260 = the Ell of Leyden, 
687 = the Canna of Naples. 85 
2760 = the Varra or Vare of Ameria, and Gibraller. 
1913 = the Braccio of Horence. 
$15 = the Palmof Genoa. ; 
1242 = the Common Braccio of Sienna. 
1974 = the Braccio of Sienna, for Linnen. 
732 = the Palm of the Architects at Rome, whereof ten make the Canna of 
the ſame Architects. * — „ . 
69574 = the Palm of the Braccio of the Merchants and Weavers at Rome; 
from a Marble in the Capitol, with this Inſcription, CUR ANTE 
LV POETO. 
2200 = the large Turkiſb Pique at Conſtantinople. 
2131+ = the ſmall Turtiſb Pique at Conſtantinople. 
3197 = the Arifh of Perſia, _ 
1824 = the Derah or Cubit of the Egyptians, 


ProBLeM XR. 
343. To reduce à given Vulgar Fraction into a Decimal one: 


M Efeftion. 


(42 ] 
Bach 4 » Efeftion. 
Ad! one or more Cyphers to the Numerator, and diyide 


tor (according to the Directions In. 283) and the Quotient will be the Anſwer, 
| | | 2.9 


Ex. gr. LA === 0.5, = = 22 = 6.6666 &c. ad inſinitum, = = wn 
en "WE, . : FIDE 


2 ˖ ETD ” w - 25 % + - * * 


75 


| ® CoroLLany XXII. 
344. Hence it will be eaſy to find the decimal Parts equivalent to any 


0.083333, Sc. 2 32 
3333, Of, = = = 


given Part or Parts of Coin, Weight, Meaſure, Sc. by conſidering them as 


vulgar Fractions. | 


Example 1. | 

Let it be required to find the Decimals equal to 5. 125. 6d. 2grs. Sterling 
(11. being the Integer.) 

Here 125 + 64 + 29grs is equal to 13 + 54+ + 53+ of a Pound (In. 292) 
But 22 = 0.6, r = 0.025, 535 = 0.0020833, Sc. (In. 337.) Therefore 
gl + 125 + 6d + 29. = 5! + 0.61 + 0.0251 + 0.0020833 Sc. 1 = 
5.6 70833 Ec. | 

a Example 2. What are the Decimal Parts equal to 6s. 3 d. 3 gr. (15. being 
the Integer.) 

—— + 3qr = 535 + (In. 292.) But 33s = 0.255, = 
0.06251 (In. 337.) Therefore 65 + 3d + 3 qr = 6.31255. . 

And thus 2 Foot + 52 Inches =2+1 + 44=245 (In. 111) = 2.4175 Feet. 
(One Foot being the Integer.) 


So alſo 902 ＋ 15 p.w + 10 gr. Troy Weight, or 4 + 47 19 
(In. 293) =0.75 bh + 0.06251b + 0.001736111 Sec. tb. (In. 337.) = 


o. 8 14236111 &c. /b, Troy. (1 1b, Troy being the Integer.) 
| -— -ScuoLrivmM XII. 


- 345. But for the more expeditious turning any Part or Parts of Coin, 
mY ht, Meaſure, Sc. into Decimals are made the following Tables, and 
uch hke. 6s 


Decimal TABLES. 
11. Sterling being the Integer. | 1 C. Averdupois being the Integer. 


15. = 0.05 2C. = 0.25 
rd, = 0.00416667 11h, = 0.00892857 
gr. O. 00104166 I . = 0.00055803 


1 02 


by the Denomina- 


J 
Decmal TABLES. | 
1 Oz, Troy being the Integer. | 1 Day or 24 Hours being the Integer. 


I p. to. = 0.05 1 Hour = o. o4 16667 
1 gr. = 0.00208333 1 = 0.0006944 
I = 0.00001 55 
3 11. Averdupois being the Integer. 
4 1 0%, = O. 0623 
8 1 dr, = 0.0090625 


8 The Uſe of which Tables is as follows, . | 

1 Ex. gr. Suppoſe the Decimal Parts were required which are equal to 2 
Quarlers, 131 .050z. Averdupois Weight (1 C being the Integer.) 
lere in it's proper Table you have the Decimals of 1 N. 11. and 10x, 
XX whence 2 qrs. = 2 X 0.25=0.5, 13 0. = 13 X 0.00892857 = 0.01160714, 
"of 5 o. = 5 N 0.00055803 = 0.00279015. Therefore 2 27s. + 13 lb. + .05 0, 
Ss = 0.51439729 C. the Anſwer required, and ſo for any other. 


J— ͤ—ͤ— . 

346. To reduce a given Decimal Fraction into a Vulgar one of a given 
Denomination : or which is the ſame thing; To find the \ alue of a given 
Decimal in the known Parts of Coin, Weight, Meaſure, c. 

 » . Effetion. | | 
Multiply the given Decimal Fraction with the given Denominator of the vul- 
gar raction whoſe Numerator is required, and the Product will be the ſaid 
umerator. | 
Ex. gr. Let it be required to find the Value of the Fractional Parts in 
= 5.6270834. in Shillings, Pence, and Farthings. | 
= Here the Integer is 1 J. Sterling, therefore the 5 in the Place of Integers is 
51. then becauſe 20 is the Number of Shillings in a Pound, therefore 


0.62708341. is the fame with EXCH) of e f . wich 


12.541668s, 
Again becauſe 12 is the Number of Pence in a — 516270834 
| 20 
. 


therefore o. 541668 is the ſame with A, or £30001 


12 
(In. 108) i. e. with 6.5000164. 
Laſtly, becauſe 4 is the Number of Farthings in a Penny, 


therefore 0,5000164. is the ſamewith — or ==— TY, 
i. e. with 2.000064 grs. Conſequently the value of the Fraction 


1243416680 
| 12 


required is 57. 125. 6d. 297. near. Sce the Work in the 21999964 
Margin, | Ex. 2. 


L441 


Ex. 2. What is the Value of o. 8 142361 lb. Troy ? 
The Operation is as follows. 


01814236116, 


X 12 = the Ounces in 116, Troy. 


917708332 Oz. 
* 20 = the P. . in 1 Oz. 


151416664 PI. 
X 24 _ = the Gr. in 1 P. N. 


1666656 
833328 
9999936 Gr. = 10 Grains nearly. 


Therefore the Anſwer is 9 Oz. 15 P. M. 10 Gr. ene 0 


Dr that 1 ſee how to anſwer any of the 


* * 1 


— 


CH Ax. VII. 
Of the Rules of PRACTICE. 


DeriniTtTion XXXI. 


347. B 1 Practice is ly meant thoſe compendious Rules uſed among 
Merchants and Tradeſmen in reſolving Queſtions of the ſingle Rule 


of Three Duets, when the firſt Term in the Proportion is . 
ProBLEM XXII. 


248. To refolve Shen by by the Rules of Practice. 

This is only to be learned by Fxamples. The only general t, that 
can be given, 1s this, that the. Learner be very expert in what is deliver'd 
concerning the Aliquot Parts at a Pound, Shilling, Cc. (In. 292) and with 

the particular Tables of the Commodities he is to deal in. 
* © Example 1. What is the Value of 7856/6. Weight of any thing at a Far- 
thing per ib! i. e. If 1b, coſt 1 qr. What will 786 lb. coſt at that Rate? 
Here becauſe 1 2 is the 48th Part of a Shilling, therefore the 48 Part of 
7856 qrs. or, whi 
r — as follows. 


is the fame, the + of 1 of 7856 15. will be che Anſwer ot 


4 111 N i 1828 bs 1 ? , 
' Pl 
F4 ; 217856 * 


25 [ 45 ] 
707856 qrs = the Price of 785616. in Farthings. 
+ | 1309. 2 975 = the Price in Three Half-Pences and Farthings. 


-21 1635. 8d = the Price in Shillings and Pence. 
| 87. 35, 84 = the Price in Pounds, Shillings, and Pence. 


Example 2. What comes 596316. to, at 3 478. per 10. 
Here 39rs. is the +4 Part, or the 4 of + of a Shilling. 


| 3.15963 the Price in three Farthings. | 


1490 .99rs = the Price in Three Pences. and Farthings. 
37]25. 8d. 19r = the Price in Shillings, Pence, and Farthings. 
| 18). 125. 84. 19 = the Price in Pounds, Shillings, &c. 


Example 3. What comes 6154316. to, at 44. per Ib.? 
Here 4d. is the 4 Part of a Shilling. Therefore 
61543 Fourpences = the Price in Fourpences. 
2051145. FS the Price in Shillings and Pence. : 
10251b. 145. 4d = the Price in Pounds, Shillings, and Pence. 
Example 4. What comes 4793 0b. to, at 9d. 3qrs. per Ib.? 
Here the Price may be found firſt at 64. then at 3d. and laſtly at 3qrs. and 
the Sum of all will make the Price at 944. as follows. 
47931lb. at 944. per lb. FL 
2396 s. 64 = the Price at 6d. per Ib. | | 
11985. 3d = the Price at 3 per Ib. e do be added together, 
| 2995. 6d. 3qrs. = the Price at 3 28. per lb. 


x 
T]T 


* 
4 
7 


x 
T 
1 


2 
7 


— — —— ñß¶ —— — — — — 


389046. 3d. 3qrs. the Price at ꝙ d per Ib. = | 

194 . 145. 3 d. 397.” the ſame in Pounds, Shillings, Sc. 
Example 5. What comes 7893 Yards to, at 1044. per Yard ? 
217893 Yards at 104d per Yard. 


TIT 


* 


26315. the Price at 4d. per Yard. Le 
13155. 6d. = the Price at 2 d. per Yard. to be added tod ethet. 
1645. 5 d. 1 d. the Price at 1 fr. per Yard. 
674115. 114 1d. the Price at 1034. per Yard in Shillings, Pence, Sc. 
| | 3371. 15. 11d. 14. the fame in Pounds, Shillings, Sc. 


Example 6. What comes 6558 Yards to, at 25. per Yard? 


26315, = the Price at 4d. per Yard | a 8 


"Tikes. 


N This 


46 


This is performed by cutting off the Figure in Unit's Place and doubling it 


6578 Yards at 25. per Yard, 
6571. 165. the Anſwer required. 


The Reaſon of this is plain, ſince the Price of 6578 Yards at 15. per Yard Mi 
comes to 328. 185. (In. 339) the Double of which makes 657/. 16s. And j 
ſo for any other. Whence if the given Price of the Integer be an even Num- MY 
ber of Shillings it is but multiplying the Number of Integers by half that even ͥ 
Number of Shillings, doubling the firſt Figure in the Product for Shillings, ² 
and the reſt of the Product will be Pounds for the Anſwer required: As in 
the three enſuing Examples. | 1 
Ex. 7. What comes 2378 Yards to, at 125. fer Yard ? 
X 6 = ＋ 


Anſwer 14261. 165. | 1 
Ex. 8, What comes 543 Ells to at 85. per Ell? 9 
4 — q 
Anſwer 2171, 45. | 1 
Ex. 9. What comes 784 Feet to, at 185. per Foot? | 1 
X92 
Anſwer 7051. 125. | 0 
Ex. 10. What comes 157 C. Weight to, at 175. per C. p 
157C. at 175. per C. 
1251. 125. : : 
1 Þ the Price at 1 Pc. 


1331. 095. 
: g The Price at 175. per C. 


Ex. 11. What comes 307 Oz. to, at 55. per Oz. 

| | | +4 307 cz. at 5s. per Oz. | 
Anſwer 761. 155. | 

Ex 12. What comes 755C. to at 135. 4d. per C.? 

+1755 C. at 135. 4d. 


Ne 095.46 Þ the Price ar 4 65. 8% Þ per C. add 


2510. 135. 4 
303 J. 6s. 84. the Price at 135. 4d. per Cent. 


Ex. 13. What comes 935 C. to, at 55. 44. per Cf 
| +1935 C. at 5s. 4d. per C. 


15% 16%. e J the Price ar r % Þ per c. add 


2491. 65. 8 d. the Price at 55. 4d. per C. 


[4] 
Ex. 14. What comes 353 Yards to, at 31. 95. 3d. 3 qr. per Yard ** 
353 Yards at 3. 9s. 3d. 39rs 


885. 3d. 
; 225. Ad. the Price at < ni 5 to be added 
31775. = 353X9 095. od 


11232875. 34. . 


164ʃ. 75. 34. 7 $9; 3d. 345 | } | 
10591. = 353 X 3 the Price at 31. 0s. Od. ogr. to be added.. 


12230. 75. 34 3 fr. the Anſwer required. 


Ex. 1 5. What comes 562 Yards to, at 75. 6d. per Yard ?* 
+ | 5624 Yards at 75. 6d. per Yard. 


140. 105. 2 TY 
70l. Ip the Price of 562- Tards at Ni þ add 
| — 45 9d. the Price of the 2. Yard. £ 
_ [ U 210l. l. 185. 94d. the Anſwer required. 
| Ex, 16, What comes 13C. 325. 2115. to, at 116, 65. 84. r 
11 3qrs. 21 Ib. at 11b. 65. 8 d. 
75 11. o 
” Gy 4 N the Price of 130. ar J 6:02: 


1 
135. * . 1 41 = the Price of 2 9rs.. 


Add 93 

6s. 8d = the Piet x Qr. 
35. 4d = the Price of Or. or 1406.. 
. 15. 84 = the Price of + Lr. or 7 lb. 


"180. 115. 84, the Anſwer required. 122 g 


4-2 


C nap. 
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CH Ar VIII. 
Of Evolution, or the Extraction of Roots. 


PROBLEM XXIII. 
359. T O find the Monome which is neareſt equal to the Root of any 
given Reſolvend beneath the Tenth Power. 
Effeftion. 


1. Make a Table of all the Powers beneath the Tenth for all the Nine Digits 
as follows, which may ſerve once for all. 


Root, or firſt Power. RY 
Square or 2d Pocver. DE! 25 4 
Cube or 3d Pou er. 1 In FL 10 
Fourth Power, 115 = — ME 625 
Fifth Power, 1 32 31 243 _ 343 702: — 12 = 


Sixth Poaver. 1 54] 729 4.96 156 

Seventh Power. 1128] 2157 16384) 781: — 'Y 
Eighth Power. 8 6567 65536 | 390623 26796160 570 888 (6777215 43046721 [ * 
Ninth Power, 18 2 19682 262144 (95312;[10077696 40353607 134217 728 bs Y 


2. Diſtribute the given Reſolvend into Periods. (In. 287, 288.) ix 
3. From the Table- above ſeek the neareſt Homologous Power to. the higheſt bl. 


Period, greater or leſſer than juſt: bl 
4. Among the Digits in the firſt Line of the Table, ſeek the Root of that Ho- 4 


mologous Power, which is the Figure ot Monome required. 
Ex. gr. Let it be required to find the Monome which is neareſt equal to the 


ſquare Root of 43046721. or 4 L 3 04 57 7 21 (In. 287, 288.) Here the Wl 
higheſt Period is 43000000 the neareſt Square to which is 49000000 greater Wi 
than juſt, whoſe Root 7000 is the Monome required. Whence the Square WR 
Root of 43046721 is ſome Number between 7000 and 6000 (In. 160, 290.) RE 


Scnotivm XIII. 9 


350. If the Reſolvend be higher than the roth Power, the Table may be 
enlarged at pleaſure. 
PROBLEM XXIV. 


351. To extract the Root from any given Reſolvend. 


[ 49 ] 

| . » Effeftion, i * 
Find the Monome neareſt equal to the required Root, and note whether 
it be greater or leſſer than uſt (In. 349, 350) | 


2. Subtract the Homologous Power of that Root from the given Reſolvend, if 


S 2 De 


it be leſſer than juſt; or the Reſolvend from it, if greater; and call the 
Remainder the fr/# Dividend. 


Divide the Homologous Power by the Square of its Root. 


Multiply that Quotient into half the Difference of the Exponent of the 
Power Labtractedd from the Square of the faid Exponent. 
With that Product divide the firſt Dividend, and call the Quotient the /e- 
cond Dividend. | | Js 
Divide double the Root of the Homologous Power by the Exponent leſs 
one, . and note the tient. | 
With that Quotient divide the ſecond Dividend, in ſuch manner, that the 
Quotient Figure be always twice added to the Diviſor, if the Homologous 
Power was taken leſs than juſt, or ſubtracted from it, if greater; viz. 
once, before it be multiplied into the Diviſor, and once with the next 
Quotient Figure following. | 
Obſerve in this Diviſion that for every Place of Figures annexed to the 
Diviſor, a Period of two Figures muſt be drawn from the Dividend ; and 
for every Period drawn, beſides the firſt, a Cypher mult be placed in the 
lent. | | 
The Quotient thus found, added to the Root of the Homologous Power, 
when taken leſs than juſt, or ſubtracted from it, when greater, will be 
the Root required, if it be the Square ; but, if it be the Root of any higher 
Power, exact only to the 3d, 4th, 5th, Sc. Places of Figures, according 
as the Homologous Pawer is nearer, or farther from being equal to the 
given Reſolvend. Therefore in extracting the Roots from all Powers above 


the Square; if the Root be a Surd, or be not exactly found at the firſt 


Operation, then 


10. A ſecond Operation muſt be made with the Homologous Power raiſed 


from ſo much of the Root as is already found true, or nearly true, pro- 
ceeding with it, and the given Reſolvend as before, according as that 
Power is found to be greater or leſſer than juſt: And in this ſecond 
Operation the Root will be found true to 9 Places of Figures at leaſt, 
with which if need be a third Operation may be made, which will 
carry the Root at leaſt to 27 Places of Figures; a faurth Operation 
to 81 Places, Sc. every following Operation ſtill tripling the foregoing 


One. 


. O The 
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The Theorem by which this Reſolution is made (as it is inveſtigated 


(In. 504) is 


n 
62 f 


Here h is put for the Root of the aſſumed Homologous Power, d for the firſt 
Dividend, n for the Exponent of the Power, e for the remaining Part of the 


Root, p=mx = r=bÞ+e = the given Reſolvend; and the Signs + 
or — are uſed according as 0 is leſſer or greater than juſt. In particular 


d 47 4 
f=b +3 ==; | =. * = 
d 4 4 
1 I 9 T 
d | 4 
2 147 1 E 15 &c 


Whence it appears that in extracting the Square Root, the third, fourth, 


and fifth Precepts of the foregoing Solution, are entirely ſtruck out, the firſt 


and ſecond Dividends being the fame. 
Example 1. | 


Let it be required to extract the Square Root from the given Reſolvend | 


430460721 = r. 


Here the Square next leſs to the higheſt Period 43000000 is 36000000 = bb ; 4 


whoſe Root is 6000 = þ leſs than juſt, Therefore d = 7 — bb = 7046721 
the Dividend to be divided by 2þ = 12000 according to the Directions Pre. 7, 
and 8, as follows. 


L* 


7 1200025 
= Soo =: 
q 12500 Y)7046721( 561 e | 
1 1560 623... 2 6. X 1298. 
1 T5060 796. 
is + 61 =e 7836. = 6. x 1306. 
332022 Tr 
1a iin 
—_— | 


; Whence the Root ſought is 60co + 561 = 5555. as may be proved by 
=X multiplying 6561 into it ſelf. 
by: Example 2, 

Let it be required to extract the Square Root from 43046721 with the 
aſſumed Square more than juſt, 


5 49000000 = bb þ = 7000 more than juſt 
# 49949785. - | 
2 140. = 25 
1 1360. 5933279 = =r =d (43g =e 
5 bees... Win 544 244 » X 136 = 
1317. 3132 
r 
131343 118179 
118179 = 9 X 13131 
(0) 


Whence the Root ſought is 7000 439 = 6561 as above. 
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Example 3. 
Extract the Square Root from the Surd Reſolvend 1728 r. 


80 = 2b 1728 (41. . Se. = þ + e the Root required 


TI Se 16. = 
81 7128 128 = 7 — 50 
+1 81 1 
825 4700 
+5 4125 
83.06 57500 
+6 49836 _ 
83.129 766400 
9 748161 
83.1382 18239 &c. ad infinitum, 
59: 232 We. - + 
Example 4. Twi 
Let it be required to o extract the Cube Root from the Reſolvend 


426. 328706216447 47 =". 
Here the neareſt Cube to the higheſt Periad 426, by the Table is 343 
= bbb whoſe Root is 7 = b leſs than Juſt, Therefore ws: Thovrem: ® 


4 | 3 | 
77 = b+ 3 = : dr — 5 = 83 aasee: 65 = 296603 Ee. 
the ſecond to be divided by 7 +. 


3 1 
＋.5 | jar" 
Tu 3.968033 &c, 0-527 e 
+52 =e 375 
8.02 - 2180 

27 = e 1604 
8.047 57033 

c 50329 


Hence the _—_ Root is found at the firſt Operation to be 7.527 too 
much in the laſt Figure, but exact in the reſt. 3 


d=b) = r 118965966553, 5 = 0.00526841 the ſecond Dividend. 


7.527 =b 
D. ooo e | | 
7.5263 Nee (0.0007 e 
526841 
(0). 


The true Rove tequired is 527 — 0.0007 = 7.5263, And if the Divi- 
ſions be continued in this laſt Operation the Root thus found will continue in 
to the 12th Place of Figures, which is juſt ee at the 


Operation, 
Example 5. 
Let it be required to exnact the Firſt Swyjolid Root, from the Number 


32 97 1 TAAT EE dba pat 
Here the neareſt Homoogous Powtr by the Tab 0 the hight Part 38 


is 32 == bbb, whoſe Root is 2 = b leſs 
4 


me of = 3 4 I y 6 
d =r 55 „ = 0.012144 Er. for che ſe · 
nd Dividend to be divided by 30 N e, or 1 + & 


1. 2 fi 
_ m, Sc. (0.012 =y 
+ 12 26 101 | 
——— 
1.022 2044 
2044 


10 


os: SGI | 
The true Root is' 2:4-0.012= 2,012, which by this Method is found exacł to 
Six Places of Figures, at at the firſt Operation: The Reaſon is, b:cauſe the aſ- 
ſumed Power is equal to the higheſt Period of the Reſolvend. 


Schollen XIV. 


352. After the ſame Manner may the Roots be extracted from any other 
Powers aſſignable, according to the foregoing general Theorem, from whence 
the Learner will eaſily fee how to deduce particular ones at Pleaſure : as is al. 
ready done to his Hand to the gth Power. And in the Extraction of Roots 
from all Powers whoſe Exponents are Compoſit Numbers (as from the Bj. 
guadrale, the Sixth, Eighth, Ninth, Tenth, Tzvelfth, &c. Powers) the Di- 
rections (In. 150) are to be obſerved, - \ | 


ScnolilvM XV. 


353. The firſt Inventor of the Method of Diviſion uſed in the Seventh 
Precept of the Effection of the laſt Problem was the Ingenious Mr. Fob 
Ward of Cheſter ; but in the Extraction of Roots from all Powers above the 

uare, he erroneouſly adds or ſubtracts to or from the Diviſor each Figure 
of e but once, "inſtead of doing it twice: And fo renders the Work leſs per- 
te& than it wou'd be. 


PROBLEM XXV. 


354. To extract the Root from any Power, in ſuch fort, that 5 Figures, 
at leaſt, but generally more, will come out true at the firſt Operation, 25 
at the ſecond, 125 at the third, Sc. every following Operation quintupling 
the foregoing one. 

EffeFion. 


All Things being repreſented as before, the Effection of this Problem is 
* — Theorem. | | 


Whence are formed the following particular Theorems. 


5 


Period is 1000000, whoſe Root i 88 


* = 897289.2 Se. 


* rd 1027107 ee 


da 
233 = 1.71181 2 
2 4 
— a 8 Se. 


3 


148.288 
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— — — — — — — — — 


148.288 100. ooo = b 
—3 = e 
145.288 313.5530 3.5481 =e 
— 435-804 6 19 = b—# = 7 the true Root to 
141.78 77 689 the 6th Place of Figures at the firſt Opera- 
— e 70 894 894 tion. 
141.2 6 795 795 
= 5 649 
we —_ 
I 129 
14 | I4 
34 
(0) 


Therefore for a ſecond Operation aſſume þ = 3 whoſe Cube 


4 
; = 
Theorem, 1 = b 2 
; 44 
- b + 8 + 

* 0.179454284235919646777707. 
7 = 0.0018605572750347027502723699 Ec. 
- = 0.000 0009302786375173513781301849 * 
4 
7 or LE = 0.0000096450006429873478 oc. 

4 

= 0.0000032150002143291159 Oc, 


= = 144.6785 
"IE" 
— Þ+ 773 = 144-6778532150002143291159 Cr. 


Q 


144. 


421 
Fro. occoos 


144-67795921 5000214329: 159) 0 
＋44 2 838 


. — —T . _ 


14467736551 ——_— is 
+428 


dere l 
+29 = 
1446778660640002143251 
—o—5959=e 


14467 7866073900214 329 
4 


— —  —= 


£4467786507489021432 
+g9g=e 


1446778660749892143 
+59 =e 


1446078860749 74 14 
+ 


— 


14467786507 50:010 


+9 =e 


#446773560750001 


34467786607 5000 


24467786607:00 


144677866050 


244677866075 
— — 
14467786607 
2446778660 
14467786 6 
14467786 


1446778 


144677 


14457 


1446 


144 


b = 96.4519 


e = 0.0000064299999999999999999998 Oc. 
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806715 52900012859746954 


6221 1682227350 161995 
5787 11452460009 57316463 


430335991 9360064239532 
35 573207000042 2865323 


14467 dee ene 
130210079457600 92 9619 


144677$660740002143090 
1302100794665101 925951 951 
. — 


7446778680490 214129 
1302 10079467401 192896 


 144677866074599921233 
13021007946749029259 


———_—_— _—— ¶—— — 


1446775660749991944 
13021007 946745992024 


144677856074999916 
1302 10079467500092 
—ů—ð1 . — QC 


$4 677 86607499824 
2302100794675001y 


444677866074 980g 
2302100794675001 


14467786609 4804 
I 3021097 9467500 
— — — 


14467786607304. 
130210079467 50 


1225575 
302100794675 


1446778 55879 
130210079467 
—  —C 


14467786412 
13021007546 
1446778465 
1302100794 
| U— 


144677672 
130210079 


2786375173515781361845(0.00000642995795959995999999 98 Ve. . 


Te 96.4519064299999999999999999998 Se. = 


_ the Root 
required 


_— —— . = — 2 > 
e Rs ones \— 
Tan, was * Mr 3. 5 —_ * WET Sa Id 5 


[59] 
required only too little by 2 at the zoth Figure, For the exact Root is 
96.45190643 as may be tried by involving it to the third Power. 
| Example 2. 1 
Let it be required to extract the firſt Surſolid Root from the Number 


32.971568 9327608832 2 r. ; 
Here b* the neareſt Homolagous Poweh to the higheſt Period is 32.0, whoſe 
Root is 2 = b leſs than juſt. N. 
/ ＋ 5b? 
Theorem, 11 r X 
d = r— 5. = 0.971589g27608832, 5b, = 40 


I = 0.0242 8973, Cc. * 0.012 14486 Sc. 
| 2.01214486 Sc. 2 54 5 
+0.01 = e | 2:00000 c. = b. 


CCC 


2.0224448). 0.024289733 (0.01 1999998 Sc. e. 
PIT GEE 20221448 011999998 Sc. r*- the Root 


2.033 144 4068284 only 2 too little at the roth Figure at 
+39 2033144 one Operation. _ _ Root 
we 1" 1a is 2.012 as may roved by in- 
2.03504. 2035140 AY 
+99. 1831840 volving it to the 5th Bower, 
2.0360 « 203600- 
War 253243: 
2.036 20357 
18325 
— — 2323 
2.03 2032 
1832 
2. 0 200 
6 167 
2. 17 
16 
5 


Example 


a . 3. N 
Let it be required to extract the Root of the 365th Power from the given 


Number 1.05 = 7, 


Here 


[ 6] 


0.0167651695) ooo gef © ö 


1 Z=e 1 16765. 51 25 

o. 0.016895169 "56916012 
+ 33 3 50685508 
0.01692816 6230504 
+ 36 5078458 
0.016931) 1 152054 
+ 6 1015905 
0016932 136149 
8 — 
001693 690 
677 

23 


Scuotivum XVI. 
355. For the Inveſtigation of the Themen * this new Method of 


Extratton is performed, ſee (In. 504;) 


| Here rr neareſt Homologous Power to the higheſt Period is r, whoſe | 7 
Root is 1 = b, leſs than Juſt | 4 
bb v8 
. Theorem, A Pr r | 
P*—3659 P 365 e 1 
78=365X 21 206430. 4=66430X 3 = = 8035030 f 
77 — 3659 = 1479063950, =, = 0.00004491354143 Oc. d = "8 
ww þ 3 = 0.05, Ew = == — — o. 0000224567707 Se. 0 
P'—3659 —365½ K $ 
305 — * 0.0163934426 Sc. . = . 0054345385 &c. 1 
— = 0.0002717269 &c * 1 
Fe ee P 4 33 
- oP 1 115 
0.01666 Ec. —==— 0 T. 5 
51095 73657 P.—365 
'+0.0001 = e 1.00 &c, =b 


0.0001336804 Sc. = e 
1.0001336804 Sc. b + e = 


Nen the Root true (at the firt WM 
Operation) to the 10th Figure | 
but too little by 3 at the 11th i 


. — 
n 
-4 


And a ſecond tion per- 
formed after the fame manner, 
with the above found Root put Bl 
for b, will bring it to 30 Place ll: 
of Figures at leaſt. For which wy 
it will ſuffice to have, at moſt, nn 
the 50 higheſt Figures of the 
Powers h163, 77.5 5 Bu 
the firſt Operation is abundantly 
ſufficient for Practice. : * 

K 


CM Af. 
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Of LOGARITHMS. | 


3 Derix T ioN XXXII. 1929467 nN 
356. Ae Are is the, working by, Nn ee 


EY 
I. 


called Logarithms, which are ſuhſtituted in the Place of Natur 
Mumbers, by means whereof Mulliplicutian is 1 by Addition, Diviſion 
by Subtrafion, and Extrattion of Roots by dividing the given Reſolvend by 2, 
= 3, 4, Se. according as it is a Square, Cube, Biquudrate, &c. © 
- Dzx1niTioxn XXXIII. 2 
357. It has been ſhewn (In. 220) that any Geometrical Series whoſe firſt 
Term is Unity may be repreſented, if increaſing above Unity, by - 
12, , mn, , , whit Se. 

I It decreafipg below Unity, by 
r, er, „r, een, . 2, N 

And the Exponents of every ſuch Series are a Rank of Terms in =* whoſe 


* 


-- 


RE firſt Term is o and common Common Difference is Unity (In. 221.) .- 
8 If then the Terms in be ſer over their reſpective Terms in = as in 
WF the tuo following Serieles (where Ex. gr. 1 = 2) | VIXEN 
9 Arithmetical Progreſſion 0. 1. 2. 3. 4. 3. 6. 7 8 9 Fe. 
Ry ' Geometrical Progreſſion 1. 2. 4. 8. 16. 32.64. 128. 256 ,512 Sc. 


REY | 

Ihe Terms in the former Series are tiled the Logarithms of cheir re- 

ſpective Terms in the latter: And the Terms in the latter are called the 
Natural Numbers of thoſe Loparithms. Ex. gr. o is the Legurubn ot 


the Number 1, 1 is the Logari/bm of the Number 2, 2 0f 44 3 ef 8, 4.0 


16, Cc. Where it is apparent Wee 8 
"2 Firſt, That the Sum of the Logarithms of any two or more Natural Num- 
bers aſſumed as Factors is equal to the Logarithms of the Praduł made by thoſe 
Fattors, and vice verſa, that the Difference made by ſubtracting the Logariths 
of any one given Number from the Logatithm' of another, is the Lagarubm of 


== former. (In. 153.) | | s U 
; Secondly, That the Logarithm of à Square is Double che Lagaritbm of its 
Root, of a Cube Triple, of a Biquadrate Quadruple, Ec. and vice verſa, that 
the Logarithm of the — the Logarithm of the Square, 

af 


the "Quotient which ariſes frem the Diviſion of the latter Number from the 


F 


1 
of the Cube Root one third, of the Biquadrate Root one Fourth, Ge. (In. 151, 


152.) 

Ex. gr. In the two Serieses above: Let the two Factors — be 4 and 
32, whoſe Logarithms are 2 and 5 ; then 24 5=7 the Logarithm of 128 =4X32, 

So 5—2=3 the Logarithm of 8=32<=4. 

Again, Suppoſe it were required to extract the Biqualrate Root from the 2 
Number 256 whoſe Logarithm is 8 : The 4th of 8'or = = z te L 
rithm of 43 therefore 4 is the Biquadrate Roat required. For if the Number 
8, whoſe Lagarithm is 3, to be involved to the chin Power, then 33 =9 the 
Logarithm of 512 ; therefore 512 is the Cube of 8. | | 


HxrorzgsIs V. | = 
„If the Scale of Powers 1, 10, 100, 1000, 10000, Sc. have for Wl 


Logarithms . Sc. 1 
and conſequently the Fractions o. 1, o. or, 0.001, 0.0001, c. #8 
have for their Lagar ithms — . - 2; —3. 4. Se. 5 


(In. 154, 220) then the Logaritbms for all the intermediate natural Num- 
bers between 1 and 10 will be ſome fraftional Numbers between o and 1; 
the Logarithms for all the natural Numbers between 10 and 100 will be be- 
tween 1 and 2, Sc. In like manner the Lagaritbhms for all the Frafions be. 
tween 1 and 0.1 will be fome Number affected with the Sign —, i. e. with 
ſome Defeclive Number between o and — 1 ; the Lygarithms for all the Fra#: 
ens between 0.1 and 0.01 will be between — 1 and —2, Ec. | 


 HyeoTuz&s VI. 


x 359. Bot becalife thus the Lygarithm of no intermediate Natural Number 
ean be exactly found, therefore they muſt in general be carried to ſuch a cer- 
tam; Number of Fractions, , as ſhall be thought ſufficient for Uſe. And fuch 
a Number of Places is here g, therefore che exact Kar are to be KI 
accordingly, as in the following Serieses. | 
0.0900C000, I.90090000, 2.00990000, 300090090, 40000000, 2 


CY » A 
9 * % "UC... 4 
4 : IC "=. 
. PIO» oi * 3 Tas 1 + 
. 2 5 * 16 7 
. = 


Legarithms 

Nati "Numbers re WW 10 100 19909 8. 
I +2... DexinitTion XXXIV. 

or. The . to the Left-hand of the Point in every Logarithn 


a1 called — — of thoſe Lygarithms. Thus o is the Charaitt- 
riſtick of all the Logarithms to the Numbers between 1 and 10: 1 is the 
Ubaractrriſiet ot all the Log arithms to the Numbers between 10 and 100: 
2 Hetween roo _ 1000 : 3 between 1000 and 10000, c. 1 


— n {\ 


li 


iq" 
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In like manner the | C Baracteriſtick of all the Logarithms to all the Fracti- 
onal Numbers between 1 and 0.1 is —0, between o. 1 and 0.01 is —1, 
between 0.03 and 0.001 is —2, between 0.001: and 0.0001 Is —3, 


Sc. 


ProeLEM XXVI. 


361. To make a Table of Logari/Ems according to the Hipotbeſes (In, 
338, 359) for all the Intermediate Numbers between 1 and 10, 10 and 
100, 100 and 1000, 1600 and 10000. 

And firſt to find the Logariibms for the Intermediate Numbers between 
1 and 10, which Ex. gr. let be done by firſt finding the Logarithm of 


the Number 9. 
 Effeftion. 3 


1. Make A=1, B 10 whoſe Logarithms by (In. 358, 359) are 0.00000000 
and 1.00000000 as in the Table beneath. | 

2, Find a Mean Geometrical Proportion C = 3.1622777 between A and 

B (In. 200): alſo a Mean Arithmetical Preportional = 0.50000000 be- 

_ their reſpective Logarithms (In. 178) : which will be the Logarithm 

3. Becauſe C is much leſſer than 9, find a Mean Geometrical Proportional | 

D = 5.6234132 between B and C: Alfo find a Mean Arithmetical 
Proportional So. y 5000000 between their reſpective Logarithms, which will 
be the Logarithm of D. | | 

4. Becauſe D is yet much leſſer than 9, find a Mean Geometrical Propor- 
tional E = 7. 4989421 between B and D : Alſo find a Mean Arithmeti- 
cal Proportional = 0.87 500000 between their reſpective Logarithms, which 
will de the arithm of E. 

5. Continue thus finding Mean Geometrical Proportionals, ſo long as they 
either exceed or fall ſhort of 9 by the Value of 0.0000001, according 
to the Number of Fractional Parts which the Logarithms are deſigned to 

conſiſt of: Which will not happen till the twenty and ſixth Trial, as in the 
following Fable. | | 


Mean Pro- . Mean Pro- | 
n, Lagarithms. portionals. Togaritbms. 
A 1000000 ©.00000000 B 10.0000000 I 00000000 
-C 3.1622777 0.50000000 E 7.4989421 0.87 500000 
B 10.000c000 1.00000000 D 5.6234132 0.7 5000000 
B 10.00c0000 | 1.00000000 B 10.0000000 1.00000000 
D 5.6234132  0Q,75000000 F 8.6596432 0.937 50000 
C 3.162277 0©.50000000 E 7.4989 421 o©.87500000 


Mean 


Mean Pro- 
ortionals. 


B 10.0000000 
G 9.3057204 
F 8.6596432 


G 9.3057204 
H 8.9768713 
F 8.6596432 


G 9.3057 204 
J 9.1398 170 
H 8.9768713 


— —— — — — 


J 9.1398170 


X 9.057977 


H 8.97687 13 


X 9.079777 


L 9.0173333 
H 8.97687 13 
F 9.0173333 
M 8.997079 
H 838.9768713 
L 9.0173333 
N 9.0072008 
M 8.997096 


N 9.0072008 - 


O 9.c021388 
ut 89970796 
O 9.0021388 
P $.9996088 
M 8.9970796 
O 9.0021388 
4 9.0008737 
P 8.9996088 
V 90008737 
R 9.0002412 
P 8.9996088 


Therefore the Logarithm of 9 is 0.95424251 near, 


LJ 


Legnrithms. 
1.00000000 
0.9687 5000 
0.93 7 50000 
0.96875000 


0.95312500 
0.937 50000 


| 0.96875000 


o. 96093750 


o. 953 12300 


0.96093750 
0.95703125 


0.95312500_ 


0.95703125 


0.95507812 


0.95312500 
0.95507812 
0.95410156 
0.95312500 


0.95507812 
0.95458984 
0.95410156 


0.95458984 
0.95434570 
0.95410156 


— . f—6—— 


0.95434570 
0.95422363 
0.95410156 


0.95434570 
0.95428467 
0.95422363 


0.95428467 
0.95425415 
0.95422303 


Mean Pro- 


portionals. 


S 8.9999250 
P 8.9996088 


R 9.0002412 
7  9.0000831 


S 8.9999250 


LY 9g.0000041 
S B8.9999250 


Vg. ooo 


X 8.999960 
S 8.999920 


Y 9.000004 1 


7 8.999984 
X 8.9999650 


g. ooo t 
Z 8.9999943 
Y 8.9999845 
Y 9.0000041 
42 '8$.9999992 
Z 8.9999943 


7 9.0000041 
b 9.0000016 


@ 89999992 


© 9g.0000004 


4 $8.9999992 


c 9.0000004. 


a 8.9999998 


4 8.9999992 


© 9Y.0000004. 
e 9Y.0000000 
d 8.9999998 


0.95425415 


0.95423889 


0.95422 362 


095425415 
0.95424652 


095423889 


0.95424652 
0.95424271 


| 0.95423889 


0.95424271 . 
0.95424080 


0.95423889 


— —-—- n 


0. 95424271 


0.95 424217 
0.95424080 
— — 


0.95424271 


0.95424223 


295424217 


0.95424271 
0. 95424247 


0.95424223 


0.95424271 


 0.95424259 


0.95424247 


0.95424259 
0.95424253 
92454247 


0.95424253 
0.95424250 
0.95424247 
— — 
0.95424253 
0.95424251 
0.95424250 
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6. After the ſame manner, if Mean Proportional bs found between A and 
C with their reſpective Logarithms, will be found the Lagarubm of the 
Number 2 : And ſo for any other Number. 8 

7. The Logarithms of all Compoſit Numbers, or ſuch as are compounded of 
other Numbers, will be had from the Logari/bms of thoſe Numbers of 
which they are compounded, and vice ver/4 ; Ex. gr. the Lagarubm of 

9 doubled will give the Laariibm of 81 ; trebled will give the Laga- 
rithm of 729, Sc. and halfed will give the Logarithm of 3. Again the 
Logarithm of 3 added to the Logarithm of 9 or ſubtracted from the Le- 
garithm of 8 1 will give the Logarithm of 27 : And if the Logarithm of 
3 be added to the Logarithm of 729 it will give the Logarithm. of 2187, 
if ſubtracted from it the Logarubm of 243, Fc. And fo for the L- 

arithms of any other Numbers. * . 

8. When the Logarithm of any Number is got, the Logarithms of all 
Numbers on the ſame ſide of (i. e. either above or below) Unity which 
are in a ten- fold Ratio of it, are alſo had by only changing the Cha- 
rafteriſtick according to the Place of the higheſt Figure (In. 360). Ex. gr. 
the Logarithm of 2187, found as above, is 3. 33984878 ; therefore the 
Logarithm of 21870 is 4.33984878 = the Logarubm of 2187 + the 
Logarithm of 10. The Lyogarithm of 218700 is 5. 33984876: of 218-000 
is 6.3 3984878: Sc. The Lygaribm of 218.7 is 2,33984878 = the 
Logarithm ot 2187 — the Logarithm of 10. The Logarithm of 21.87 
is 1.33984878 : of 2.187 is 0.33984878. 78 

9. Then for Logarithms of all Numbers in the ſame ten- fold Ratio be- 
low Unity ſubtract the Logarithm of that Number whoſe higheſt Figure 
is in Unite's Place from the Legarithm of 10, and the Difference with 
the Sign — before it will be the Zogarithm of that Number which is 10 
times leſs. Ex. gr. the Logarithm of 2.187 is 0.33984878, therefore 
the Logarithm of 0.2187 is —0.66015122 : the Logarithm of 0.02187 
is —1,66015122 : of 0.002187 is —2,66015122 : of 0.0002187 is 
—3.66015122 : Sc. 

And thus may a Table of Lygarithms be formed to all the Integers be- 
tween 1 and 10000, and conſequently by Pre. 9 to all the Fractions be - 
tween 1 and 0.0001, which 1s uſually ſtiled the Canon of Logarithms : And 

may be encreaſed at Pleaſure, Q. E. E. HE? | 


PrRoBLEM XXVII. 
362, To find the Logarithm of a Number greater than any contained 


— 


230 in the Canon, but leſs than 10000000. 


1. Cut off as many Places to the Right-hand of the given N 5 
— y f Right the given We may 
8 2. Find 


C 66 1 
2. Find the Logarithm of the Number ſo curtailed in the Table. 
3. Subtract that Lagaritbm from the Logarithm of the next greater Number, 
and note the Difference. wget SE og 4 | 
4. Say, by the Rule of Three, as 10, 100, 1000, or , 20000 (according as the 
Places cut off from the given Number were 1, 2, 3, of 4) is to that Dif- 
_ ference; ſo are the Figures cut off, to the Difference ' between the L- 
arlihm of the Number curtailed, and the Logarithm of the given Num- 
er at Length, nearly | 1 
5. Let the Number ſo found be added to the Lgęaritbm of the curtailed 
© , Number, and the Sum will be the Lagaritbm required”; Obſerving its due 
/ „ , oor en 
Ex. gr. Let it be required to find the Zyparithm of the Number 92375. 
Here the given Number needs but have one Figure cut off to bring it be. 
low. 10000, the Number therefore curtailed is 9237, whoſe” LIT in the 
Table is 3.9655309. The, Lygarithm of the next greater Number, viz. 
92 3 8, is . 9655780. The Difference of the two Logaritbms is 0.00004 71. 


1 101. ! 


e m_ 
D 49655300 + 0.0000235 = 4.9655544 is the Legarithm re- 
rei oy won 1 PROBLEM, XXVII. 
363. To find the Lagaritbm of a proper Vulgar Fra#ion. 
5 + oxy i | $96 $475 4 4 Eßection. | L 
+ Subtra&t the Lagariihm of the Numerator from the Logarithm of the De- 
nominator, and prefix the Sign — to the Remainder, and it is done, Ex. gr. 
the Logarithm of 2. is 0.8450980—0.477 1213 = = 0.36797 07. 
. IQ . 28%) PROBLEM XXIX. | | 
364. To find the Number anſwering to a given Logariithm, which is not 
exactly contained in the Tables. 
This Problem admits of two Caſes. 
Le 5 a Non f Caſe 1. | | LG00,0 
If the Chara#eriſtick. be 3; i. e. if the Number to which the given Lo- 
garithm agrees be between 1000 and 10000. 
| |  Effection, es ESE gat tn 
r. Subtract the Logarithm of the next leſſer Number from the Lagaritbn 
of the next greater, and alſo from the given Logarithm, * 
2. Say by, the Rule of Three: As the former Difference is to Unity, ſo is 
the latter Difference, to the Exceſs of the Number ſought above the next 
leſſer Number nearly. | 00061 159K 30h m 
| 3. Add 


L 


3. Add that Exceſs to the leſſer Number, and the Sum will be the Number 
ſought. Q. E. E. 1 


Ex. gr. [et it. be requited' to find the Number anſwering to 'the Le- 
„„ era / A Bent 0g 

The next greater Logaritbm 3.7590632T e ac 17 

The next leſſer 3. 7589875 whoſc Numpe COIN 574r 

The former Difference o,o * 

The given Logarithm 3.7889 992 

The bent later 9 | 475839, . 


The leſſer Difference o. oo00 - 

- Then 737 : 1 10% : O. 14 near. 

Therefore 3741.14 is the Number required. 

If the Chara#eriſlick be o, 1, or 2. i. e. if the Number to which che Lo- 
garithm agrees be between 1 and 1000, then the Characteriſtick is to be chan- 
ged into 3; and the Number anſwering to ſuch Logarithm fought for as above. 
And that Number, with one Place cut off, if the given Chara&eriſtick was 2, 
two Places if 1, three Places if o, will be the Number required. 

Ex. gr. If the above given Logarithm had-been-2:7589982, its correſpond- 
ing Number would have been 574.114 : it 1.7589982; it would have been 
57.4114 : if 0.7589982, it would have been 5.74114, Cc. 

ls _ PROBLEM AAR. - oh 

365. To find the Number anſwering to a given Logarithm, which is greater 
than any in the Canon, | 

| | 0 _ Efettion, *% 4 , Pe” 

r. Subtra& the Logarithm of the Number 10, 100, 1000, or 10000, till a 

leſſer Logarithm be left than the laſt in the Table. g ,0000! 
2. Seck the Number anſwering to that leſſer Zogarithm (In. 364.) 

3. Multiply that Number by 10, 100, 1000, or 10000, and the Product is: 

the Number fought. Q. E. E. 

Ex. gr. Let the Number be | fought which agtees to the Logarubm 
7.789982.  Subtradt from the given Lagaritbm 7.7 589982 the Logarithm of 
10000, which is 4.0000000, and the Remainder is 3.758998 , which by the laſt 
5 the Lagaritbm of 5741.14. Therefore 5741.14X10000 = 57411400 is the 


Number ſought. 
- + , PRoBLEM XXXI. : 
366. To find the Number anſwering to a given defective Logarithm. 
| Effection. 
1. Let the Lagarithm of 10000 be added to the defective Logarithm, i. e. let 
the latter conſider'd as Poſitive, be ſubtracted from the former (In. 382, 38 25 
2. Sce 


— — 1 


I 634 
2. Scek the Number agreeing to the Remainder, and that will be the Nume- 


rator of a Fraction whoſe ominator is 10000. Q. E. E. 


Ex. gr. Let the Fraction be 771 agreeing to the defective . Logarithm 
—0.3679767. Subtract 40.367976 from 4.0000000, and the Remainder 
will be 3.6320233 the Logarithm of 1 71. Therefore the Fraftion fought 


LOT = 0.428571. 
Paonium xXXII. 
367. From three Numbers given to find a Fourth in Geometrical * 


tion (In 196.) 
Effettion. 
1. Add the Logarithm of the ſecond and third Terms into one Sum. 


is 


2. From that Sum ſubtract the Lygarithm of the firſt Term, and the Re- 


mainder will be the Logarithm of the fourth Term required, 

Ex. gr. Let the given Terms be 4, 68, and 3. | 
Log. of 68 = 1.8325089 N 
Log. of 3 =, 0.4771213 


Sum = 2.3096302 
Log. of 4 = o. 0.6020600 Subtract. 


Remains Log. of 51 = 1. 1.7075702. Therefore the fourth Term ought i is 51, 
ScnoLivm XVII. 
268. The firſt Author of this moſt uſeful Invention of Logarithms was the 


Noble Lord Neper of Scotland at Edinburgh, A. C. 1614. But the Form of 


Logarithms which we have was afterwards iuvented by him, and communicated 
to the learned Henry Briggs Profeſſor, of Geometry at Oxford, by whom a 
Canon was publiſhed at London, A. G 1624, for all uinbers from 1 to 
20000, and for eleven other Chiliads, vz. from 90000 to 101000 : For all 


which Numbers he calculated the Lagaritbms to 14 Places of Figures. 


Scuolium XVIII. 


369. The foregoing Method of treating upon Logarithms, from Prob. 26, 
is 'chiefly borrowed from the late excellent Edition of Wolfius, entitled El.. 
ants Matheſess Univerſe. "IgE IR 
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denote ſo much Stock, à will 1 ſame in Debt, Cc. 


ARITHMETICAL INSTITUTIONS. 


PART III. 


of SpECIES ALGORISM. 


C H A P. L 
General DEFINITIONS. 
DzriniTion I. 
370. SPECIES Alkorim is the Method of handling Quanti- 


Ola = ties in Specie according to Afeion. 
— DRTINITION II. 

4 371. By Affection of Quantity is here meant its contrary 

| Procedure from Nothing, which is denoted by the Signs 

+ Plus or More, and — Minus or Leſs: Ex gr. If - @ ſignifies ſo much 

Forwards, then — à will ſignify the ſame Quantity Backwards. If ＋ 4 

ſignify ſo much Upwards, — à will ſignify the ſame Downwards. If + 4 


PARTITION 


121 


PARTITION I. 
372. Quantities in reſpect of their ¶fection, are ſtiled Poſitive and Defective. 


DzriniTion III. 
373. Poſitive or Affirmative Quantities are known by the Sign ＋ prefixed 
to them: as -|- a, , -þ az, + 27. 


Dzrini1iTIion IV. 
374 Defective or Negative Quantities are known by the Sign = prefixed 
to them: as — a, — 3, — az, — 27. 


e | Dzrin1Tion V. 

375. Such Quantities as are of the /ame Affection, (i. e. are both Poſitive 
or both Defe#ive) are called Co- affected; and ſuch as are of contraryAfﬀetiions, 
(i. e. the one Poſitive and the other Defective) Contra- aſected. 


DrriniTion VI. 


376. The Balance of two Contra-aſfected Quantities is that which remains 
after the Subtraction of the leſſer from the greater, and is of the ſame Af- 
fection with the greater. Ex gr. If a Man have in Stock 77. and be in 
Debt 3 /. then the Balance of his Eſtate is 4/7. Stock, or 4 /. more than no- 
thing: If he have in Stock 3 J. and be in Debt 7 J. the Balance of his Eſtate 
is 4/. Debt, or 41. Teſs than nothing. And if he have in Stock 7 J. and be 


in Debt 71. the Balance is nothing. 


Pos TULATUM. | 
377. That every Quantity may be conſidered either as Poſitive or Defective. 


Ax1omM TI. 
378, If a Whole be Pofitive or Defedlive, all its Parts are ſo too. 


CorRoLLary I. 
379. Therefore no Poſitive Quantity can be a Part of a DefeFive one, 
nor any Defective Quantity a Part of a Pojitive one; i. e. Contra-affetted 
Quantities cannot be a Part one of another. 


CorRoLLARY II. 


380. Therefore only Co- affected Quantities can be added into one Sum or 
Whole. Ex gr. 


To 


[3] 


r 


To 4 72 | 70 6 1 7 3 
Add - 2 | 3 — — +3 — 
c 
TT 72 1+10 [a — 24] —10a |-a+Þ]|—2a—3Þ 


DEFINITION VII. 


381. The Sum of two Contra-affeted Quantities is the ſame with the Ba- 


lance of thoſe — (Inſt. 376.) Ex gr. 


To | 
Add 


E;: 


— 4 


— | Oy 
32 lb 


[—34 1-36 


Derr uu re 3 


b 


— — 


r. 1: a 


p ape 1 


ke =ot—20+ 3b 


CorRoLLARY III. 


382. Hence it is evident, that to ſubtract a * tive Quanity, is the fame 
as to add a Defeftive. Ex. gr. 


Fron +74 +32 | —a | —7a | +28 —24 
Take f he ſg | | +74. | +8 | '-+38 + 36 + 36 
Rem. Fa . Wb 74—34 7347. Ar | 3s 4—24 —36 
Or | +44 | 44 | 24 | 104 [+ 24 3 235 


— 


CoRoOLLARY IV, 


383. And to ſubtract a * Quantity, is the ſame as to add a Po- 


ſnive one. Ex. gr. 
From * | +74 32 7 — —74 — | + "3 ” 
Take 1 sf Js 12 
Rem. 1 Ta- P30 34 CEC34＋H7⁴ —&+ aj—74 +34 \—3a-þ-74 -a-+b 
Or | +2a | +109 82 0 —44 1 +40 | ab 


384. Therefore Species Subtraction is the ſame with Addition, 


CoRrRoOLLARY V. 
only changing 


the Signs of the Subtrahend. 


385. Hence it appears that Qrantity has been treated of . 


Paſitive. 


CoxRoLLARYT VI. 
only as 


Ax Trou 


141 


Arreon H.. 


386. If a Poſitive + Quantity be fnultiplied or divided by a Pet tive den. 
tity, the Product or Quotient will be Poſitive. 


Axiom III. 


387. Any Whole ab, whether it be Poſitive or DefeAive, bears the ſame 
Ratio or Reſpect to its Co- affected Part a, i. e. Sa contains or is con- 


tain'd in a, the ſame Quantity of Times that — 4h contains or 2 con- 


— — ＋ 4 
tuin d in — 4 or, which is all one, — and A * Her 


CoROLLARY VII. 


388. Therefore the Quotient, which expreſſes how often one e DefeFive 
Quantity — 4 is — another Defeftive Quantity = a b, muſt be a 


Poſitive Quantity. For = = © by the laſt, and _ n 


386.) Therefore = +6 (II. 21.) 


CoROoLLARY VIII. 
389. And conſequently the Product, which is made by multiplying one 


Defeftive Quantity — ab into another Defedtive Quantity — = muſt be a Po. 


ſitive Quantity. For — — = + by the laſt, and — 


— 4 a 
(In. 113.) Therefore — ab x — = = +b (ln. 21.) Thus allo ww a x 
wb = ab = -þax +6. 


CorRoLLaRry IX. 


* 


390. Again, D = +b (I. 388.) then — ab = +bx =a (In. 83.) 


3. e. a Poſitive Quantity multiplied into a Deſectiuve one, or a Defefive Quan- 


tity into a Poſitive one (In. 85.) will make a Defective Quantity in the 
Product. 


Corollunry X. 


391. Alſo a  Defeftive Quantity divided by a Poſitive one, or a Poſitive 
Quantity by a Defective one, will make a Defective Quantity in the Quotient. 


—ab — 45 
For — ab = ax +6 by the laſt; therefore ” or Fo 


e n 


L 5 ] 


| 2 —4 
= —þ (In. 77.) and Hax-pb=—ax—b (In. 4 —_ 25 = IJ or 
Aa: =-: ＋ (In. 190.) conſequently = 
CoROLLARY XI. 


392. Whence we have this general Rule for Species Multiplication and 
Diviſion, that Co- affected Quantities give a Poſitive Product or Quotient, 
and Contra- affected Quantities a Defective one; i. e. | 


— ? giv _ bab=-ax+b=—ax-—b 
1355} ad Ins in 1 7 ee = ys = Ho — = 


and 


＋— 2.45 x*T TE Ex, . 
2 fx in the Quotientꝭ gr. J—a = i "I 
CoRoLLARY XII. 
393. Hence every Power, whoſe Exponent is an even Number, i. e. ever 


Square, Biquadrate, Sixth Power, &c. muſt be Poſitive, whether the Root be 
Poſitive or Defective (In. 386.) 


CoRoLLARY XIII. | 
394. Therefore the Root of every Deſective Square, Biquadrate, Sixth 
Power, &c. is impoſſible ; becauſe it ſuppoſes two Co- affected Factors to give 
a Defeftive Produft : And the Root of every Defective Power, whoſe Exponent 


is an odd Number, (i. e. of every Defective Cube, Fifth, Seventh, Ninth, &c. 
Power) is Defective. 


DzeFiniTiIoOon VIII. 


395. Quantities deſigned by one Species are ſtiled Monomes, and thoſe 
deſigned by more connected with the Signs + and —, Polynomes. | 


ScnuolivuM I. 


396. Every Quantity is ſuppoſed to be affected with one or other of theſe 
Signs (In. 377.) and whenever a Quantity has no Sign prefixed to it, as ge- 
nerally the leading Member in every Polynome has not, then is that Member 
underſtood to be affected with the Sign +. Thus b is b-abb—c 
b is +b, d= Id, &c. - ; 


DEFINITION IX. 


397. Subſtitution is the putting of one Expreſſion in the room of another, 
and generally the more ſimple 1 in the room of a leſs ſimple one. 


Ex. 


[6] 
Ex. gr. in the Poulnome - + 23 + by ſubſtituting p = 
bb Ta ＋ T + =, we have this more ſimple Expreſſion a-{-p, which 


is equivalent to the former, and therefore may be uſed in its ſtead. 


bn Ry XIV, 


398. Whence every Polynome by ſubſtituting a Letter for all the Members 
except the firſt, may be taken as a Binomial. 


Drx#1Nn1Tlion X. 
399. And the Uſe of this Species Arithmetic in the Inveſtigation of Theo- 
rems, and Effection of Problems, is called Algebra. 


— — D2D2h“W ä hk 
CHAP. Il. 
Of Multiplication and | Divifion. 
PROBLEM I. 
400. -/ thy multiply one Polynome 1725 "KA 


The Effection of this Problem in Species is directly as in Num ob- 
ſerving 8 for the Signs. As follows. * 


4a —-gab Ad K -* ＋— 
a—d 7 Toe 
— zabd—b& XI—x* VEE i 
4—3 ag d | —— 
gb TLAabd bd 1 2 oak 
R412 1 
— 5 | 32|a—b 
—bxz— 32 
* E E 
| > 6* e $a 
_— — — ä — 28a —5 
32 


9 


{91 
q— I 


cw | 

27 — . = 29—1#*—11 (In. 384.) IR enable 
23 22 52 3 9 - . 
a*—3ab-bd a—d ©  7—id—-3abqaba-bd (In. 110.) 


PROBLEM II. 


401. To divide by a Polynome. 
Effefion. 
1. Let that Term in the Diviſor which is contained in moſt Terms, and 
the oftneſt in each Term, of the Dividend be put in the firſt Place, that 


which 1s the next often in the ſecond Place, and ſo on. 


2. Let the Terms in the Dividend be ordered accordingly ; viz. Let thoſe 


Terms which contain the firſt Term in the Diviſor ſtand in the firſt Place, 
thoſe which contain the ſecond, in the ſecond Place, and ſo on; obſerving 
in the firſt Place co ſet thoſe Tetms, which contain the firſt dividing Term 


oftneſt, before thoſe which contain it leſs often. 
Set down the Diviſor and the Dividend according to the Directions 


(. 321) N (In. 392) for the Signs. Examples follow. 
a- d)a.—; ade Aa -a tub. 


a3 —a*d 

*—3a*b-4abd — at—y . 
— 3a*b--3abd * , . 
a4 bd—4˙5 * AA 
abd—d*b : a- ee 1 
* * * 6 *2- * 

— 2 

3xþ22)gx*—42%(3x—22 35 0246 (5 


A Tb 24a 
* — 62 — 42 * 
—bxz—42* 


. 


e- —1 2 *— 8 29 
32 2 —— by — 95 * P 


TH ® 


gx 


——  —_— — — — * 


(8] 
9*— 42 3 — 3x22 "me 
2 * 3a Abd Id. 2 —4 4 gab Abd SIP 


The four next ſollowing Examples I have inſerted out of Sir aac New- 
tons ee Arihmetick, p. 25, 26, 27. 


8 +a) JD ½ G24 . 
ebb—gch 
* —24c 3 2 
ene S a' -2a¹e 


3 c 
Sa- 
—4 3 a3 
N 


eb — r Is ; r. 9 25 Hae M Fa ＋-4¹ 


ys — ; 
1 
* ＋ 4 9 | 


——a* y'—a 6 1 

Of —a*f—a+ 

AC —a**—g"& 
* * * 


2 . D ee fa 
De 
2 287 —420"y' 1-30" 


= 20) 
— 4 * ⁵5 + 


[9] 
#*babſi* ). wala 
| E - EZ Ta.. 
— *—a*h? * 


— 


12 > 
—a% 2 Bn 2g h3—a2 * 


* 4˙U-Laleſz2 LH- 
242 Labs U- 
4 * == 


i (barbara bb Oe ore Heer 


a war Pe IE n T * 


** K a ** 
15 Ac. = 
a— 4 

* 
* —=x 
7 
— * Here the Quotient is an In- 
b. : finite Geometrical Series, either 
LR Decreaſing or Increaſing, ac- 
\_ cording as x is greater or leſſer 
x * than Unity, whoſe firſt Term is 
; x*, and common Diviſor . 
x —x® 
I 
a> 0 
L x 
wx 


x? c. ad infinitum. 
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d 4, 0 Wis, or a—di*—a=*d'L-a=3db*—a=+db3 Ee. 


d 1, 7 
1 a 6 4 
amb 


Here the Quotient conſiſts of two Iuß- 
nile Series, the Former having all its 


Terms Poſitive, whoſe firſt Term 1s er 


"my 
an, and common Multiplier Tor 45 
b* ; the latter having all its Terms De- 


fective, whole firſt Term is Dor 2 db. 


and common Mutiplier the ſame with the 
former. 


3 
—= Sc. ad infinitum. 


d, db , db* abs 2 d 
Ts —_ A &c.0r ade a—*db' Hat &c,=—— 


a—b 


Here the Quotient is an 1nj- 
nite Geometrical Series, whoſe 


firſt Term is - or a—db®, and 


| 6 
common Multiplier is — or 


ab? a—="þ" 
a® 1 


abs 


7 Sc. ad infinitum. 


at I e ee eee 


ike Manner . 1 £3 — 8 
In lik 42— e 2 ET * 2 FED. pe- 


| ScnuoLIiumM II. 
402. The Quotients of the four laſt Examples to the foregoing Problem are 
ſtiled Infinitinomials; where it may be obſerved, that if d in the ſecond Ex- 


- ample be put for the Numerator, and a for the Denominator leſs 2 


[ 12 ] 
Vulgar Fraction, and 6=1, we will have all Vulgar Fractions, except +, ex- 
preſſed by an Infinite Series, thus: 


— 443 „ „ — g-4 
=- di. 11—715 Sec. = 1—3 3 — 5 Tn; Ge. 


Je. &. Sc. Se. 


In like manner, if þ=1 d=1, and a= any Number greater than Unity in 
I 
| a* 
W fan; Law for expreſſing any Vulgar Fraction by an Infinite Series, whoſe Nu- 
merator is Unity, and Denominator à leſs 1. 

And, if in the ſame Example, 65 ſtill equal Unity, and d be put for the 
Numcrator of a Vulgar Fraction, and @ for the Denominator increaſed by 
| web then have we another univerſal Law for expreſſing Vulgar Fractions, 

as follows, 


| : 1 I 
i chird Example, then er 1. which is a con- 


„ Ti Te: Oc | 
2 
1— — WW Sc. Therefore 
[ 
4 


— — 1 
= 5. i,, Se. 


—1 


(fc, Sc. Se. 


2 21 = T-FEA +, 73 Sc, ; 


Sc. Sc. Se. 


CorRoLLarRyY XVI. 
403. Whence it appears, that if a be put univerſally for any Integer, 


chen 
a—1 a—1 


a—1 a—1 a— 
"6: 1 a? * a* II ICE) 


24-—2 , 2 2424 24 


25 242 
C A 


a 


: lt BY et Yan BY: Lang BY nes NBR 
7 EF * 45 * 27 r Hee =3 


8 ac &c. &c. &c. &c. 


Which gives an univerſa] Law for expreſſing all Integers by an Infinite 
Series an infinite Number of Ways, 


Otherwiſe 


| 
| 
| 
| | 
| 
| 
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Otherwiſe any Integer may be put into an infinite Series of the ſame v. 
lue, according to the laſt Example of the foregoing Problem, by making 
4=2, and b=1, and d= the given Integer; thus, 


a 4 4,44, tg, 


CHAP. IL 
Of the Compoſition and Reſolution of Powers, 


PROBLEM III. 


404. JT ROM the Binomial Root 5 Ke (i. e. 5-þe or b—e) to raiſe a 
Power aſſignable. 


| Effection. 
1. Put n for the Exponent of the required Power, by which Means th 


m Power of be will be expreſſed by Ye 


2. Set down the Geometrical Series *: *. hen gnmd ns jour 
&c. till the laſt Term be 4%=1, 

3. Multiply each Term of the foregoing Series into each Term of thy 
following one, viz. into e@=1 e e „ e &c. and the Series tha 
reſults will be *“ H-, Y- m3) eee [= &c. till the lil 
Term be g en | | 

4. Connect all the Terms with the Sign +, if be was the Root: An 
with the Signs —+ — + — Sc. interchangeably, if +—e was the Root; 
thus * + b"—4-hb"=2 & He -e + hi &c. 


5. For the Coefficient of the firſt Term put 1, of the ſecond Term 171 — 


m, of the third Term 1x F of the fourth Term IX —X— 
I 


go the fifth Term 1 4 — ns of the ſixth Tem 


3 
M—0 m—1 M2 m2 M— 
OT 8 x . Sc. then will the required Power d 
"FE EI & 
be & be as follows; e = b" + ie n 
FFF 1 
5. 
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1—1 —2 M-<3 3, Mm—4 
—3,3 — — ES 55 — . j. 
e H 1 7 7 > qraine B * 


m mM—1 eee x 5p m—6, s &c. = bam -I 92-6 + 


dQ2uN—X— — — 


e ee ee ee 
Wü Sl de, ful Bee. 
2. E. F. i. e. 

N e =b#e 
5 ze =Vzabebe 

. e =hezlie Faber | 
: 77 e reef GP edler H. | | 
| TY eser obi oe Egbel ke; 
e e *=I5z6b5e-1 5l*+20033+1 GP Oz6be*-L-48 | 
þ+e uke b+210+3 5350210 & ese 

bz e =P+8)e4-280%"+5604,-|-70þ44£56Þ6&-þ286*48be0 4et 


b+e le xb -g G 8 465% +1 26b5t1 264465 +8 465% 3 66* 7 +9 zei 
c. &cc. &c. &c. &c. Kc. = &c. &c. &c. Xe. &c. &c. 


Otherwiſe the Powers of 5#e may be raiſed by Multiplication, according 
to (In. 400.) as follows; 
3— 


e b—e 
— 2 2 
. W 
3 be 2 Babe 
b alete. Ne abet = be 
be i b—e 
b?epabe* ee NL 
2 be* 125 |-be* 
Le3b*e-l-3be* bv I= b—3Þe+ 3be -e He 
&c. &c. 


Hence are deduced the following Corollaries. 
D Coror- 
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CoROLLARY XVI. 

405. The Square of the Sum of any two Quantities is equal to the Sum of 
the Squares of the ſaid two Quantities, together with twice the Product which 
ariſes by multiplying one into the other. The Cube of the Sum of any two 
Quantities is equal to the Sum of their Cubes, together with thrice the 
Product which ariſes by multiplying the leſſer into the Square of the great. 
er, and thrice the Product which ariſes by multiply ing the greater into the 
Square of the leſſer, Cc. as in the Diagrams above. 


CorROLLARY XVII. 


406. The Square of the Difference between any two Quantities is equal to 
the Sum of the Squares of the ſaid Quantities leſs twice the Product which is 
made by multiplying one into the other. The Cube. of the Difference be- 
tween any two Quantities is equal to the Difference of their Cubes made leſs 
by the Difference between thrice the Product of the leſſer into the Square of 
the greater, and thrice the Product of the greater into the Square of the leſ- 


ſer. And ſo for higher Powers, as.in the foregoing Diagrams. 


CoROLLARY XVIII. 
407. Every Power raiſed from a Binomial Root conſiſts of one Term more 
than its Exponent. | - 
| CoROLLARY XIX. 
408. In the Scale of Powers whoſe Root is þ+e, the Coefficients of 


each (which by the celebrated Mr. Oughtred are ſtiled their Unciæ) proceed 


thus. ½, The Uncia of every firſt Term is Unity. 2dly, The Uncia of every 
ſecond Term is the Exponent of the Power m. 3dly, The Uncia of every third 
Term is a Triangular Number, whoſe Root or Side is m—1. ' 4thly, The Uncis 
of every fourth Term is a firſt Pyramidal Triangular, whoſe Root is m—2. 
5thly, The Uncia of every fifth Term is a ſecond Pyramidal Triangular, whoſe 
Root is m—3. 6thly, The Uncia of every ſixth Term is a third Pyramidal 
Triangular, whoſe Root is m—4, Cc. From whence is grounded the laſt 
Precept in the foregoing Effection. ö 


CoROLLARY XX. 


409. The Unciæ of the firſt and laſt Terms are the ſame, alſo the Uucie 
of the ſecond and laſt but one, of the third and laſt but two, of the fourth 


and laſt but three, c. 
CorolLaRyY XXI. 
410. The Sum of all the Uncie of any Power raiſed from a Binomia! 


is equal to the Homologous Power of 2 or 14-1. Thus, the Sum 5 


my 
3 
2 
% 
in 
„, 
” 
1 
<< 
Gu 
* 
L 
. 


F 
79 < * * 


, * — 
rr 


2 
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Unciæ of the Square is 1-+2-+1=2+* or 4: the Sum of the Uncie of the 
Code 's 4E or 8: the Sum of the Unciæ of the Biquadrate is 


1-|-44+6+4+1=2* or 16, Sc. 


Corollary XXII. 


| bm * JO: 
411. Becauſe . ; Vb, Sec. (In. 134.) therefore þ + z 


5% „* % b"0 b"e5 


4 en | 
N | may be otherwiſe expreſſed by * * - #1 8 r 


47 
6. 
Eber 2*=;s, and b+e=P #'P9 we ſhall have r =P + PN, =P" * 


* 3 4 
—- &c. If then we put P=b and S- ſo that Tg, Ei, = 


n MT M2 


W | OT a6 m m—1 n p, g 38 4 
Fr,, = e 


3 


m 1 — 1 w—2 m—3 „ — mn m—1 m—2 Men m—4 M— 
1 „p- Ee 


1 2 3 4 5 2 3 4 5 6 


7 | * was = 4 Du — — 8922 

| Pn 96 &c. And if again, we make PDA, -P S, > Rc. 
RR 3 Gap 21 —2 
3 Po =D, —n—— — xP” ; F 


2 ey 
"Re e 
ve ſhall have b#e =P4PQ A * ALE BY # —C2+ be. 


1 EL obe Wich is called Sir I/aac Newton's 


Theorem; this being one of the many Inventions found out by that great 
Man, and is ſaid to be writ upon his Tomb-ſtone in Weſtminſter Abbey. 
_ the better underſtanding of which Theorem, take the following Example 
n Numbers. | 


Lec 
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Let it be required to raiſe the Binomial 4-1-3 to the fiſth Power. 
Here m=5, b=P=4, = PZ, therefore @=2, 


=P==:45 = 1024 =A 
0 AY = 5x1024x3= 3840 =B 


M—1 B9= 2x3840x3= 5760 =C 


2 


cg 1x576ant= 4320 =D. 


3 1432 1620=E 
4 


ES 4x1620xi4= 243 =F 
- | 
| — 2 on Me 0 


Therefore 16807 =A+B-|-C-I-D--E-F is the Fifth Poy: 
of 4-|-3=7. And fo for any other. After the ſame manner alſo may the 
Root of any Number b#e=P#P2 be reſolved by putting * form; i. e. by 


making £=m for the Square Root, 3=m for the Cube, *=m for the Biqus- 
drate, Sc. | 


PROBLEM IV. 
412. To raiſe any Polynome to any Power aſſigned. Ex. gr. To raiſe the 
Juadrinomial t-x-\-z+y to the Fourth Power. 

Subſtitute x + z-|-y=e, and inſtead of b+x+2+y we will have b-|-e (In. 399. 
then (In. 404.) b mT 
EEHL eie 

— ——_—_— f 
E= ＋2 TY Dx 3 + 3x gaz That 3x) .= ZZ ZV C)). 
=x%1-4x%2þ5-j-6x E CY EAN -E ννν N= 
124 T) ECR )- -Ax a 4-1 2x2 Y- CI 2x20 EAX) ty C65 41) ＋- Y 
Therefore, if theſe ſeveral Values of e, &, &, and e be ſubſtituted in the Formula 
om — 
bt. 1-463+6Þ&-4b& +, we ſhall have b--x—-2+y =b*--4Þx-4b3z46 
Gb —12Px22- 12b*x yo 66*2* 125¹ 5 6 5 —-4bx* ＋ 12bx*2-5- 12 
Y- ＋ 12bx2* -5- 24bxzy + 12bxy*-- 4b2'—-12b2*1-4-12bzy*%- 4by E 4x 2 
EA EES ETZ Z- Ef A r- IZ Y CI 2x2) + xyz +42) + 
62'1®-4+423z3—y* for the Power required, | 


PROBLEM 


J ² ˙1 ²˙ᷣIa2ʃ— . ²˙ —wꝛ NETS 


3 pt =. > A 
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PROBLEM V. 


413. To raiſe an Infinitinomial A--By--C DD EY H. -C-Hy Sr. 


Power aſſigned m. 
"Put 4=, ind B+ Cy Dy-LEN LTL Fre Fo 


11 By-C FD EY HG) Sc. Se 
21 ByrCy DV EY HY OV Sc. =e 


Dy BAV + BCY TBD BE +BFy*+BGy &c. 
C3*| 4 BCyY CCM CDP C EV CFY Ec. 
| 55 F BD)*+CDy\—DDy®+DEy' Se. 
Steprx z, 6 BEV CE DEy 6c. 
Z Fs 7 SLC Se. 
(> 8 BG &c. 
; 2BF 2BG 
9 py Laber L ggfs. 127 50 559 ＋2CF 95 a 
DD 2DE) © 


By DEN HN Sc. =e 


1 — 


2 - 2B* F. 
B5|ro| ya cyp*5 DL 2B EL oe. 125575 85 


cy B' C D by E. 
Step x 
52 B* D3*--2 BCDy® + 22005 7 &c. 
Ey%13] BE + 2BCE V Ge. 
(2,14 8 1 BE my Ee. A 
' © wad BF ; 
6B "> 
T wang 1505 77 865 ＋ 105 „ =" 
30D 


W n p „ — 2 ad 
—_ 


D Sc. * 1 


E Step 
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By J Lz gg. 5 41580 * &c. 
CCC 

Cy* 7 BIO g BC 584 z ccf* Sc. 

Dns BID 95 3B*CD 7 Ce. 

E 35119 B3E * Ee. 


— 8 


1 


Step 15x 


— 
3 4B*D 45³E 
eee on wo "CDÞ9? oc... an 
BY CY +Dy Se. De 
By 21 By b4B:y6 46D 557 Se. 
Step 20&C9½8 2 BC AC 57 c. 
Dy 24 5 ; Sc. 
24 Bs sc SPD I Sc. erect 
a- Se. = 
By [25] 8 SEO Se. 
Step 24x\ C52 | 26 Ach Ee. 


27 B05 Se. EE - : eee? 
| [By Se. | =0 


Step27 x By [28 by! &c. = Ecerrtt 


Then if in the Formula 5” eee een eee 9Þ- 
ITtbeég= =vbu-ie Sc. (In. 404.) for b be writ A, and for e, e*, &, &, 6, 
„ , &c. be ſubſtituted their Values found as above, we ſhall have this 
Formula; for the n Power of the given Infinitinomial Ap BytCy*-|-Dy* -H. 


* ＋0˙ &e. 
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oy — 4" 


; 23 Wh 2p An—BF 2pA"—?BG I 
Pb 2 PA- c-. eh „ 2A CE 5-2 , F * 2 
| | 9 224 DE 
1 7 F | 
x | 1B? D 3 74 — 38 E — 
| qgp*—30.= dg A®—3B 3% 3qA"—3B*C $3148 25 : 3*--644"—3BCD 454-07 69.4" the 5A Sc. 
| 394": -3BC An=3 C? 394" 3BD 
1 7 34A"—3CCD 
I 
; | is 4r An—+B*E IG 
rb = br An—4B* J$*4r A"—+BC E 4*+12r #—+BCDy! Sc. 
Ar A®—4BC3 
bergzes = $A"—5Bs JY*-|-55 A"—5B*C AE hes?” Sc. I 
r 14"—6 B* 36 6A. C Ec. 
| | 
1 vb"=707— -|-vA" U Se. 
Ss Sc. ] 


=AY + By + Cy + Dy + Ey* + GH &c. 


nei =+mnA"—BymA—"Cy mA DYE An B.- nA -i Y . mA—"Hy He. 


CoROLLARY 


— —*—ðr1uꝰꝰ EIT . 
. 
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| CoROLLARY XXIII. | 
414. The ſame Formula will alſo ſerve for raiſing the Power from the 
Infinitinomial H BY O -- EZ -] &c. only inſtead of 9 there 
will be 5, r, y* == , 3 = z. Ex. gr. ſuppoſe m=2, then the 


Square of -c * TD. LET &c. will be 


AF AF 2AG 2AH 
EY „ß I oo1280, 106 
APP A2AB 3+ BB) ＋ BC 3%1-2BD3%+2BE 3 ＋ CK ＋ Cr &c. 
| 2 55 25 


Again, ſuppoſe m=3, then LE OD Di &c. 
will be | 
A*H 


34% 8286 
1 n EACE _— 
4 y9234*B 57 3AC? y*+ bABC y*®+ e 37+ bACD y*+ 3ADE Y A &e. 
2 
3BC 6BCD 3BDD 


cc 3005 
The Biquadrate of AY BY CY TD Ey5-1-F35 EO &c. will be 
44%) 
Y 5 Ps . 44D 4 
4 AAB) 5 12A BC 414 64*C* * &c. 
ce 
BBB 


&c. &c. ; 
CorROLLARY XXIV. 


415. Conſequently if A=B=C=D=E=F=6G &c. then the Square of 
AA + Ay A + Ay? &c. or of Ay y ETA 15e 5 &c. will be 
Axy*-|-2y)-+-33*--43*-5Yf+ 097-575" &c. its Cube will be 4337+ 33*-|-635+ 
100˙ꝓv¹ 557 21) ＋-28) „ Cc. its Biquadrate A*%3*+-4354-103%+20z%-+3 55 
—+563%+ 843** &c. its fifth Power £x93*-þ IDS Y T2686) 
210%, &c. &c. Whence it appears that the Coefficients or Unciz of 
the Powers of y in the Square are a Rank of Laterals, in the Cube a Rank 
of Triangular Numbers, in the Biquadrate a Rank of Pyramidals Trian- 
2 in the fifth Power a Rank of ſecond Pyramidals Triangular, &c. 

x. gr. | | 


It 


[ 2x ] 
If Ai and = then the Square oy the Infinite Series z rm em 
&c. will be 1 = E &c. its Cube i & +22 &c. its Biquadrate 
1 A +48, &c. its fifth Power „ Fe &c. &c. 


PROBLEM VI. 
416. To extract the m Root from any Reſolvend mb b 
b 4-rb/"—442:54"-65-5-16"—%25 &c. and 1” from - m e * 
Ty : FM Lb ei-. &c. t. 


Effeftion. 
1. Find the Root & of the firſt Term *, and ſet it down to the Right 


Hand of the Reſolvend, behind the Mark (. 

2. Subtract 5" From the Reſolvend, and the Remainder will be Cn e 
e Nele des. 6 x * 

3. Divide the Remainder by wn Ds 2 e &c. and 


the Quotient will be Se. 
4. Add the . to the Root 5, and the Sum Ice is the Root 


required. 
. we * * following univerſal Formula for extracting the Roots 


of all Powers in Numbers, when the Homologous Power 6” is aſſumed leſs 
than Juſt, 


bn Jmb"—"e4-pb"—2az ＋᷑ i zes &c. (A=. 115 
Subtract 652 
EH: bc Tee ee ec. 


. 
J 
: 
- 
1 
A 
4 
1 
2 
| 
q 
7 
4 
* 


2 — A zes &c. 
* * * 
From whence are deduced the following particular Formulæ; 
(1/, For the Square Root.) (zdly, For the Cube Root) 
„ abe e Gr „ee. (r 
ho | Se 
u- abe e N Wetabe be 
2b -e ae 
ee DT. | EM 


* (zdh, 


[ 22 
(dl, For the Biquadrate Root.) 
. FdS, Lade {nr Gen 
4+ 5 


ee Habe +) 41Per bb e-abee* &c 
38 "5g 4PebÞobabe? bt * 


* * * * 


* 


Secondly, To extract the m Root from the Reſolvend 0“ - nb ie -e 
—gb*=3) dr b—46* —-gb use —+th*—025 &c. r. | 


| 1 E fellion. 

1. Find the Root b of the firſt Term 6, ſetting it down as above. 

2. Subtract the given Reſolvend from “*, and the Remainder will be 
nbi —e—pb"—2*-+qgb"—3e3 -e A &c. (In. 384.) | 

3. Divide that Remainder by F & 
- the Quotient will be —e. Therefore is the Root required, 

Whence we have this univerſal Formula for extracting the Roots of all 
Powers in Numbers, when “ is aſſumed greater than juſt. 


12,2 9 * &c 
| Subtract * - me- ue --% &c. — 
D = &c.) jmb"—e—ppm-2,24-gþn—c8 &c. 
10 u., Bec. 
. — 9 WE 


From whence are deduced theſe particular Formula. 


(1/4, For the Square Root.) (2dly, For the Cube Root.) 
r ü 1 „ 2 F, 
Babe tee (b—e=r* ze Z- (b-e=r? 
—2b-re.)2be—ee =3be* + 3be—e*) 3b e==3b& Ce 
42 ee | 3b 3b He“ 
* * ; Tod * 7 


(34h. 
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(3aly, For the-Biquadrate Root.) 


+ ® - * * | 


2. 
-A Gele- LU =p (beer 


-e -öbze— Aber ge:) at —6Þ O43 —c& 
4 - bb fab -e 


* * * * 


Schol run III. 


| 417» The following particular Examples are inſerted for the Learner's 
Practice. | | | 


Example 1. 


To extract the Square Root from a*+ 6a%+ 50* [m1 200-417, 


r=0*+645-þ Sa — 124 LA. (“ 3ab—2bb=r7 
Subtract 47 
7 
24 3a ) 64a%b5,60h* 
Sg 
20*þ-baben2bb ) —-4 12 441% 
A - 24 + 44+ 
* * * 


Example 2. | 
e . -= 


N ' 3 at 38 
A 

A * 1 

—— 


* R * 


 Examplt 
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Example 3. 
#=a*%+-64%—404%-|-96a—64 (- Lz LA r 
as | 
za“ THA 444%) ® batmzo0a? 
| 64+ 124-849 
344%4-124% 24a 160) * —7 2a*—48@3 1-96-64 
—124.—484 -96a—64 


* * 1 


Here, according to the foregoing Formula for the Cube Root abo 
34? in the firſt Diviſor 3a, e=24*, and 3er G: 36* in the ſecond Diviſa 


SD Za 2a, e=— 4, and gbe=zxa*J-2ax—4. 


3 
h —— — is. . 7 
* 


CHAP. IV. 
Of the Arithmetic of Surds or Irrational Quantities. 


PROBLZM VII. 
418. * reduce Surd Quantities to their loweſt Terms. 
Efetion, 

A Surd Quantity, where the Root of the Whole cannot be extradted, 
is performed by extracting the Root of ſome Diviſor of it. Thus aa 
by extracting the Root of a“ becomes aſbes. And 48 by extracting th: 
Root of the Diviſor 16 becomes 4035. And Taabe, by extracting th: 
Root of the Diviſor 1644, becomes 4050. And — N by 


" a 4 
extracting the Root of its Diviſor 2 Let becomes . And 
2. 3d 2 94,3 - D * 
e, by extracting the Root of the Diviſor Er, 
2 PD | | Wale 3 
co 
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g 1 
5 15” | 
comes =O amp . And * gh» by extracting the Root of the Di- 


1 
— Tz 
viſor 27 becomes x 2 or {x 3 and by yet extracting the Root of the 


7 ? 
; g 15 + 9 2 42 f 
Denominator, it becomes iT wah And ſo a or 4%, by extracting the 


Root of the Denominator, becomes 2. And 8a%--164* *, by extract- 
ing the Cube Root of its Diviſor 82?, becomes 2a iA. And not un- 
like this 43x *, by extracting the Biquadrate Root of its Diviſor aa, becomes 


„, or by extracting the Biquadrate Root of the Diviſor 4, becomes 


I T 


N x I 6 1 
"5 And ſo alas s is changed into a[ax* *, or into 1 or into ax?x 
a n 
aax*, Vide Sir Jaac Newton's Algebra, as tranſlated by Mr. Ralphſon and 
Mr. Cunn, pag. 49, 50. 


S chOL TUM IV. 
419. This Reduction is not only of Uſe for abbreviating Radical 
nantities, but alſo for their Addition and Subtraction, if they agree in 
their Roots, when they are reduced to the moſt ſimple Form; for then 


they may be added, which otherwiſe cannot. Thus the Root 455 
1 


1 
23 


("BP — hk | . 
by Reduction becomes 4035 513* = 935. And * TA by Reduc- 


b 4A * 


1 
: — — 24-7. „„ 
tion becomes 413 NM” ==" And thus [42 * = = 
9 cc cc 


. . . . . £18 a—2h Z — Z 
by extracting what is rational in it, becomes __ ab? -|- « ſaß = 4 40 l 
c 
U 1 T 


2 r 
And $4%-4-1 64% 3 — , becomes 2a[)--24 3 — 2A * = 2a—bx 


za. Newton's Algebra, p. 50, And in Numbers 8*4-18*= 2 "+ 
G 32 
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Þ*=5ſe*=1507. e gail. 5-1 


PROBLEM VIII. 


420. To reduce Surd Quantities of different Denominations to the ſame 
Denomination. 
Effettion. 


Reduce their fractional Exponents to the ſame Denomination (In. 107,) 
and involve each given Quantity to the Power, which the Numerator of itz 


Exponent fo reduced, ſhall direct. Ex. gr. 2” and y reduced to the ſame 


Denomination become 25 and 2 i 4 and b* te as ax* and 


z mans — 1 ä re 1 
aax? become ax* and aax*, or aaaxxx* and . as and 45 be 
4 Ry OR 2 


— T 
Y become 85 and Fa 


enn 10 1 — 
or 337 and „62 and i become 65 and * , Or 12967 and 
3 04 
2 8 


71 hg 7c become cf and Fg of e and IT ; 26 and Fae be 


come a* and a or ae and a5 8 and 


* 
come 24 and 2% or dada and . 3 Gabb and 184 become 
dad and [F077 7, G. | 


PROBLEM IX. 
21. To multiply or divide one Homogeneous Surd by another. 


Effection. 
1. Reduce the Exponents to the fame Denomination. (In. 107.) 
2. Add or ſubtract theſe Exponents ſo reduced, according as they are to 
be multiplied or divided (In. 153.) 
3. Set the Sum or Difference for the Exponent of the Product or Quoti- 
ent, and it is done. 


Examples 
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Examples in Multiplication. 
— rte 2— 1 


Erie Inx 52 2 AY ir 6. crete 
184 1 Saz. 24] 2 3b * * 1 7 fd 6ab a ©=6abuſy © - 3 xb? 


4 2 4 


er b. 2 2 =z eri 


Exampies in Diviſion, 


urn r mom nn Im 2 8 
42 * a7 a * m — gi” or a*. b 3 n 154-1 g 
22/077 = 50 Hg. babnſat- T 20 5 b=>b 3 =? 2 24. — 
1 
1 


PROBLEM X. 
422. To multiply or divide one Heterogeneous Surd by another. 


Effeftion. 
1. Reduce them to the ſarne Denomination (In. 420.) 
2, Mutiply or divide the Quantities ſo reduced by each other, ſetting the 
common Exponent over the Product or Quotient, and it 1s done. 


n in Mulliplication. 
12 1 7 
1 * rer Ng. * XC "IMG. Nu — .. 8 Dec. 


1 3 2 


5 x20 [c F=, 37 x 2a|cce ſee log fert 7p ax*x aan =ax®xgaxt= 
aaaxxx 7p NT . res 75 E Gs Tx [£ + : 2 30 I ax 


2 —— — 
(—X 2 Xxc— ® =bbe—bbx?. 
* N 1 1 


. T 
ax\bc*=a* a e 4e. — 2 2axb-+-24* a D-16475 


8-8-3441 64-32 n 
Examples 
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* in Divifon. 


; 3 | 
Dre - cc Ba; At or 54. 10a Peck Leg ß e 


5% as S>Saax3=ax?, 367 = 65 F . a 12 ＋ sc *=a. 484 Deb 
r 


—  ——— — 


r. N : I : 4 W 4 / 
4a=]3bc*. » 84% +104% 3 5558 24, ac — 2 i 6abb= 18) 


[a jog 
" [18abbb 
L r 1 I 4 
Fx) 15*— 6 ＋ 12? + ail 2 ＋·2 
1 
— 
4 7 
* — 62 bf 
1-008 * 
— 4 
— & # 
* 1 — * 
4 
: * 


Examples in Multiplication, when either or both the Fators are in this Hum, 
br called Univerſal Surds. | 


3+2 Nl. Nl 302 7—＋ 2 * or 162+ ” TY 45 


ET © 


. N 0 NE 15 4441 


2 3 


=113*, 37 


ro 1 whe 
& ä : 
; 4s 9 . PRE . Ro 

Xa? =3þ2* Xs? =3-þ2* OILED 


1 


7-81 25252 *—27]32 ＋ 911285 
| Examiie 


1 291 
Examples in Diviſion. 


Y — 1. 
a _—___ 
—. : * 


e e | 
162-8 * + goat af. 8-＋ 2B 45 st T4 s 


2 ( 1 
4 13 16—3 \4-3* 


—4l3 *—3 
— 
O O g 
OO 1 1 
1 Lot TS "'Y In 2p 4? 
3 ＋25 i . *—81]2 —27ʃ2 + 27/4 49] 128. 
2264671 | (25—27]4*+ 9147 | 


o _ o=81Þ* — 27% 5 
_— + Ms 
—81[2 3 — 272 s 


eee ee: 


27/4 * +g[128's 
. — 


; : 
SCHOLIUM V. 


423. The Addition and Subtraftion of impoſſible Roots is all one with that of 
real ones (In. 419.) But the Mulplication and Diviſion of the ſame is dif- 
ferent, For every Defective Quantity under its radical Sign is conſidered as 
Poſitive z and therefore the Products and Quotients made by ſuch, do al- 
ways keep the ſame Sign; fince otherwiſe a Poſitive or real Product would 
be raiſed from impoſſible Factors, which would be abſurd, 


A Examples 


130 
Examples by Addition and Subtraction. 


„ - „ „ 


1 1 55 : = 43 [== = 
T I 7 - y 
7 e _— [—32*H—162 = CA 
From [27 2 3—3 > 
n n r 
Subtract [—12 7 —12 * = 2— © 


Remains |—2 7 2 [—12* — |—3 2 


| — —_— —_— 
© 1 7ry Al = ＋ 2 N +1 
HI — 8 


„ 


ee, = 
15 = i 4 2659 
Nr e —6—6 «1-4 — F 

| rte in Diviſion, 


44d) el [3 (YEN ＋YονH 


157 . 


L311] 
13 AP) T7 — 10% CEE 5* bans! +655? 5 n 


- 


\ EA 
(; . 


o|—10*—6p—b* 
— p 
9,—107 - P 
8 
= 
—617g* 44175? 
* . I "4 ga : * — _ 
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CHA P. V. 
of the Invention of Diviſors. 


* 4 5 * 182 *. 4 I +. * 
n % by wx MEANS 
5 1 : by 


— 2 
* * | k 
1 [ 3 Ew 
3 Ras bt” 4 / — we ls ace; 


424. T* find the Diviſors of Quantity where it admits of Diviſion. 


The following Efection is taken from Sir 1/aac Newton's Algebra, 
= vo Pag. 38, Se. | 


If the Quantity be ſimple, divide it by its leaſt Diviſor, and the Quoti. 
ent by its leaſt Diviſor, till there remain an indiviſible Quotient, and you 
will have all the prime Diviſors of | that] Quantity. Then multiply toge- 
ther each Pair of theſe Diviſors, each Ternary [or three] of them, each Qua 
ternary, Fc. and you will alſo have all the compounded Diviſors. As, if 
all the Diviſors of the Number 60 are required, divide it by 2, and the 
Quotient 30 by 2, and the Quotient 15 by 3, and there will remain the 
indiviſible Quotient 3. Therefore the prime Diviſors are 1, 2, 2, 3, 5; 
thoſe compoſed of the Pairs 4, 6, 10, 15; of the Ternaries 12, 20, 30; 
and of all of them 60. Again, If all the Diviſors of the Quantity 2140 
are defired; divide it by 3, and the Quotient 7abb by 7, and the Quotient 
abb by a, and the Quotient bb by b, and there will remain the prime Quo- 
tient . Therefore the prime Diviſors are 1, 3, 7, a, b, 6; and thoſe 
compoſed of the Pairs 21, 3a, 3b, 7a, 7b, ab, bb; thoſe compoſed of 
the Ternaries 214, 210, 3ab, 3bb, 7ab, 7bb, abb; and thoſe of the Qui- 
ternaries 21ab, 21bb,. gabb, 7abb; that of the Quinaries 2140. After 
the ſame Way all the Diviſors of 24abb— Gaac are 1, 2, a, bb— ga, 
aa, 2bb—bac, abb—Jaac, 2abb—baac. 

If after a Quantity is divided by all its ſimple Diviſors, it remains [till] 
compounded, and you ſuſpect it has ſome compounded Diviſor, [order it 
or] diſpoſe it according to the Dimenſions of any of the Letters in it; and 
in the Room of that Letter ſubſtitute ſucceſſively three or more Terms 
of this Arithmetical Progreſſion, viz. 3, 2, 1, 0,—1, —2, and ſet the 
reſulting Terms together with all their Diviſors, by the correſponding 
Terms of the Progreſſion, ſetting down alſo the Signs of the Diviſors, both 
Afirmative and Negative. Then ſet alſo down the Arithmetical Progrel-' 
ſions which run through the Diviſors of all the Numbers proceeding from 
the greater Terms to the leſs, in the Order that the Terms of the Progrel- 
ſion 3, 2, 1, O, —1, —2, proceed, and whoſe Terms differ either by Unity, 


or by ſome Number which divides the higheſt Term of the Quantity or 
poled, 
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poſed, If any Progreſſion of this kind occurs, that Term of it which 
ſtands in the ſame Line with the Term o of the firſt Progreſſion, divided by 
the Difierence of the Terms, will compoſe the Quantity by which you are 
to attempt the Diviſion. | 

As if the Quantity be a*—xx—10x--6, by ſubſtituting, one by one, 
the Terms of this Progreſſion 1. 0. —1, for x, there will ariſe the Num- 
bers —4, 6, -+ 14, which, together with all their Diviſors, I place right 


againſt the Terms of the Progreſſion 1. 0. —1. after this Manner: 


11 4 


1. 2. 4. ＋ 4. 
o 61. 2. 3. 6. 3. 
—1 141. 2. 7. 14. 2. 


* 


Then, becauſe the higheſt Term à“ is diviſible by no Number but Unity, 
I ſeek among the Diviſors a Progreſſion whoſe Terms differ by Unity, and 
(proceeding from the higheſt to the loweſt) decreaſe as the Terms of the 
lateral Progreſſion 1. 0.—1. And I find only one Progreſſion of this Sort, 
viz. 4. 3. 2. whoſe Term therefore + 3 I chuſe, which ſtands in the ſame 
Line with the Term o of the firſt Progreſſion 1. 0. —1. and I attempt the 
Diviſion by x—3, and [find] it ſucceeds, there coming out xx—4x—+2. 

Again, if the Quantity be 6yt—y3—21yy-|-33y-20, for y I ſubſtitute ſuc- 
ceſſively 1.0.—1. and the reſulting Numbers 7. 20. 9, with all their Diviſors, 
place by them as follows: 


And among the Diviſors I perceive there is this decreaſing Arithmetical Pro- 
greſſion 7. 4. 1, The Difference of the Terms of this Progreſſion, viz. 3 
divides the higheſt Term of the Quantity 69%. Wherefore I adjoin the 
Term , which ſtands [in the Row] oppoſite to the Term o, divided by 
the Difference of the Terms, viz. 3. and e the Diviſion by A, 
or, which 'is the ſame Thing, - by 3y-|-4, and the Buſineſs ſucceeds, there 
coming out 2%y—2y5y—3y—+5. 

And fo, it the Quantity be 244%—504*-|-49a%=1404*--644-4-30, the 
Operation will be as follows: 


2] 42 1.2.3.6.7,14.21,42 3-+3.+ 7. 


10 2311.23, I—1.+ 1. 
o 30 1. 2.3.5. 6. 10. 13.30 f—1.—5.— 5. 


1 297Jt.3.9. 11.27.33. 99.297—3.—9.—11. 
1 Here 
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Here are three Progreſſiong, whoſe Terms —1.—5.—5. divided by the Dit. 
ferences of the Terms 2, 4, 6, give three Diviſors to be try'd a—z, 4—+, and 
a—Z. And the Diviſion by the laſt Diviſor a—+, or 6a—5, ſucceeds, there 
coming out 44*%—5a*-449—20a—6, | 

If no Diviſor occur by this Method, or none that divides the Quantity 
propos'd, we are to conclude, that that Quantity does not admit a Diviſor 
of one Dimenſion. But perhaps it may, if it be a Quantity of more than 
three Dimenſions, admit a Diviſor of two Dimenſions. And if ſo, that Di- 
viſor will be found by this Method. Subſtitute in that Quantity for the 
Letter for Species] as before, four or more Terms of this Progreſſion 3, 2, 
I. 0.—1.—2.—3. Add and ſubtract ſingly all the Diviſors of the Number, 
that reſult to or from the Squares of the correſpondent Terms of that 
Progreſſion, multiply'd into ſome Numeral Diviſor of the higheſt Term of 
the 1 propos'd, and place right againſt the Progreſſion the Sums and 
Differences, Then note all the collateral Progreſſions which run through 
thoſe Sums and Difference. Then ſuppoſe + C to be a Term of ſuch a prime 
Progreſſion, and + B the Difference which ariſes by ſubducting + C from 
the next ſuperior Term which ſtands againſt the Term 1 of the firſt Pro- 
greſſion, and A to be the aforeſaid Numeral Diviſor of the higheſt Term, 
and / [to be] a Letter which is in the propos'd Quantity, then A //+B/zC 
will be the Diviſor to be try'd. 

Thus ſuppoſe the propos d Quantity to be x%—x%#—zxx4-12x—6, for «| 
write ſucceſſively 3, 2, 1, 0,--1, and the Numbers that come out 39.6. 1.—6. 
—21.--26. I diſpoſe [or place] together wich their Diviſors in another Co- 
lumn in the fame Line with them, and I add and ſubtract the Diviſors to and 
from the Squares of the Terms of the firſt Progreſſion, multiply*d by the 
Numeral Diviſor of the Term &, which is Unity, viz. to and from the 
Terms 9.4.1.0.1.4, and I diſpoſe likewiſe the Sums and Differences on the 
Side. Then I write, as follows, the Progreſſions which occur among the 
ſame. Then I make uſe of the Terms of theſe Progreſſions 2 and —3, which 
ſtand oppoſite to the Term o in that Progreſſion, which is in the firſt Co- 
lamn, ſucceſſively | 


3139 1.3-13.39]9 —30.,—4.6.8.10.12.22.48ſ—4. 6 
2J 611.2. 3. 6[4|—2.1.2.3.5.6.7.10, 2. 3 
I] 111, ſiſo. 2. O0. 0 
o| It. 2. 3. 6% —6.—3.—2.—1. 1. 2.3. 6 2—3 
—1]211]1.3. 7.211 —20.—6.—2. 0. 2.4. 8.22 4—6 
—21260T. 2. 13.264 —22.—9.2. 3.5.6. 17.30 6—9 


for æ C, and I make uſe of the Differences that ariſe by ſubtracting theſe 


Terms from the ſuperior Terms o and o, viz. —2 and +3 reſpectively - 
| X B, 
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=B. Alſo Unity for A; and for J. And ſo in the Room of AIK BIC, 
I have theſe two Diviſors to try, viz. xx--2x—2, and #x—3x4-3, by both 
of which the Buſineſs ſucceeds. 

Again, if the Quantity 33*—64% 3—8yy—14z-14 be propoſed, the 
Operation will be as follows. F irſt, I attempt the Buſineſs by adding and 
ſubtracting to and from the Squares of the Terms of the Progreſſion 1. o. 
t, making uſe of 1 firſt, but the Buſineſs does not ſucceed. 


317 27 MIA 

20 380.2. 19.3 80 2 16—7. 10. 11. 13. 14.3 1.30 —7.—11 
1 Ir. 2. 5.10] 3—7.— 2. 1. 2. 4.5. 8. 13 . 3 

_ 14—7.—2.—1.1.2.7.14 |y.— 1 
1 IO[I.2, 5.10] 3—7.—2. 1.2.4.5. 8.13 —7.— 7 
— 21190 12 [—7.—13 


Wherefore, in the Room of A, I make uſe of 3, the other Diviſor of the higheſt 
Term; and theſe Squares being multiply'd by 3, I add and ſubtract the 
Diviſors to and from the Products, viz. 12.3.0.3. and I find theſe two Pro- 
greſſions in the reſulting Terms, —7.—7.—7.—7, and 11. 5,—1.-7. For 
Expedition ſake, I had neglected the Diviſors of the outermoſt Terms 170 
and 190. Wherefore, the Progreſſions being continued upwards and down- 
wards, I take the next Terms, viz. —7 and 17 at the Top, and —7 and 
ig at Bottom, and I try if theſe being ſubducted from the Numbers 27 
and 12, which ſtand againſt them in the 4th Column, [their] Differences di- 
vide thoſe [ Numbers] 170 and 190, which ſtand againſt them in the ſecond 
Column. And the Difference between 27 and —7, that is, 34, divides 170; 
and the Difference of 12 and —7, that is, 19, divides 190. Alſo the Dif- 
ference between 27 and 17, that is, 10, divides 170, but the Difference be- 
tween 12 and — 13, that is, 25, does not divide 190. Wherefore I reject the 
latter Progreſſion. According to the former, + C is —7, and FB is no- 
thing; the Terms of the e having no Difference. Wherefore the 
Diviſor to be try'd AI I& BIX C will be 33y47. And the Diviſion ſuc- 
ceeds, there coming out z#—2yzy—2y-h2. 

If after this Way, there can be found no Diviſor which ſucceeds, we are 
to conclude, that the propos'd Quantity will not admit of a Diviſor of 
two Dimenſions. The ſame Method may be extended to the Invention of 
Diviſors of more Dimenſions, by ſeeking in the aforeſaid Terms and Dit- 
ferences, not Arithmetical Progreſſions, but ſome others, the firſt, ſecond, 
and third Differences of whoſe Terms are in Arithmetical Progreſſion: But 
the Learner ought not to be detain'd about them. 

Where there are two Letters in the propos'd Quantity, and all its Terms 
aſcend to equally high Dimenſions; put Unity for one of thoſe Letters, 

then 


— — — — 
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then, by the preceding Rules, ſeek a Diviſor, and compleat the deficient 
Dimenſions of this Diviſor, by reſtoring that Letter for Unity. As if the 
Quantity be > Wy Po MER where all the Terms are of four 
Dimenſions, for c I put 1, and the Quantity becomes 60 9 21 f 37 
20, whoſe Diviſor, as above, is 33-4 3 and having compleated the deficient 
Dimenſion of the laſt Term by a [correſpondent] Dimenſion of c, you have 
3)+4c [for] the Diviſor ſought. So, it the Quantity be a- -M. 
1 263x—614, putting. 1 for &, and having found xx-þ2x—2 th: Diviſor of 
the reſulting Quantity a*—a3—gxxþ12x—6, I compleat its deficient Di. 
menſions by [reſpective] Dimenſions of b, and ſo I have xx-+25x-j-24b the 
Diviſor ſought. : / 

Where there are three or more Letters in the Quantity propos'd, and all 
its Terms aſcend to the ſame Dimenſions, the Diviſor may be found by the 
precedent Rules; but more expeditiouſly after this Way: Seek all the Di- 
viſors of all the Terms in which ſome [one] of the Letters is not, and alſo 
of all the Terms in which ſome other of the Letters is not; as alſo of all the 
Terms in which a third, fourth and fifth Letter is not, if there are ſo man 
Letters; and ſo run over all the Letters: And in the ſame Line with cho. 
Letters place the Diviſors reſpectively. Then ſee if in any Series of Divi. 
ſors going through all the Letters, all the Parts involving, only one Letter 
can be as often found as there are Letters (excepting only one) in the Quan- 
tity propos'd; and [likewiſe] if the Parts involving two Letters [may be 
found] as often as there are Letters (excepting two) in the Quantity pro- 
pos'd. If ſo, all thoſe Parts taken together under their | proper ] Signs will 
be the Diviſor ſought. | 

As if there were propos'd the Quantity 12x%—14bxx+9cxx—1 2bbx— 
6bcx-8ccx-813—1 2bbe—4bced-6?;, the Diviſors of one Dimenſion of the 
Terms 8b6—12bbc—4bcc-1-6*; in which x is not found out (by the preceding 
Rules) will be 2b—3c, and 4 -c; and of the Terms 124 -9gcxx-|-8cox+ 
63, in which b is not, there will be only one Diviſor 4x+3c ; and of 
the Terms 12a%—14bxx—126bbx—-813, in which there is not c, there will be 
the Diviſors 2x—b and 4x—26b, I diſpoſe theſe Diviſors in the ſame Lines 
with the Letters x, , c, as you here ſee; 


x | 2b—9c. 4b—6c, 
b Age. 


„ 2K. 4x—26, 
Since there are three Letters, and each of the Parts of the Diviſors only in- 
volve one of the Letters, thoſe Parts ought to be found twice in the Series of 
Diviſors. But the Parts 40, 6c, 2x,b of the Diviſors 4b—6ec and 2x—b, on- 


ly occur once, and are not found any where out of thoſe Diviſors 9 
| they 
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they are Parts. Wherefore I neglect thoſe Diviſors. There remain only 
three Diviſors 2b—3c, 4x—+3c, and 4x—2b, Theſe are in the Series going 
through all the Letters x, b, c, and each of the Parts 2b, ze, 4x, are found 
in them twice as ought to be, and that with the ſame Signs, if only the 
Signs of the Diviſor 2b—3c be changed, and in its place you write —2bj- 
3c. For you may change the. Signs of any Diviſor. I take therefore all 
the Parts of theſe, viz. 2b, 3c, 4x once | apiece] under their proper] Signs, 
and the Aggregate —244-3c-4x will be the Diviſor which was to be found. 
For if by this you divide the propos'd Quantity, there will come out 3xx— 
zx -c Ab. 

Again, if the Quantity be 124 —10ax*—9ba*—26a'x* 2, |-6bbx*—+- 
244*xx—8aabxx—8abbxx—24Þ*xx—40*bx +baabbx—12at*x+18(*x + 124% 
-324a6*—1215, I place the Diviſors of the Terms in which x is not, by x; 
and thoſe Terms in which à is not, by a; and thoſe in which & is not, by 5, 
as you here ſee, Then I perceive that all thoſe that are but of one Dimenſion are 


b. 2b. 4b. aa-+-3bb. za. -G. aa I 20. 
* | bb—3aa. 2bb—baa. 4bb—12aa. e 


a laxx—3bx-+2bb. 12xx8—2bx-|-6bb. 
3 b. 2K. 3x44. 6-84. 3ZXX-—40x, Gxx— Sax. 
zxx Ea gad. A ZA -. 


to be rejected, becauſe the Simple ones, 6. 26. 4b. x. 2x, and the Parts of the 
compounded ones, 344. 6x—8a, are found but once in all the Diviſors; 
but there are three Letters in the propos*'d Quantity, and thoſe Parts in- 
volve but one, and ſo ought to be found twice. In like Manner, the Di- 
viſors of two Dimenſions, aa-3bb. za -b. 44a Ib. bb—3aa. and 4b 
—12aa I reject, becauſe their Parts aa. 244. 4aa. bb. and 446. involvin 
only one Letter @ or b, are not found more than once. But the Parts 26 
and 6aa of the Diviſor 24b—6aa, which is the only remaining one in the 
Line with x, and which likewiſe involve only one Letter, are found again 
[or twice], viz. the Part 265 in the Diviſor 4xx—3bx--24b, and the Part 
baa in the Diviſor 4xx42ax—6aa, Moreover, theſe three Diviſors are in 
a Series ſtanding in the ſame Lines with the three Letters x, a, 6; and all 
their Parts 25, 6aa, 4xx, which involve only one Letter, are found twice 
in them, and that under their proper Signs; but the Parts 36x, 2ax, which 
involve two Letters, occur but once in them. Wherefore, all the divers 
Parts of theſe three Diviſors, 206, 6aa, 4xx, 3bx, 2ax, connected under 
their proper Signs, will make the Diviſors ſought, viz. 2bb==6aa--4xx—36bx 
Hax. I therefore divide the Quantity propos'd by this [ Diviſor] and there 
ariſes 3 -a ν, - 


K If 
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If all the Terms of any e are not equally high, the deficient Di. 
menſions muſt be filled up by the Dimenſions of any aſſumed Letter; then 
having found a Diviſor by the precedent Rules, the aſſumed Letter is to be 
blotted out. As if the Quantity be 12x%*—14hxx—-9xx—1 2bbx—bbx-8x-. 
8þ.—126*--466,; aſſume any Letter, as c, and fill up the Dimenſions of 
the Quantity propos'd by its Dimenſions, after this Manner, 12x%—1 4þxy 
+ 9cxx—1 2bbx—bbex-Brex +85 12bbe—q4bce-6c3, Then having found 
out its Diviſor 4x—2b-+-3c, blot out c, and you'll have the Diviſor required, 
viz. 4X—2b—-3, | 

Sometimes Diviſors may be found more eaſily than by theſe Rules. As if 
ſome Letter in the propos'd Quantity be of only one Dimenſion, you may 
ſeek for the greateſt common Diviſor of the Terms in which that Letter i 
found, and of the remaining Terms in which it is not found; for that Dj. 
viſor will divide the whole. And if there is no ſuch common Diviſor, there 
will be no Diviſor of the whole. For example: If there be propos'd the 
Quantity -g - S - r 8a*x—cx?-acxx-Baacx—ba—84+, let there 
be ſought the common Diviſor of the Terms —cx*—acxx—-8aacrx— bai, in 
which c is only of one Dimenſion, and of the remaining Terms - ga“ 
8aaxx EI 8Aπν 8a, and that Diviſor, viz. xx--2ax—2aa, will divide the 
whole Quantity. | 

But the greateſt common Diviſor of two Numbers, if it is not known [or 
does not appear] at firſt Sight, is found by a perpetual Subtraction of the 

leſs from the greater, and of the Remainder from the | laſt Quantity] ſub- 
tracted ; and that will be the ſought Diviſor, which leaves nothing. Thus, 
to find the greateſt common Diviſor of the Numbers 203 and 667, ſubtract 
thrice 203 from 667, and the Remainder 58 thrice from 203, and the Re- 
mainder 29 twice from 58, and there will remain nothing; which ſhews, that 
29 is the Diviſor ſought. 

After the ſame Mannnr the common Diviſor in Species, when it is com- 
pounded, is found, by ſubtracting either Quantity, or its Multiple, from 
the other; if thoſe Quantities and the Remainder be ordered | or ranged] 
according to the Dimenſions of any Letter, as is ſhewn in Diviſion, and be 
each Time managed by dividing them by all their Diviſors, which are either 
Simple, or divide each of its Terms as if it were a Simple one. Thus, to 
find the greateſt common Diviſor of the Numerator and Denominator of 


. X4—-2ax*—84axx-5-1 84*%X—84* ; 
this Fraction — — e = - „ multiply the Denominator by x, 


that its firſt Term may become the fame with the firſt Term of the Numerator. 

Then ſubtract it, and there will remain —2ax*+1 24a%#—844, which, being 

rightly ordered by dividing by —za, becomes x*—bax*—+44?. Subtract 

this from the Denominator, and there will remain —axx—2aax+24% which 

again divided by —a becomes xx45-2ax—2aa, Multiply this by x, _ 8 
| | F 
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firſt Term may become the ſame with the firſt Term of the laſt ſubtracted 
Quantity x3—648x-1-44?, from which it is to be [likewiſe] ſubtracted, and 
chere will remain —2axx—4aax4-44?, which divided by za, becomes alla 
K* A4 24a. And ſince this is the ſame with the former Remainder, and 
conſequently being ſubtracted from it, will leave nothing, it will be the 
Diviſor ſought; by which the propos'd Fraction, by dividing both the Nu- 
merator and Denominator by it, may be reduced to a more Simple one, vix. ta 
ASA. 
34 

And ſo, if you have the Fraction 

645-1 5a%—4 a3fc—1oaabce 
9a%Y—27aabc—babic186b 

its Terms muſt be firſt abbreviated, by dividing the Numerator by aa, and 
the Denominator by 35: Then ſubtracting twice 34?— ↄaac — 2acc--bc? 
156 —1Obce, 
18c — 2c 
Which being ordered, by dividing each Term by 54--6c after the ſame 
Way as if 55-t6c was a ſimple Quantity, it becomes 344—2cc. This be- 
ing multiply'd by a, ſubtract it from 34*—o9aac—zacct+ter?, and there 
will remain —gaac-+6:?: which being again ordered by a Diviſion by —gc, 
becomes alſo 3aa—2cc, as before. Wherefore 34a—-2cc is the Diviſor ſought. 
Which being found, divide by it the Parts of the propos'd Fraction, and 
223+ 5aahb =, 
3ab - f 

Now, if a common Diviſor cannot be found after this Way, it is certain 
there is none at all; unleſs, perhaps, it be one of the Terms that abbreviate 


the Numerator and Denominator of the Fraction: As, if you have the Frac- 
aadd—ccdd—aaccH 


4aad—qacd—2acct 20? 


from 64*+-15aab— gacc — nobce, there will remain TN 


you'll have 


tion and ſo diſpoſe its Terms, according to the 


Dimenſions of the d, that the Numerator may become 3 hv a and 


the Denominator S Tr This muſt firſt be abbreviated, by divi- 
ding each Term of the Numerator by aa cc, and each of the Denominator 
by 2a—2c, juſt as if aa—cc and 24—2c, were ſimple Quantities ; and ſo, in 
Room of the Numerator there will come out dd—cc, and in Room of the 


the Denominator zd, from which, thus prepared, no common Diviſor 


can be obtained. But, out of the Terms aa—cc and 24—2c, by which both 
the Numerator and Denominator are abbreviated, there comes out a Di- 
viſor, viz. a==c, by which the Fraction may be reduced to this, vie. 


add 


— — — r GT TOO. 


—— : n 
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addieddemacc—d Now, if neither the Terms aa—cc and 24—2ce had 


4ad— cc 

not had a common Diviſor, the propos'd Fraction would have been irre. 
ducible. | 

And this is a general Method of finding common Diviſors ; but moſt 

commonly they are more expeditiouſly found by ſeeking all the prime Di. 

viſors of either of the Quantities ; that is, ſuch as cannot be divided by 


others, and then by trying if any of them will divide the other without 3 


FEM —þ 
Fa aal 6? to the leaſt Terms, you 
aa—ab 


muſt find the Diviſors of the Quantity aa—ab, viz. a and a—b ;” then you 
muſt try whether either a, or -, will alſo divide a?—aab-abbt with. 
out any Remainder. 


Remainder. Thus, to reduce 


The End of the Third P A R T. 
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ARITHMETICAL INSTITUTIONS. 
P: ARE... | 
Of the Doctrine of EQuarTr1ons. 


w 1 F 


_— ——— * 
— 


C H A | ola © 
of Equations in General. 


DErilxITIOV I. 
N Equation is ee of the Equality between two or more 
Quantities, whereof one or more is unknown. 


* 
DErixITION II. 


426. The Regiſtring an Equation is the noting down in the Margin how it 
is formed from one or more preceding ones; as in the following Froceſo: 
where note, that if any Number be inſerted in the Regiſter which is not the 
Number of ſome foregoing Step, it is diſtinguiſhed by a Line drawn over 
its Head, as the Number 5 in the gth Step following. 


— — 


—— 


Regiſter. | Steps. | Proceſs. | Explanation, 
LEY 1 | 8 =az | The firſt Step. 
2 e = 8 | The ſecond Step. 
1 *. 3 A e 32 iſt Step added to the Second. 
1—2 4 a—e=16 2d Step ſubtracted from the Firſt. 
I x 2 5 ae= 192 1ſt Step multiplied into the Second. 
i+S2 | 6 | == 3 iſt Step divided by the Second. 
2 &* | 7 ee= 64 2d Step ſquared. 
4w* | 8 } a—e*=4, | The Square Root of the 4th Step. 
2—2 3519 5823 zd Step leſs 5 tp | 
4 | | 
6, 9, | 10 re- | 6th Step compared with the oth. 


A And 
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And this Method of Regiſtring Operations was firſt introduced by che in. 
genious Dr, Jobn Pell. | h 


DEFINITION III. 

427. Reduflion of Equations is the bringing an unknown Quantity to 
one fide, that its Value may be diſcovered; and is performed ſix ſeveral 
Ways, viz. by Addition, SubtraFion, Multiplication, Diviſion, Involution, 
and Evolution, | 


DEF1NnIiTIon IV. 


428. Reduftion by Addition is the tranſpoſing or removing a Defective 
Quantity to the contrary ſide of the given Equation, with the Sign ＋ before 


it. Ex. gr. 


If 1 | a=—=$=2Z 
then becauſe | 2 XX 
+ 1 3 | a=z-rx (In. 60, 68.) 


DEriINITION V. 


429. Reduftion by Subtradtion, is the removing a Poſitive Quantity to 
the contrary ſide of the Equation, with the Sign — before it. Ex. gr. 


If 1 | a—#=z 
then becauſe | 2 Xx 
7. | 3 | a=z—x (In 63, 68.) 


CoroLLary I. 
430. Hence it is plain that any Quantity may be tranſpoſed to the con- 
trary ſide by only changing its Sign. 


CoROLLARY II. 


431. And if the ſame Quantity be affected with the ſame Sign on both 
ſides an Equation, or with different Signs on the ſame ſide, it deſtroys it 
ſelf, Ex. gr. If b-2c=tty, then by ſubtracting þ from both ſides of the 


Equation, 2c=y : So if y—a=r—a by adding à to both ſides, r. 


CoroLLary III. | 
432. If all the Terms in an Equation be tranſpoſed to the ſame ſide, 
they will equal O0. Ex. gr. If a= 2, then A—XFZ=0, If aa ga 
then aq—2ba—bb=o (In. 64) 


Drrrxfirrox 


7 
1311 
DEFINITION VI. | 


433. Reduftion by Multiplication is the bringing an Equation out of 
Fractions, by multiplying their Denominators into every Term of the 


Equation, Ex. gr. 


1 2 dd ad 

as 

> ad 
E 
% | 3 [ca= dd — _ (In. 71.) 

** e 


4 racd 5 lea ＋ acd = bad, (In. 428.) 


DERYHINITION VII. : 


434. Reduction by Diviſion is performed by dividing the higheſt Power 
of the unknown Quantity by every Factor into which it is multiplied, 
and every Term in the Equation by every Factor which can be found. 


in them all, 


| Example 1. 
1 [fa*—bca=bd—b 
I—b | 2 |ba*—ca=d—1 (In. 77.) 


2+ | 3 [= Jo= n. 77.00 


Example 2. 


1 | Pa*—bia*=bd—b - 
12 2 ba*—ca*=d—1 h 


DEFINITION VIII. 


435. Reduction by Involution is the bringing an Equation out of Surds by 
tranſpoſing the Surd Quantity to one ſide, and then involving each ſide as the 
fractional Exponent ſhall direct. 


Example 


Suppoſe 


gy 


48. 


5 ＋ * 
6 29 


LA | 


Example 1. 


k * 1 
a*x+2axx—x* 3-x=a 
1 


a , -& 3I=g—gx 


2 
3 t - a -g - & (In. 146.) 


Example 2. ſ 


1 


„er Ler- eh 
ay H= (In. 146.) 


o=ajz— alya—yy * 


— Sn BCT IN 4 
a D Say, or a- 3 
ya—y=y* (ln. 146.) 
az. 
| a=2y 


[| 
— 
— 
— 
2 
+». 
V3 
+ 
— 


Drriyvirriox. IX. 


436. Reduction by Evolution is performed by bringing all the Powers of the 
uantity ſought to one ſide of the Equation, and then extracting the Root, 
as the higheſt Exponent of the unknown Quantity ſhall direct. 


Suppoſe 
1-2ac 
2u0* 
g= 


TT. 


> 0 m 


Example 1, 
aa T cc bb 2a 


aa - 2a c bb 


a c= (In. 146.) 
a=b—c 


Examples 2. 


I 852 A TZ2LZ L322 : Tz 
| x ; 


[2] a= = dn. 146 & 158.) 


L 
x3 


Example 


[5] 


Example 3. 


Suppoſe 7 1 Ls 3ccaa-ciia > ac. ce 
| 1 7 


or EE NN 
r 5 34*--2ca A 6 (In. 418.) 


C ' 3 I 
2 7” * 3% —34 KT ca ＋ a= 

3—4 | 4%%— 3a T2 =(—@ 

408 519b—30a*þica="==zca-|-a* 
5+3a* GVZ = -c t 
G27 | rbb=re—gcad-408 

Tus vg] =c—24 
STA | gab 


ParTITION I. 
438. The prime Diſtinction of Equations is into Final and Mixed. 


CHAP. II. 
Of Final Equations in General. 


DRFPINITIO W X. 


Final Equation is that which contains it but one unknown Quantity 
of which kind are all the Examples hitherto brought. 


7 A 
DrriIxIT ION XI. 


439. In every Equation where ever a known Quantity is multiplied into an 
unknown one, the former is called the Coefficient. of the latter: as the Quan- 


tities u, p, in the Equations #*+na*-+-pa=9. 
B DzF1NITION: 


8 164 


Dzrinirion XII. 


440. Final Equations are ſaid to be of One, Tu, Three, &c, Dimenſions, 
according as the higheſt Powers of their unknown Quantities are of One, 
Two, Three, &c. Dimenſions : Thus g+b=c is an Equation of One Dimenſion; 
8a-a=b an Equation of Tivo Dimen/ions ; a- Ha of Three; a*=b—c of 
Four, Sc. 


PARTITION II. 


441. And thoſe Equations, which are only of one Dimenfion are termed Simple, 
the reſt Compound. 


DEFINITION XIII. 


442. That Compound Equation is faid to be Quadratic, where the higheſt 
Dimenſion of the unknown Quantity is a Square; that Cubic, where it is a 
Cube; that Biquadratic, where it is. a Biquadrate; &c. 


DEFINITION XIV, 


443. The Root or firſt Power of the unknown Quantity is called the Root 
of the Equation. 


| DETINITION XV. ” | 
444. And the Sum of all the known Quantities, whith are not multiplied 
oy * Root or any Power of it under their proper Signs, is called the Ab/olute 
umber. | 


PARTITIOV III. 
445. Compound Equations are either Inadſected or Adfected. 


DEFINITION XVI. 


446. A Compound Inadfected Equation is that which has its unknown 
Quantity of the ſame Dimenſion in every Term where it occurs; as in theſe 


&8—b=c, xa*—z4*=d or Lad, Se. 


CoRoLLARY IV. 
44. Therefore the Management of Compound Inadfected Equations. is di- 
rectly as Simple Equations, only extracting the Root beſides, at the End of 
the Reduction, according as the Exponent ſhall direct. 


DrixirIox 


1 
DzerinitTion XVII. 


448, An Adfected Equation is that which has its unknown Quantity in dif- 
ferent Dimenſions. 


ParTITION IV. 
449. Adfected Equations are either Compleat or Incompleat, 


Dx riniTion XVIII. | 


450. A Compleat Adfected Equation has all the inferior Powers to the higheſt 
of the unknown Quantity compleat, as in theſe 244=16—14a, 44%þa=22+ 
3aa, a*—ba*=78—24*pa, 24\—3a*+ bai—a*--a=62, Cc. 


DzriniTion XIX. 


451. In all Adfefed Equations let the Terms be diſpoſed to the. ſame ſide of 
the Equation, according to the Dimenſions of the unknown Quantity, viz. 
let the higheſt Dimenſions be placed the firſt to the Left-hand, the next 
higheſt the ſecond, and ſo on, in ſach ſort that the Ab/elute Number be always 
the laſt Term, and if the firſt Term have a Coefficient, divide all by that. 
And this I call Preparing an Equation ; Ex. gr. the Equation 4a j-a=2:2--24* 
by due Preparation becomes a — 4a. ＋ $9=*&=22, or 4— 44. +4, — HA O 
(In. 432.) So 24-34 - 6A -. t =62 becomes 4. — 44. 34 — 242 + 
324-31 20. | 


ScyuoliuM I. v 


452. And note (in this Preparation) if the higheſt Dimenſion of the un- 
known Quantity be defective, all the Terms are to be tranſ poſed to the contrary 
ſide; Ex. gr. the Equation, 16-24 14a, becomes a*+7a—8=0, Or if you 
pleaſe the Abſolute Number may be ſuppoſed to be multiplied into a%=x 
(In. 154.) thus a*74a*—84%=0. 


Cox oLILARY V. 


473. Whence every Compleat Adſected Equation is of one Term more 
than the Number of ics Dimenſions (In. 407.) 


DxriniTion XX, 
454. An er ar Adfeted Equation, is that which wants ſome of the 
inferior Powers of its unknown Quantity to render it, Compleat ; as the Equa- 
tions 4'—4=10 or 4-4 10a o, where the ſecond Term a“ is wanting: 
; And 


81 


And 34 1923-24 or by Preparation a*+44*==6413=0, where the ſe- 


cond Term 4 and the fourth Term a“ are wanting. 


| hogs”  _CoroLLary VI. 
455. Whence an Incompleas Quadratic Equation cannot be Adfected. 


ScHoOLIUM II. | 
456. Every Compound Equation may be conſidered as a Compleat Adfected 
one, by ſupplying the Term or Terms which are wanting with a Cypher 
before them, thus, a*—bb=0 is a*4-04g*—hba®=o z a*—a'—-104%=0 is a o 
—0a*—104*=0; a*-3a*— o is a FO J t = O; a 


—{3=0 is a ο = = O, &c. 


CoROLLARY VII. 
457. If therefore a be put for the Root, m for the Exponent of its higheſt Po- 
wer ; # for the Sum of all the Coefficients of * under their proper Signs; p 
for the Sum of all the Coefficients of *; q of a 3 r of a, Sc. then all 


"Compound Equations whatever, after due Preparation, will be univerſally 


repreſented by 4* + nal pa _— ra Ka, Ce. =04, e. all 
Quadratic Equations by a & na #pa%=0 ; all Cubics by a*+ xa*t pa'tk ga%=0: 
all Biquadratics by a na pa*#qa'+ra*= o, Sc. according as m is put for 
1, 2, 3» 4, c. | 
PARTITION V. 
458. Prepared Equations in regard to their Roots, may be diſtinguiſhed 
into Explicable, and Inexplicable. 1 9) 


CHAP, III. 
Of Explicable Equations. 


" DeriniTioN. XXI. 


459. N Explic able Equation, is that which conſiſts of as many Roots as 
Dimenſions, Ex. gr. Suppoſe the unknown Quantity @ to have 


two yalueh, viz, a=#b, and a=#c; whence arb and axc=0o, then the 
\ Product 


[9] 
Product of axb=0Xaxc=0 will compoſe an univerſal Quadratic Equation, 


bac O or 4 axhe=0 (In. 457.) whoſe Roots are 45 and & c, 


and bc and hep. | 
Suppoſe à again to have a third Value, viz. a=#d; whence axd=0, then 


this multiplied into the Quadratic Equation will compoſe an univerſal Cubic - 


be : 
Equation, a ca . (In. 457.) whoſe Roots are æb, *c and 
c | 
+4, and Fbxcxyd=zxn, xbc+bdxcd==p, and bed . 
Again, ſuppoſe à to have a fourth Value, viz. a=+f, whence a o, 
then this multiplied into the Cubic Equation will compoſe an univerſal Bi- 


* bed 
b bd bef 
quadratic Equation a*%* ca%} t |, af axFbcdf=0 (In. 457.) whoſe 
= if | | 
cf 4 | 


2 : 
Roots are #b, =c, #d, and #f ; and Fbxcxdxf=xn, tbcxbdebfecdpcf==xp1 
TFbcaxbefebdfecdf=2q, and b Dr. NE | 

And thus by ſuppoſing à to have a fifth, ſixth, ſeventh, c. Value may 
univerſal Equations be raiſed of five, fix, ſeven, c. Dimenſions. And 


all Equations thus compoſed are termed Explicable. 


Corollary VIII. | | 


460. Hence in every Explicable Equation the Co- efficient » of the ſecond 
Term is equal to the Sum of the Roots affected with the contrary Signs; 
the Co- efficient of the third Term ↄ is equal to the Sum of the Products of 
every two Roots; the Co. efficient of the fourth Term Q to the Sum of the 
Products of every three Roots; the Co- efficient of the fifth Term r to the 
Sum of the Products of every four Roots, Cc. to the laſt Term or ab- 
ſolute Number, which is equal to the Product of all the Roots multiplied 
one into another, | 


For the Illuſtration of which take the following Examples: 


C 5 1 Example 


P ** 


ö 
ö 


. Example 1. 
a=Þ-bj1ja—b=0 * 
a2 — 4 1: +=0 
IX aH 
I x 2 | 7 = bc 
324 At b a=be=0 (In. 71.) 
. 

5 * po 7 Tz 
12 224 144d 
4 —-b —t 
7+8 lg 21 da 1 
a= e . 
ES + —b —- | 
9&2 11 a* * Ri of b+bcda 
4 he's 
| —bf 
* 112 + Fas . 
— 1 — 
1 | —þ 3-34 L cd 
1 121 lat Te —bf „ bf 
1-12 134 49? 4 47 Bed 
. —df 
Example 2. 
a=b | a—b=9 
G— —0] 2 O 

ixs |3| 4—53 
pxb 4) --ba—bb 
ALL, . | - Feb -O 
3+4 [5 2455. 

a = 6 a—b=0 
5X4 HA % 

x—bþ 8 —ba*—+#? 

eee 


I 


DEMONSTRATION 
To PROBLEM TI. 


| } IIe &c. e 
2 e &c. = 2 5 
3 1 I &c. =qe In. 460, 461. 
| 4 1 255 K * 2 r . 
| c. 
5 = TE —=A=n_ 
6 c +4*+f* &c. = B 
= be 4.43 V &c. = C 
1 8 + + 14+ + &c. =D 
| 9  +d*+/* &c. = E 
| hy &c. &c &c &c. 
IX5 10 A= Fete Sc. CI ragteiag G. 
2x2 1127 2bc-{-2bd+2bf--2:cd-2cf1-2f = : 


pods 452 — — Se. =B which was the firſt. 


—_ 


TELE LS No nl A Sc. i Sc. +d* xb4tf H 
e N x Fa Sc. Ge. 


1x6 13 | »B= 


% | 14 PA ** K. Te. e Oe, d. . 
| | RN Te, L e Te. 
gx3 | 15 | 3 3xIcd bf de ied Ges Ec. 


b* x: dt tr, + xb+dIÞ-f Oe Ad- . 
141561637 ; F, "Fe? XF FLY Oe. re XbTeTT GER 
#*xbþc id &c. Se. 
13—16 | x7 nB—pA3gz ++" Sc. % Which was the ſecond 


. „ ee e, er- Axa 
v9 15 nC= e &c N . Ge. 

C r, NN TO. h 

Nr . 

J+i*xcd-cfmaf &c. = &c, dx E Sc. 

AFN Nd c. Ee. 


216 19 B. 


N f Sc. 4+®xbd--bf-l-df Sc. d- f &c. 
1 r ν Tr. G. 
| (A, cd Te. &. 
1 11140 4 bed. bedg Ge. | 
FRED b*xcI Fj . x30 D. d- Vc. 
20—21 | 22 [7 8 N Sc. &. 


LL e Gu. e GT. 
19— 22 23 PB are DN Oc. 69, 


18—23 | 24 | C- Ar Ef: Sc. =D. Which was the third. 


And after the ſame Manner may be inveſtigated the Sums of the 5th, 6th, 7th, c. Powers as above. 
2. E. D. 


/ 


Place this Scheme facing Inſtitution 462, or pag. 11. Part IV. 


8 
114 

If in the firſt Example above = 2, — 23, d= A4, = 
3, then the . De will be 4 . . 4 = 2 
Equation (Step 9.) will be 4—34—1 24=0: the Biquadratic Equation 
(Step 13.) will be a%þ24%—252*ﬀ -264120=0. And each of theſe Roots 
or Values of @ ſubſtituted in the laſt Equation will make the whole equal 
to nothing, * 


Corollary IX. 

461. Hence whenever one Root of any Equation is found, if we divide 
by that Root, the Equation will ſtill be reduced to one Dimenſion lower. 

gr. in the Equation n if we have one Root found, 
viz. a=—1, or 24 1, then dividing by a1=0, the Quotient will be 
a +4a—6=0 the Cubic Equation reduced to a Quadratic. And if again 
this latter Equation be divided by a=2 or a—2=0, the Reſult will be 4-3 
=0, or 4=—3 the Quadratic Equation reduced to a Simple one. 2 


PROBLEM I. 
462. In any Explicable Equation. a” & na #pa*—-* + ga“ + ra*-+ e. 
=o from the given Coefficients , p, 4, 7, 5, &c. to find the Sam of the 
Squares, Cubes, Biquadrates, Sc. of their Roots, under their proper 


ns. 
8 Effeftion. - | | 
For z put: A = the Sum of all the Roots. under its-contrary Sign (In. 461.) 
and make B = the Sum of the Squares of the ſaid Roots, C the Sum of 
all the Cubes, D = the Sum of all the Biquadrates, E = the Sum of all che 
Fifth Powers, Cc. then I ſay that »#—2p=8B, or nA—2p=B, nB—p44-39 
SC, nC—pB4gA—4r=D, nD—jC--qgB—rdA+5f=E, &c. | 2 


You have che Demonſtration of this in. che annexed, Scheme. 


. 
- 
* 
: - f * 
* 
- " 
F 5 


Schorn 


[ 12 ] 
Scnorivm IN, 


463. But note, that becauſe A the Sum of all the 1ſt Rowers is here taken 
under the contrary Sign (In. 461.) therefore the Sums of all the odd Powers, 
wiz. C, E, E, I, &c. (or the 3d, 5th, 7th, gth, Cc. Powers) are by the 
foregoing Problem always exhibited under their contrary Signs. 

Ex. gr. Suppoſe the Equation a%—=22%—1 34*+144+24= o, whoſe Roots 


are —1+2—3+4=4=+2, conſequently B=+1+4+9--16=430, C 
1+8—27+64=+44, D=+1+16+81+256=+354. E=14-g8—243+ 
1024=—+812, F=+1-+641-529+4096=45-4890, Fc. But by the Co- 
efficients A=1n=—2, p=—13, q=-|-14, 7-24, whence B=nA—2p= 
[—2*—2|—|=26=4-4-+-26=+30 (In. 383, 392.) C=nB=pA-37= [m2 


XJ20]—ſ—13X2] 4-42= 60 —264-42=—44 : D=nC—pBlgA—4r 
=[=2XZ1|—|=13*Þ30| —|—14*—2] — 96=+88-- 390—28 —y96 
=—-354: E=nD—pC+gB—rA5= -3*+354 — ſ—=13X—44 + 14x 30 
—|+24*—2 +5x0=—708-572+420+48=—812: P=nEpD4-qC—rB 


. [13% F354) +1444 —24x30=1624+ 
4602—616—720=-+4899: &c. CRE 
Again ſuppoſe the Equation a*--24—5a—6=0 whoſe Roots are —1--2 

and —3, whence A=—2, B=—-14, C=—20, Dos, Fc. But by the 
Coefficients, A=n=—2, p=—5, q=—6, whence B=4414, C=-20, D- 
—98, &c. ; 
| Laſtly ſuppoſe the Equation 47 19a e , or a - 19 
whoſe Roots are -|-2-+3—5, whence Aro, B=30, C=—go, D=722, Cc. 
But by the Cocfficients A=n=0, B=38, C=90, D=722, &c. 


CoROLLARY X. 


464. Hence we may learn a Method to find the Roots of Explicable Equa* 
tions nearly, as follows. All 2d, 4th, 6th, 8th, Sc. Powers are Poſitive 


Quantities, whether their Roots be Poſitive or Defective (In. 393.) conſequent- 
ly the Terms B, D, F, II. &c. found as above, are every one greater than the 
reſpective Homologous Powers raiſed from the greateſt Root of the given 
Equation, whether that Root be Poſitive or DefeCtive : Or, which is the 


4 4 1 4 
ſame thing B* D* F I Ac. are every one greater than the ſaid greateſt 
„ Root 


[ 13 ] 


Root (In. 22.) But D is nearer equal to it than Bt, F* than Ds, FL than 


4 1 
F 2, K '* than H, Sc. ad infinitum : Whence it is eaſy, to conceive, how 
the greateſt Root of any given Equation may be approached to, nearer and 
nearer, Ex. gr. Suppoſe the Equation a*—2a'—1 3a*14a--94=0 were 
given to be reſolved. Here B=30, D=354, 4890, H=72354, &c. 
4 


L L 4 
therefore B*=5. 4 Fc. D*= 4.33 Cc. F* =4.09 Sc. H *=4.04 Sc. and 
conſequetny if the Root bean Integer it cannot exceed +4. I try therefore 
by ſubſtituting 1-4 for the Root which does not ſucceed, but —4 ſuccceeds, 
And the Equation being divided by a+-4=0 is reduced to this Cubic one 
a 24a —g4—68 Th. 

| PROBLEM II. 
465. In a given Explicable Equation, to find how many of its Roots are 
Poſitive, and how many Defective. 


Effeftion. 

When the Equation is prepared, as is directed above, begin at the Left- 
hand, and count how Changes there are in the Signs from -þ- to and from — 
to , and as many Changes as there are, ſo many are the Poſitive Roots; and 
as many Succeſſions as there are of the ſame Sign without Change, ſo many are 
the Defective Roots. Ex. gr. In the Equation a*%þ-24%—2 5a*—264a-+120=0 
the Signs are ++ — — +, which ſhews that there are two Poſitive Roots, 
becauſe there are two Changes of the Signs, viz. from to —, and from — 
again into - alſo two Defective ones, becauſe there are two Succeſſions of 
the ſame Sign; viz. E + and — —: Again, in the Equation a*—294%4 
244a*—576=0, or a%o0ai—294%04a)--244a*%hoa—576=0, the Signs 
are + — — +--—, which ſhews that there are three Poſitive Roots and 
three Defective ones, becauſe there are three Changes of he Signs, and three 
Succeſſions of the ſame Sign. Where note, that in this Cale the oigns of the 
inſignificant Terms, or thoſe which are taken to fill up the Equation, as the 
Terms oa“, 04?, oa above, muſt always be of the ſame Affection with the 


ſignificant Term immediately foregoing, 


CoROLLARY XI. 


466. If therefore the Roots of a given Equation be Rational, they may be 
diſcovered by ſeeking what two Factors, if the Equation be Quadratic; 
what three, if it be Cubic; what four, if it be Biquadratic, Sc. do make a 
Product equal to the laſt Term, and a Sum equal to the Coefficient of the 
ſecond Term with its contrary Sign: The Factors thus found are the Roots 
ſoughr, and by ſubſtituting each in the Equation, will make the Whole equal 


to nothing. | 
” D Example 


[14] 


Example 1. 


Let it be required to find the Roots of the Fquation a*4-ba—16=0. 
H*ro the Number of the Roots are two (In. 459.) the one Poſitive and the 


other Detofrive (In. 465.) then all the Divifors in the Abſolute Number 16 
are 1, 2,4, 8. 16, among, which I am to find two, whoſe Sum will make—6 
the Coethoiene of the con Term with its contrary Sign (In. 463.) but 
there aro 19 0527 wo among them of .contrary Affections whole Sum 
Will pow —0, and Product —-16, but z and —8, therefore +z and —8 


are the Roots required : for 2—2=0Xa-}-8=0==4%-þ 6a —16=0. And if 
＋2 and —$ be each ſubitituted ſor a, it will be, 


In the former Caſe. In the latter Caſe. 


1 „ I 4*=—B8x—8=-|- 64 

2 | FE = EX Z= 2 | +ba=þ+bx—8= —48 

3] —16 =—16 =—16 3 | —16=—16= =—16 

X a*+0a—16=0=0 - a*—ba— 16 = 0 
Example 2. 


Let it be required to find the Roots of the Equation a%—a*—179—15=0, 
Here the Number of Roots are three (In. 459.) one Poſitive and two De- 
fective (In. 465.) then becauſe 15=1x3x5, and —I—24-;=-+-1 the Co- 
efficient of the ſecond; Term with its contrary Sign; therefore —1, —3, and 


-|- 5 are the Roots required ſor a> ION Ez O = o — — 174 — 
15=0, And if —1, —3, +5 be each ſubſtituted for a, it will be 


bg= == 2 T= - 27 
—=———= —1 — — |—3X—g= —9 
1 1 7X—1 17 Tra 9 i =+;1 
— = —I5=—15 — = —15 =; 
4—4—174—15 25 O G'—a*—174—15= 0. 


125 


—25 


r == —B5 


TS. 


bg em] 7am 15= 


O 
: 4. 


SCHOLIUM 


L 15 1 


Sonhol run IV. 

467. The main of what is delivered in this and the two following Chapters, 
was firſt invented by that great Improver of Modern Algebra, and Honour 
to his Country, the celebrated Mr. Thomas Harriet; who, as Dr. Wallis in- 
forms v5, did Anno 1621, aged about 60 Tears, and was interr'd in 
St. Cpriſtoſs Church London. e e 93H ö 


* — 
2 


'*C H A P. III. 
On Inexplicable E quations. 


DEriINITIOR XXII. 


468. ' Nexplicable Equations are ſuch as- have not ſo many Roots as Di- 
menſions, 


| | | PARTITION VI. 
469. And theſe are either Total or Partial. 


| | Dzrini1iTI0N XXIII. 

470. An Equation Totally Inexplicable is that which has no real or poſſible 
Roots in Nature, either Poſitive or Defective, but only ſuch as are ſuppoſed 
to be extracted from a Defective Square, Biquadrate, fixth Power, Sc. 
which is impoſſible (In. 394.) therefore the Roots of ſuch Equations are 
called impoſſible or imaginary ; whoſe Compoſition is as follows. Suppoſe 


4 and = or which is the ſame thing a. - —5 
So, and a—|—z *—b= ©, then the Product of theſe two ſimple Equations 
will compoſe the Quadratic Equation es 
Again, Suppoſe 2 and a= ——2 1 or == * + & =o 
and a--|\—z ＋ o, the Product of theſe will. compoſe the Quadratic. 
Equation ae 750. | 
471. There-- 


L161 


CoroLLARY XI, 


| , 2 

471. Therefore all Quadratic Equations of this Form a # 2ab--4; =o. i.e. 
all which have the abſolute Number Poſitive, and greater than the Square 
of + the Co- efficient of the ſecond Term (or ſuch as have p greater 
than 4 un) are inexplicable. 77 85 


ScnoLivnm V. 


472. Put BB=bb-þ-z,, then all icable Quadratic Equations will fall 
under one of theſe Forms, a* -24b+ BB So, or a*—2ab+BB=o, and 
from the Multiplication of theſe together, or the Involution of each ſepa- 
rately, all Inexplicable Biquadratic Equations will be repreſented by 


4 4 4— 
a*+4ba? +4bb © BB - 8 
All Inexplicable Equations of ſix Dimenſions by 


+3BB , 12hBB, 3B. aer 
aba 41240 684% 4125. £6bB*a--B*=0 &c. &c. 
. CoroLLary XIII. 
473. Hence Equations zotally Inexplicable, can only be ſuch as are of an 
even Number of Dimenſions (In. 394.) 1 


| | DzriniTion XXIV. 

474. An Equation 'Explicable in Part, is that which is compoſed of an 
Explicable Equation, multiplied into an Inexplicable one; or it is that 
which has at leaſt one poſſible Root. 


| CoROLLARY : © + © MP 
78. All Equations which conſiſt of an odd Number of Dimenſions have 
at Tal one poſſible Root. 1 | 


„ PROBLEM III. | 


476. To know in general how many Roots of any given Equation are 
impoſſible. Newton's Algebra, p. 197. 


| Efetion. 
1. If the Equation be incompleat, compleat it (In 456.) 
2. Make a Series of Fractions whoſe Denominators are Numbers in this 


Progreſſion 1, 2, 3, 4, 5, Cc. going on to the Number which ſhall b. the 
ame 


Ben ] 

ſame as that of the Dimenſions of the Equatiot; and the Nutheratofs the 
ſame Series of Numbers in a contrary Order, | 
3. Divide each of the latter Fractions by each of the former, 
4. Place the Fractions that come out on the middle Terms of the Equation. 
5. Under the firſt and laſt Terms place the Sign +. 
6. Under every one of the middle Terms, if its Squate multiplied into the 

Fraction. ſtanding over its Head be greater than the Product of the 

Terms on both Sides, place the Sigh ; but if it be leſs, che Sign —. 
7. Count how many Changes there are in the Series of the underwritten 

Signs, from + to —, and — to +; and ſo many will be the Number 

of impoſſible Roots. 6 | 

Ex. gr. In the Equation a {paa=E3ppa—r=0o, I divide the ſecond of the 
Fractions of this Series x, 2, 4, viz. 3; by the firſt 2, and the third 3 by the 
ſecond 2, and I place the Fractions that come out, viz. $ and + upon the 
mean Terms of the Equation, as follows : | 

4 


De... 
4 ＋ pa -|-3 ppa -. 
Then becauſe the Square of the ſecond Term paa multiplied into the Frac- 
4 | | 
tion over its Head 3, viz. 8 is leſs than 3ypa*, the Product of the firſt 


Term à and third 37pa, I place the Sign — under the Term paa. But 
becauſe 9p%a* (the Square of the third Term 3ppa) multiplied into the Fraction 
over its Head 4 is greater than nothing, and therefore much greater than the 
negative Product of the ſecond Term paa and the fourth — , I place the 
Sign + under that third Term. Then under the firſt Term 4“ and the 
laſt — r, I place the Sign =; and the two Changes of the underwritten Signs, 
which are in this Series + — + +, the one from + into —, and the other 
from — into -+ ſhew that there are two impoſſible Roots. 


And thus the Equation a*—44%4+-44—6=0 has two impoſſible Roots 
7 | 


1 ""& 
2. Los-. 34220 
++ + —+ 
For this Series of Fractions +, +, 4, 1, by dividing the ſecond by the firſt; 
and the third by the ſecond, and the fourth by the third, gives this Series 
3537 3 to be placed upon the * of the Equation. =": the 
| uare 


1181 
Square of the ſecond Term which is here nothing, multiplied into the Frac- 
tion over head, viz. 3 produces nothing, which is yet greater than the De- 
ſective Product —645 contained under the Terms 4“ and —6aa. Wherefore 
under the Term that is wanting I write + 3; in the reſt I go on as in the 
former Example ; and there comes out this Series of the underwritten Signs 
— + + where two Changes ſhew there are two impoſſible Roots. 
And after the ſame Way in the Equation a*%—44*4-44* —244-—54—4=0 are 
diſcovered two impoſſible Roots, as follows : 5 
| 2 .4 11 
3 2 2 5 ' 
af —qu* -46)—20"”—54—4=9 


ihr pom $i + 


la 1 | ScnoriumMm VI. 

477. Where two or more Terms are at once wanting, under the firſt of 
the deficient Terms you muſt write the Sign —, under the ſecond the Sign 
—+, under the third the Sign —, and ſo on, always _— the Signs, ex- 
cept that under the Jaſt of the deficient Terms you muit always place +, 
where the Terms next on both Sides the deficient Terms have contrary 
Signs. As in the Equations 
| aba CO O a 
e 


4. Urls: Loa, oa +oa—b'=0 
++—'+ + + 


the firſt whereof has four, and the latter two impoſſible Roots. 


And 


r 
al- 24 -ꝰgãa 24 ,a 0a—3=0- 
Z 


has ſix impoſſible Roots. Newton's Algebra, page 198, 199. 


| | Corollary XV. | | 
478. Hence alſo'may be known whether the impoſſible Roots are among, 
the Poſitive or Defective ones. For the Signs of the Terms over head of the 
ſubſcribed changing Terms ſhew, that there are as many impoſſible Poſitive 
Roots, as there are Variations of them, and as many Defective ones, as there 
are Succeſſions without Variation. Thus, in the Equation 


2. —40%5-40%=2.4* —5a—4=0, 
—+ 


* 


becauſe 


[19] 
becauſe by the Signs writ underneath that are changeable, viz. +— , 
by which it is ſhewn there two impoſſible Roots, the Terms over-head —44* 
—+44%—24* have the Signs — + , which by two Variations ſhew there are 
two Poſitive Roots; therefore there will be two impoſſible Roots among the 
Poſitive: ones. Since therefore the Signs of all the Terms of the Equation 
+ —+— — — by three Variations ſhew. that there are three Poſitive 
Roots, and that the other two are Defective, and that among the. Poſitive 
ones there are two impoſſible ones; it follows that there are, one true 
Poſitive Root, two Defective ones, and two impoſſible ones. Now if the 
Equation. had been | 
a*—44*—44% - g -A o, 


then the Terms over- head of the ſubſcribed former Terms ＋ —, viz. —=4a*— 
46% by their Signs that don't change — and — ſhew that one of the De- 

cive Roots is impoſſible; and the Terms over the foregoing underwritten 
varying Terms — , viz. — 244 —5a, by their Terms not varying, — and 
—, ſhew that one of the Defective Roots is impoſſible. Wherefore, ſince 
the Signs of the Equation — —— — — by one Variation ſhew there is 
one Foſitive Root, and that the other four are Defective, it follows there is 
one Poſitive, two Defective, and two impoſſible ones. And. this is ſo where 
there are not more impoſſible Roots than what are diſcovered by the Rule 
preceding, For there may be more, tho* it ſeldom happens. Newton's 
Algebra. Pag. 199, 209. 


CHAP Y. 
of the Tranſmutation of Equations. 


DEPINITION XXV. 


479. JD Tranſmutation of Equations is meant the changiag them into 
other Forms, by means whereof their Reſolution is oftentimes 


lacilitated. 


PROBLEM IV. 


480. To change the Poſitive Roots of an Equation into Defective ones, 
and the Defective Roots into Poſitive ones. 


Effeftion.. 


L201 
* 5 \ * 
3 8 22 p , 


IP Een. * 2 | 1-4 

| Change the Sign of every other Term, i. e. of the ſecond, fourth, and 
fixth, &: Terms, and it * Ex: 75 the 1 a +tgat—2 20) 
514 120=0, changing the alternate Signs, becomes 45-34 
LE ee ee OE hs Berri Equation' conſiſts of two Pofitive 
and three Defective Roots, and the latter of three Poſitive, and two De- 
fectiyve Roots (In. 46g.) viz. the Roots of the former are +2, +4, —1, 
—3. —5, of the latter 1, +3, 4-5, —2, —4, (In. 466.) In like Man- 
ner the Equation a*{24*—254*—264a-120=0 whoſe Roots are +2, +4, 
—3, —5, becomes a*—24a%—25a*+26a+120=0 whoſe Roots are +3, +5, 
—2, —4. Again in the Equation a&—44*%44%i—22a*—5;a+4=0 (In. 478.) 
the three Poſitive Roots will be changed into Defective ones, and the two 
Defective ones into Poſitive, by changing the given Equation into a*+ 4 
44%j-24*—5a-+4=0, where the two impoſſible Roots, which lay hid in the 
former Equation among the Poſitive ones, lie hid in this latter among the 
Defective ones; ſo that there remains but one Root truly Defective. 


8 


PROBLEM V. 
481. To augment or diminith. the Roots of a given Equation by a given 
Quantity. 
EFection. | 
1. For the Quaintity, by which the Roots are to be augmented or dimi- 


niſhed, pur 2. 
2. Subſtitute y—2-every-where-in- the given Equatian far the Root, if it 
be augmented ; or yz if it be to be diminiſhed, and it is done. 


Example 1. 
Let it be required to augment the Root à of the Equation 4-34. — 104 


-24=0 by z=2. | | 
* Make a--2=y or a=y—2, whence a*=y* —45-4, a*=}%==6y* 1238, 
en 


ww 
— 1a = --) ＋-12)—8 2 J—2 
—jt= —3j* ＋ 12122399. 
—104= — 10yH-20=—10%5—2 
+2 4 ＋24 


M O NN mw 


a*—30%*—104--24=3%—99%44-14524=0 an Equation 
where Y -- 


112 ＋3—＋ 
Example 


E41 


Example 2. 
Let it be required to diminiſh the Root à of the Equation a —38*—109-- 


240 by 2=3. | 
Make 4-—3==y or 6=3-þ-3, whence a*=y*|6y--g, -E 273-27. 


Then 
jr} a= M r273 +27 
2 | —ga*= —=gy*— tym dF. ©: 
3 | — 1032 »—IO0)}—30 
| 4 ＋24 2 
1+2--5-i- 4 5 „ 3 oa 24A) 6-6 an Equation 


| here a-. 


CoROLLARAY XVI. 

482. While the Poſitive Roots of an Equation are augmented, the De- 
fective ones are diminiſhed, and vice ver/a, while the Detective Roots are 
augmented, the Poſitive ones are diminiſhed, Ex, gr. in the Equation 4.— 
3:*—10a--24=0, whoſe Roots are z, 45-4, —3, if 2 be. ſubſtituted 
jor a, then in the reſulting Equation y==9y'--1444+24=0 the Roots will be 
-|-4, 6, I; and if y+3 be ſubſtituted for @ in the reſulting Equa- 
tion z*+63z—y—6=0, the Roots will be —1, +1, —6. 


CoroLLARY XVII. 

483. If the Roots of any Equation be augmented by a Quantity greater than 
its greateſt Defective Root, the Defective Roots will become Poſitive ; and on 
the contrary, if the Roots be diminiſhed by a Quantiry greater than the 
greateſt Poſitive Root, the Poſitive Roots will become Defective. 


COROLLARY XVIII. 

484. From this laſt Problem we alſo learn to compleat an Equation, 
wherein any of the Terms are wanting, by augmenting or diminiſhing the 
Root by a given Quantity. Ex. gr. ſuppoſe the Equation a35-5a—20=0 
were to be compleated. Make a=z—1, then | 

es; 1 


＋5 122 
—20 —20 


4 LSαπe-z0 Y- 37 L82620 a compleat Equation 
wherein y=aT+ 1. 


F CoRoLLARY 
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CorRolLlLARyY XIX. 


485. Hence again we learn to transform any given Equation wherein the 
abſolute Number admits of many Diviſors, into another Equation, whoſe 
abſolute Number has fewer Diviſors; which is done by ſubſtituting a=--1 
or —I, a=—+2 or —2, a =- or —3, a = or —4, Sc. ſucceſſively ; 
and obſerving which of theſe ſubſtituted Values produces a Number that has 
fewer Diviſors than the abſolute Number of the given Equation : And if the 
Root of the given Equation be-augmented or diminiſhed by that Number, 
the Equation reſulting will be one which has an abſolute Number of fewer 
Diviſors than the foregoing one. Ex. gr. in the Equation 4-34-10 
24=0, make a=—-1, then will 


| whoſe Sum 1s —12 
Since therefore 12 has fewer Diviſors than 24, make a=y—-1 whence 
&=, Jr 
35 — = 
—104 = — 105 10 


224 = 24 


a*—34*—104--24=3%—139412=0, an Equation wherein 
Ja-. 


PROBLEM VI. 


486. To multiply or divide the Root à of any given Equation 4” +19" 
K —*+qa"—3 Fc. So, by a given Quantity 2. | 


Effetion, | 


1. Multiply or divide the Coefficient of the firſt Term of the given Equa- 
nion viz. 1 by 1; of the Second, viz. x by the given Quantity z; of the 
third Term, viz. p by zz; of the Fourth, viz. q by zzz, of the Fifth, viz. 
r by zzzz, &c. | 

2. For à ſubſtitute y. Then I ſay that y, the Root of the new Equation, will 


a . | : 
be equa] to za or — according as the Coefficients of the given Equation 


» 


are multiplied or divided by z. Ex. gr. ſuppoſe the Root à be to be mul- 
tiplicd by 3=z in the given Equation a- 174 15 2 ᷓ : Here if zar), 
| we 


- 

L £8] 
we ſhall have this new Equation z3—3xy—9x17y—27x15Z0, Or 5-357 — 
1533—405=0, conſequently if the Root à be to divided by 3=z in the Equa- 


tion 2—3 2—1 534—405=0, by putting TY we ſhall have the Equation 
5 5—35— 137 — — 5 O or 3 — 2——1 715 =. 
Demonſtration. 


In the Equation ar na- - ο . ra, St. So; if 


1] aZ=) 

; / _ 

1=2]2| a= 2 
- m ; „5.1 2 
* 3 a” D A . 4 e = 


And {2545 e ee 


| Whence 3 
r —*+23g)"—3t2tr)"—+ Wt, =0 
an univerſal Equation wherein y=az. 


a 


IXZ 214 = 


Wbence 3 , r re, e 

And ED K I N gz NH Gy c. =0 
Conſequently, 

2 


22 


2 _ 24 31 Cc. =0 


— ”m * — 
1 5p n= a TZ 


; : a 
an Equation wherein ger 


| * 


CoxolLARY XX. 


4%, Hence is learned to free an Equation out of Fractions, by multi- 
plying che Root either by the Product of all the Denominators, or by ſome 
Number which meaſures or is meaſured by all the Denominators, as follows, 


Examples 
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Examples. 
42 — 22 +3g==4=0 Ia ◻α a- 34 ＋42— 1280 
1, 88 20, 3236; . „ 
y=6a |Y'—33*--243—864=0 ; T- +185—81=0 
4a —44.— O 34 0 — 34— 32 0 
„ 1, If, 325, 4875, 
J=44 [y'—3—5=0 3=15a] }*-1-0y*—1305j—1350=0 


CoRolrtrarRy XXI. 


: _ Alſo hence we may learn the manner of freeing an Equation out of 
urds, | g . 


Examples. 


I n 4 
| 43 2 Bien 22 — X 2 = 
2 ** * 


1 2 2 * 


J=4X2 6 + 293 — Oy — 20 —= O 


3 7 3 
U 4 9 27 
or 
e es [I A n- 


4. 


[L251 


© * 


| = 10 24 = 0226 
a ＋ 0a? —aax23 — ax2* = 5 x23=0 
or = 
ö 1 
a. ＋ O ae a NMT 
Nh 2 2. . 
F 25 
— 4 5 | 
FE TILATY = EX 
2 ; — 


CoxolLARY XXII. 


489. And hence laſtly is learned to diſtribute a given Equation into Pe- 
riods, by look ing upon the Co efficient of the ſecond Term as a Lateral, of 
the third Term as a Square, of the fourth as a Cube, of the fifth as a Bi- 
quadrate, Cc. and the abſolute Number as a Power of the ſame Denomi- 
nation with the given Equation Ex. gr. the Equation. 4-724 2684 
145934--1000000=0, is thus diſtributed into Periodes 


— — 


a*—724%-12684*—145934-1000000=0 


And if any Co-efficient have not ſo many Periods as the abſolute Number, 
it may be ſupplied with Cyphers to the left Hand for Integers and the right 
for Fractions, as in theſe, 


a*+ 01 a*—0724—30753=0 


a*—3.0a0*0.8 125=0 


PROBLEM VII. 
490. To take away the ſecond Term na in any given Equation. 


Efection. 
1. Divide the Co- efficient of the ſecond Term x by the Number of the 
Dimenſions of the Equation m. 


2. Augment or diminiſh the Root à by the Quotient — according as the 


ſecond Term na 1s Poſitive or Defective, and the Equation reſulting will 
want its ſecond Term. Q. E. E. 


Demonſtration. 


Suppoſe, Ex. gr. the ſecond Term were to be taken away from the Cubic 
G Equation 


1261 
Fquation a%—64*--17a—38=0, or a=ng*þ 170 3809: Make =... 
W hence 8 | | 
* 15 -· 3 +300 5=e? 


—na = — * Þ=2nez—ne* 
+174= I7)—17e 
—3 = | —38 


If then in ſumming up the above - written Values of a, the Terms ze 
-, or —-3e—1=0, Whence --3e=-þn, or +3e=—n,, Therefore 


222 z conſequently a=y +2. 


3 3 | 
2 = y3-+63*--129+8 
—=64* = —&*—245—24 . 
+170 = o+17)+34 
=: * 


— th — — — 


42-64 ＋-17a—38 = 935 —+5y —20=0, an Equation 
wanting the ſecond Term, wherein y=a—=2. 


And if the ſecond Term of the given Equation had been Tua, e would 


have been equal to <|- - or +2, and conſequently for @ in ſuch. Caſe might 
be ſubſtituted y—2. 


Thus alſo in a Quadratic Equation e will be found = * 2, in a Biquadratic 
. in an Equation of five Dimenſions e=# * in an Equation of ſix 
Dimenſions e=#+ =, Cc. Q. E. D. 


COROLLARY XXIII. 


491. Hence it is plain that if the ſecond Term p be taken away from any 
_ Equation, it will be reduced to an Inadfected one, and may be 
refolved as ſuch. Ex. gr. ſuppoſe a --, a given Quadratic Equation, 
conſiſting of a Poſitive and a Defective Root; make a=z— , whence 


ba = 


171 
22 ＋ 
— — 


yy — 64=0, or yy=6.25, conſequently y 1.5 
an. 146.) and a=z— = 2 the Poſitive Value of a. Then . 25 
4+3=0, therefore a=—3 the Defective Value of 4. 


CorROLLARY XXIV. 


492. Alſo by taking away the ſecond Term, all Adfected Cubic Equations 
may be reduced to three Forms, vix. 


ad—pa—q=0 a3—pa= 9 a = 
a- EH Oe or pa gÞ or 3a 
apa = Gm pa=—q 42 - 


PROBLZM VIII. | 
493. To take away the third Term ga“ in a given Equation Ex. gy. 
Suppoſe the Equation a- ga aa ga- zg, and make a ge, then 


. a. 5.2.4 


—Yf= yore 

T3 J 3f—bgyze 

—- — 

— 2 — —2 

ö eeee 

3 2 —4 ,3 pre 2 =T 25 

4 — 30a -- 2 en 6, 3 ee 
3 +3 _ 
—_ =. 


Becauſe the third Term in 3 is 6ee-+-ge+3, therefore make 
e which divided by 6 becomes ce Hei. Make e=u— + 
en 


ee —= 44 144-2. 
= m1 
2 — 4 

2 16 


And uu—Z£,=0, or un = i, whence =; and conſequently 2 — 
̃ 4 


[28] 
$=—2, and a=y++, And if for 4 in the given Equation be wrote y{-£, 
there will ariſe this Equation wanting the third Term yv=3)—4iy_:22—g 


PROBLEM IX. 


494. To take away the laſt Term but one out of an Equation, where the 
ſecond Term is wanting. 2 

This is performed by only ſubſtituting the laſt Term divided by 3 for the 
Root ſought. | | 

Ex. gr. Let it be required to take away the laſt Term but one from the 


8000 
Equation 2*+;54—20=0. Make a= =, then &*--54—20= r 2 


20=0; which laſt Equation multiplied by y y y becomes S oO ,, j) 
20 55 Do, and that again divided by 20 becomes 490--5y y—yyy=o, or yyy 


g) -A ? o; an Equation wherein 2 Q, E. E. 


CHAP. VL 
of the Limits of Equations. 


| DxFiniTion XXVI. 


495. H E Limits of an Adfected Equation are two Quantities, between 
which all its Roots are contained: or according to others, they 
are two Quantities, between which the greateſt Poſitive Root is contained. 


PROBLEM X. 
496. To find the Limits of an Equation. 


Effeftion from Sir Iſaac Newton. 

Multiply every Term of the Equation by the Number of its Dimenſions, 
and divide the Product by the Root of the Equation ; then again multiply 
every one of the Terms that comes out, by a Number leſs by Unity than 
before, and divide the Product by the Root of the * ; and fo 
go on, always multiplying by Numbers leſs by Unity than before, and 
dividing the Product by the Root, till at length all the Terms are 

deſtroyed, 


8 
1291 
deſtroyed, whoſe Signs are different from che Sign of the firſt or higheſt Term, 
except the laſt, and that Number will be greater than any Affirmative Root; 
which being writ in the Terms that come out in the Room of the Root, 
makes the Aggregate (or Sum) of thoſe which were each Time produced by 
Multiplication to have always the Sign with the firſt or higheſt Term of 
the Equation. As if there was propoſed the Equation ame. 


634=120=0. I firft multiply it thus, 4 —14%—104-1-30-4-63a—1 20=0, 
Then I again multiply the Terms that come out divided by a, thus, 


2 S544 
5a%—84*—304a{-60a-+63. And dividing the Terms which come out again by a, 
there comes out, 208%—24a%b60a+60, which, to leſſen them, I divide b 
the greateſt common Diviſor 4, and you have 5a%—ba*—15a+15. The 
being again multiplied by the Progreſſion 3, 2, 1, o, and divided by a, become 
54 —44—. And theſe multiplied by the Progreſſion 2, 1, o, and divided 
by 24 become 54a—2. Now ſince the higheſt Term of the Equation a* is 
- Poſitive, I try what Number wrote in theſe Products, for @ will cauſe them 
all to be Poſitive. And by trying 1, you have 7a —2 2 Poſitive ; bur 
54425. 1 Defective. Wherefore the Limit will be greater than 1. 
I therefore try ſome greater Number, as 2, and ſubſtituting 2 in each for a, 


they become 


| 54—2 == 
a" —44—5 e 
5a*—ba*—1 5a+-15 or 
54 — 8. 304 -O- ＋-63 =-+79 


a'—24a%=10a%5-30a*4-634—1 20=--46 


Wherefore ſince the Numbers that come out 8. 7. 1. 79. 46. are all 
Poſitive, the Number 2 will be greater than the greateſt Poſitive Root. 

In like manner, if I would find the Limit of the Defective Roots, I try 
Defective Numbers. Or which is all one, I change the Signs of every other 
Term, and try Poſitive ones. But having changed the Signs of every 
other Term, the Quantities in which the Numbers are to be ſubſtituted, 


will become 


54-2 

54 ＋44—5 

ga 64 —134— 18 

3a. -84.— 304 —60a-j-63 

a! 24.104.430 6 20 


Out of theſe I chuſe ſome Quantity wherein the Defective Terms ſeem 


moſt prevalent ; ſuppoſe ö and here ſubſtituting for 
a the 
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a the Numbers 1 and 2, there come out the Negative Numbers —14, and 
-—33. Whence the Limit will be greater than —2. But ſubſtituting the 
Number 3, there comes out the Affirmative Number 234. And in like man- 
ner in the other Quantities, by ſubſtituting the Number 3 there comes out al- 
ways an Affirmative Number, which may be ſeen by bare Inſpection. Where- 
fore the Number —3 is greater than all the Negative Roots. And ſo you have 
the Limits 2 and —3 ; between which are all the Roots. Newt. Agg. 
P. 208, 209. | ah 182 


SCHOLIUM VII. 


497. The Invention of Limits is of Uſe both in the Reduction of 
Equations by Rational Roots, and in the Extraction of Surd Roots out of 
them; leſt we might ſometimes go about to look for the Root beyond 
theſe Limits. Thus, in the laſt Equation, if I would find the Rational 
Roots, if perhaps it has any; from what we have ſaid it is certain 
they can be no other than the Diviſors of the laſt Term of the Equa- 
tion which here is 120. Then trying all its Diviſors, if none of them wrote 
in the Equation for à will make all the Terms vaniſh, it is certain, that 
the Equation will admit of no Root but what is Surd. But there are many 
Diviſors of the laſt Term 120, viz. I, —1, +2, —2, +3, —3, +4, 
—4, +5, —3, +6, —6, +8, —8, H10, —10, +12, —12, +15, 
—15, 20, —20, 24, —24, +30, —30, +40, —40, +60, —6o, 
＋ 20, —120. To try all theſe Diviſors would be too tedious: But it being 
known that the Roots are between z and —3, we are freed from that 
Labour. For now there will be no need to try the Diviſors, unleſs thoſe 
only that are within theſe Limits, viz. the Diviſors +1, —1, and —2, 
For if none of theſe be the Root, it is certain that the Equation has no Root 
but what is Surd. Newt. Alg. ibid. Otherwiſe the Limis of Equations may 
be found, as follows. 


PROBLEM XL, 


498. To determine the Place of the higheſt Figure of the Poſitive Root 
which firſt reſults in the Reſolution of a given Adfected Equation. 


| Efefion. | 
1. Make the Abſolute Number a Defective Quantity, if it be not ſo already 
(In 480.) 7 lg | 
2, Diſtribute the given Coefficients, (viz. u, p, 4, r, Sc.) into Periods 
Un. 489.) «| Dog Wo 
3. See which of theſe Numbers (u, p*, 9, , Sc.) conſiſts of the higheſt 


Places of Figures; or (which is all one) ſee which of the Coefficients = 
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ſiſts of the higheſt Period above or below Unity. And if no Coefficient 
conſiſts of higher, Periods than the Abſolute Number, we are to conclude 
that the higheſt Figure of the Poſitive Root required (if the Equation ad- 
mit of a Poſitive. Root) is the ſame Number of Places above or below 
Unity with that of the Homologous Root of the Abſolute Number. But 
if any of the Coefficients conſiſt of higher Periods than the higheſt of 
. the Abſolute Number. 

4. Subſtitute for the Root of the Equation ſome one of the Numbers 1, 10, 
100, 1000. Cc. 0.1, 0.01, 0.001, Sc. viz. ſuch as ſhall be one Place 
higher than the proper Root of the intermediate Coefficient, or Coeffi- 
cients, of the the higheſt Periods, which in this Caſe (if the Equation have a 
Poſitive Root) will always make a Poſitive Reſult, the firſt Term being 
Poſitive ; and a Defective Reſult the firſt Term being Defective. 

5. Subſtitute ſucceſlively every next lower of the above mentioned Num- 
bers r, 10, 100, 1000, Sc. o. 1, 0.01, ©.001, c. till the. Reſult be 
equal to or leſs than nothing, if the firſt Term be Poſitive 3 and equal to or 

more than nothing, if the firſt Term be Defective: Or if in the former Caſe 
the Reſult be always Poſitive, and in the latter always Defective, then mark 

that Number which makes the Reſult neareſt equal to nothing. And I ſay, 
in the former Caſe, the Number which makes the Reſult neareſt equal to 
or leſs than nothing; and in the latter Caſe, the Number which makes 
the Reſult neareſt equal to or greater than nothing, will be of the ſame 
Place with the higheſt Figure ot the Root required. 2, E. E. 


Thus in the Equation 4 —2 7 af — 0634—3 3615=0; and —at— wy + 


254*--264 — 120=0, becauſe the Coefficients of the former are each of two 
Periods from Unity, and the latter of one, therefore by Prec. 3. the firſt Poſi- 
tive Root of the former Equation will conſiſt of two integral Places; and 
the firſt Root of the latter of one; i. e. the Root of the former is ſome Num- 
ber bezween 10 and 100, and the Root of the latter between 1 and 10. 


Example 3. 
In the Equation 1 | a&—0.03a*H0.0754—1=0 
ſubſt, by Pre. 4,a=1 | 2 | 1—0.03-H0.075—-1=—40.045>9 
a4=0.1 | 3 | 0.0001—0.0003-0.0075— 1 =—0.9924<<0 
Whence a is ſome Number between 1 and 0.1 


Example 


In the Equation. | : 


Sub. Pre. 4, a=100| 2 


In the Equation 
Subſtit. a= 1000 
a = 100 

a= IO 
a- 1 

A= O. I 


Ole d we 


1 
2 


3 
4 


In the Equation 
SBaubſtit. 2 10 
4= 1 

&—0,1 
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Example 4. 


—&+80 ai 1998a*-þ-149374—000=0 the firſt Term being Defective. 


a +804? — 2000a* ＋ 150004 — go00= © near 


— 100000000-þ80000000—2.0000000-þ1 500000—5000=—38505000<TO 
— 10000 + 80000 200000 ＋½ 150000—5000 = + 15000>0 


Therefore à is ſome Number between 100 and 10 


Example 5, 


a*+3470*%—699—0,088=0, the firſt Term being Poſitive. 
1000000000-j-347 00000069000 0.088=-þ-446930999.912 >0 


a 347000 6900— 0.088=- 4463099. 912 >0 
, 34700— 690 — 0.088= 35009.912 2 0 
1 347— 69 — 0.088 —= 278.912 — 


o. O01 E. 3.47 —6.9—0. 088 817 <0 
herefore a is between 1 and 0.1. 


Example 6. 


a —18a424=0 | | 
1000 —1 1 . >0 . 
1 — 18 ＋ 24 =+ 7 >0 
o. 001-1. 8724 =+22.2012>>0 


"Therefore à is ſome Number between 20 and o. 1 (Pre. 5.) 


Example 
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Example 7. 
In the Equation }] 1 | — @? H-184—24=0 
Subſtit. a=10 | 2 | —1000+180—24=—844 To 
4 1 11 1 18—24=— 3...:<Q 
a=0.1 | 4 | —0.001-+ 1.8—24=—22,201<0 
Therefore à is ſome Number between 10 and 1. 


ScnoliumM VIII. 


499. The Reaſon of theſe Operations will appear plainly to the Learner 
from a little Practice. And he will readily diſcern when ſeveral of the firſt. 


Subſtitutions may be omitted, as in the firſt Example. 


Scnorivm IX. 


oo. If the Equation have no Poſitive Roots, then all the Defective Roots 


may be changed into Poſitive ones (In. 480.) After which proceed as above. 


PROBLEM XII. 
501. To find the firſt Figure of the firſt Poſitive Root in a given Adfected 
Equation. 


Effeftion. 

1. Find the Limits of the Root by the laſt Problem. 

2. Reject if you pleaſe all the Figures of the inferior Periods in every Term 
beneath the higheſt of the Abſolute Number. 

3. Subſtitute 3 for the Root between the Limits already found, which will 
diſcover whether the Root ſought be between that and the leſſer Limit, or 
that and the greater, | 

4. If the former be the Caſe, ſubſtitute ſucceſſively 4, 3, and 2; if the lat- 
ter, ſubſtitute 6, 7, 8, 9, and that Number which makes the Reſult next 
leſſer than nothing, if the firſt Term of the Equation be Poſitive z or 
next greater, if the firſt, Term be Defective, will be the firſt Figure re- 
quired, 


Example 1. 

In the Equation] 1 [a*—28.25a*—91.75a—62.5=0 or 4-284 —924 60 0 
(Pre. 2.) whoſe Limits are 10, 100 (In. 498.) 
make a=50 | 2 |[125000—70000—4600—60=—-50340>0 

a=40 | 3| 64000—44800—3680—bo= 1546000 near 

42 == 30 [4 27000—25200—2760—bo=— 1020<0 

Therefore 3 is the firſt Figure of the Root required, or it is ſome Num- 

ber between 30 and 40. + 


I Exa mp 


341 


Example 2. 


% 


In the —— a*Þ-24*—234=-70=0, whoſe Limits are I, 10 
make a=5 18 50—II5—70=—I0<0 
a=6 17 3 8 -% 8 


Therefore the K i between 5 and 6. 


Example 3 
In the |1]—#* eee eee or 
Equa- | |— 04?—20004*--150004—5000=0 near, whoſe Limits are 
tion, A 10, 100 
„5 —8MfN᷑7 ͤß 
42203 — 1800 00- 640000 8000 300000 - 300 — 25000 To 
a == 104 — 10000+ 80000 —200 I 50000—5000=+ 15000>0 
Therefore the Root required is ſome Number between 10 and 20. 


PROBLEM XIII. 


502. To determine the firſt two Figures of the greateſt Poſitive Root 1n 
2 given Adfected Equation, 
Effeftion. 


1. Find the firſt Figure of the Root by the laſt, and call it 5. 

2. Put e for the remaining Part of the Root. 

3. Subſtitute He for the Root of the given Equation, 

4. Reject all the Powers of e above the firſt. 

5. Find e to the firſt or ſecond Figure in the new Equation (In. 476.) 

6. Add e ſo found to &, and the Sum will be nearly the firſt two or three 
Figures required, 


Example t. 
Let it be required to find the firſt two Figures of the Root of the Equa- 
tion a%-24*—2 34—70=0. 
Here = (In. 501.) or 5: porn therefore 


11 | I 2 2 8 
2 | +2 a= 2 
3 —234 2—1 Ae 
14 FP. 5 
1+2-+3 +4] 5 | —1O dae 76*-|-e=0 
Pre. 4 6 io o, or 10=/72e 
67 72 7 72=e=0.13, &c. 
775 | 8 | 5+0.13, Sc. =5.13, the three firſt Pures of the 


Root required. 
Example 


[35] 


Example 2. | 
It is required to find the firſt two Figures of the greateſt Poſitive Root in 
the Equation —a*-80a®—19984a*+14937—5000=0, Here b =10, i. e. 
10+e=a ; therefore 1 


LY —a* = —10000 —goooe EF. 
2 —+804? = -—|80000 240008 (Fc, 
3]— 19984˙¹ = —199800 —39960e Ce. 
4 | 149374 = +149370 +14937e 
5 |— 5000 = — good 
1i-2+3+4+5 | 6 4714570 —5023e Sc. =0 
or 7 14570 50230 
7 5523 |8 . =e=2.8 Se. 
8 | 9 |b-e=10--2.8=12.8 the three firſt Figures of the 


required Root, nearly. 


ScnoLlivam X. 


503. And this is the ſame with Mr. Ralphjon's Method of Approximation 
in his Univerſal Analyſis. | 


v4 —— — 


G NAT. 


Of the Reſolution of Inadfected Compound Equations. 


PROBLEM XIV. 


O reſolve any Inadfeted Compound Equation a* Sr; or, which is 
hs T the ſame thing, to extract the m Root trom any given Reſolvend 7. 


| Effeftion.. 
r. Diſtribute the given Reſolvend into Periods (In. 28, 289.) 
2. Seek the neareſt homologous Power to the higheſt Period, which call 
(In. 349, 350.) and note whether it be greater or leſſer than juſt, whoſe: 


Root ö is the firſt Part of the Root required, 


3. Pup 
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— 


3. Put e= the remaining Part of the Root unknown, i. e. make N, 


if h be aſſumed leſſer than juſt, and þ—e=r" if greater. So that inſtead 
of a. r we have V nie -b % &c. r (In. 404.) ac- 
cording as 5 is taken greater or leſſer than juſt. 3 

4. _ all the Powers of e above the Square by reaſon of their Small 
neſs (In. 160, 161.) then 


If b be taken leſſer than juſt, 


* + mb"—" erb- a 
mb"—1 be A r- =d 


72 A 
— bed- ee= 
|? e 
3 
= == 

wad 

* 

4 
1. bj . 
. 


Whence 


It þ be taken greater than juſt, 
* —mb"— e-|-pb"— a 


2 | mb" e - b —r=d (In. 430.) 


Therefore the Root à of any given Power a” r will be found nearly 
equal (in the Square a exactly equal) to 


b + 


„the Theorem (In. 351.) 
be Wer. 


But 
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But a yet more exact Method may be invented for extracting the 
Roots from all Powers above the Square by retaining the Cube of e in the 


Reſolvend, as follows. 


| 


* 


Caſe 1. with leſs than juſt, 


II = N 
mb eee. 

zd mb Ea & from the laſt. 

d—mb"— e=pb"-> e. 


d—mbn"—!, _ | 


: Pb — 
D 246 — 6 
pb 


bee Eg © 


pd pmb e H =" Laden ie 


. e Ade p? — m lee 


1 | pm ; L 9 
3 ＋ F n= | == M2 FI 5 3 I e lee 
EE" 2M — gm Pn F fn 
pd 
p —qmb"—* 
: 4d 2 I | 7 _ 4 f 
8 — P | q 
9g 4 N T om Tom . 
1 W pd 
, p. n 1 
10 1. Hor - — 75 7 erer 
| P -n Pp Ane 
K Caſe 
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Cafe 2. with 6 aſſumed greater than juſt. 
be. nbi ebe e 


I. 
SY 12 bn —r=d=mb"— ee 
Subſtitute ad ab ie pb e“ from the laſt 
mb"=" e—3 4 mbc e -d p 6? 
e | mb"— e—d _ : 
4 7 a 5 h. — 
gxgb*—3e {6 — hos CR hn—3 & 
| mb 1 
2. 6. 7 d=mb"=" — 241 7 —gde 
_— nb -Die mb e* —qde=pbd= 
lee ge — ie 
Whence proceeding as above we have | 
Wong > 2008" 
pi = 5 — 2 
| * - 4 err 
Pm - 4 2 


Senorlun XI. 


Foy. The former of theſe Theorems is the ſame with the Irrational 
Formula of M. de Lagney (who follow'd the ingenious Foſeph Ralphſon, H.R..) 
and is applied by the celebrated Dr. Edmund Halley to the Reſolution of all 
ſorts of Adfected Equations, as ſhall be ſhewn (In. fog.) 


ar... ae cd. 


CHAP, VII. 
of the Reſolution of a Aafected Equations. 


PROBLEM XV. 

506. T O reſolve an Adſected Quadratic Equation by compleating the 
Square. 

| | Effection 


1391 


Effection. 


1. Bring the Abſolute Number to one ſide of the Equation (In. 432.) 
2. Add the Square of the Coefficient of the ſecond Term to both ſides of 


the Equation. 
3. Extract the Square Root from both ſides, 
4- Add or ſubtract one half the ſaid Coefficient to or from both ſides, and 


it is done. 


Example I. 


Reſolve the Equation #*+44a—17=0, or NH n into its conſtituent 
Roots, which are one Poſitive, and the other Defective. 


I . 

— 2 

1＋2 7 3 a*Fqa+4=81. (In. 406.) 

3u* 4 | a+2=81 *® = 

4—2 5 ty BRAS. nos the Poſitive Root. 
% 6] — a1, i. e. 11 the De- 

fective Root (In. 511.) 
Example 2. 


Reſolve a —234—37 4 ＋παE§, or a*—234=374+ 


k 4 —234=374 
2 2 
TERED 
23 — 529 2025 
1+ 27 3 —33 Ä —= 
| Per. ET. 
zu? 4 2 2 
68 f Er. 
+= 5; | = © =34 the Poſitive Root. 
| 2—232— 
* | — =8-|IIZO, i. 6, 4===11, the DefeRive 
Root. | 


Example 


[40 ] 


Example 3. 
Reſolve —a? + 324—255=0, or a*—32a+255=0, 
Here the Roots are ech Poſitive e 
1 2 — 3242 — 255 | 
2] 256=+ 256 
+ 2 | |4*—32&þ256=1 
3w* [4/4 — 16=1 | 
416 ya = + 17 the one Root. 
„ FOO —0?5-324—25\=0 
SITES Be | . a——I7—=0 
other Poſitive Root. 


Example 4. 


22-2 ＋ 1 o, i. e. a=1If the 


d 


| es, — 25 — $54 
. 


421 I 4. e 85d+dd—441-l-41t | 
4d 1 


2—21— — — 1 LL 5 
WORRY GR 24 


Reſolve a*—a—+ 7 4a— —=0 


td 
2 
d 
— 


24 


A a 8 HE | 
d—21 | | NN N=. 
* 24 " - 24 * 


PROBLEM XVI. | 
707. To extract the Root from an Adfected Cubic Equation by Approxi- 
mat ion, according to In. 354. | x7 


Example 1. | - 

Let it be required to extract the Root from the Adfected Cubic Equation 
a*—28.25a*—91.75a—62,5=0; which conſiſts of one Poſitive: and two 
Defective Roots (In. 463) And the Poſitive Root is ſome Number be- 
tween 30 and 40 (In. 501.) therefore make b=30 leſs than juſt, i. e. 30-be 


or b+e Sa a 
- ; A &*=—27000 2700e--9e* Þe — 
—28.254*=—25425 —1695e—28.25e* 3 
—91.754 - 2732.7— 91. 7e 54 

— 62.35 =— 62.5 


— 


— 1240 913.286 61. 7e e 


Then 


L 411 


Then putting d= 1240, 5=913.25, #=61.75, we have the Equation —d 
Te rtee-Teec o, or, 


I j52-4-tee-ece=d 
Or 2e tee d rejecting e- 
2— 8e 3 tee=d—xe 
o d—se 
35 4 ee r 885 
de — ee 
4 = cee * 
2+5=1 6] 5e-btee+ — =d 
Gx 7 |i5e-ttee-de—5ec= td, or 
6xt 8 ſes + d|e+-1r—5Jee=td 
> t+d 1d 
$=> 1t—s I=, er ae 
| td 
2 | |, 5 ___ - 26405: 8 
9 - be [Of L 19.8727 pe  * 5007 
| ＋ 


Whence 5--e=31.25007=3 true to the ſeventh Figure at the firſt Oper- 
2 —2 8. 2 3a 754— = 
ation, or 4a=3 1.25 juſt z then = I —. P=at+za+2=0 
And the two Roots of , -f O are — 1 and —2, Therefore all the 
Roots of the given Equation are +31. 25, —t and —2. 


Example 2. * 
Reſolve the Equation 3 39=0. 
The greateſt Poſitive Root in this Equation is between 20 and 30 (In. 501.) 
but nearer the latter, therefore aſſume 30=b more than juſt, i. e. b—e=ga 


a*=-+-27000—2700e-+-g0ce—eee 
2 . N 3606 — Gee 
＋ 24a = t 720— 24e 
20039 — 20029 
— — 


_ r N A „* 


2281—23646--84ee—e'=0 
he 4 — e + HE—r—0 
L | x je 
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| 1e —te ed 
2e. lee d rejecting eee 
2-tee—d 3|5e—d=tee 
. Se—d 
S905 4 y See 
cee de 
4 5 =eee 
2-5 ble—rþ EE =a 
6x! ste itee gece de id or 
8a. ee id 
„ — St—d4 td 
$=> tt—s T 
td 
e. 77.—5 40.836317 Sc. Þ 
g= i= 2:4 a f=d 41.830104 Sc. —e „0 Ee. 
H—sS . . 
lo 11]þ—e=28.999994=4 true to the eighth Figure at the 


firſt Operation, or 4= 29 exact for the firſt Root Poſitive. Then | 
a—29=0 | 

— | 1 | a*+234=—bg1 a 

83 2 4 ＋E232＋T1 32.25 ＋132.23—691 2638.75 

. e 


3— 11.5 4 | a= |[=558.75 * —11.5 the ſecond Root 
which is impoſſible (In. 470.) And the Reaſon you ſee is, becauſe the Square 


of one half the Coefficient of the ſecond Term, i. e. the Square of 2 is leſs 


than the Abſolute Number 691. | | 

FF: IUNNNETY 
a—i(—558.75-11.5 | 

the third Root impoſſible. 


ScHoLIUuM XII. 


508. In the foregoing Examples I have purpoſely omitted aſſuming any 


more than the firſt Figure of the Root ; but it more can be aſſumed, * 
ä fir 


8] 


firſt Operation will ſeldom or never miſs of bringing forth quintuple the 


Figures at leaſt, but generally more, as may be ſeen. But this Method fails 
in all Adfected Equations of above three Dimenſions: And therefore for 
the Reſolution of theſe, we muſt have Recourſe to the following Method of 
Dr. Hally, which, I believe, by far exceeds all the Methods that ever have 
been hitherto invented for the like Purpoſe. g 


PROBLEM XVII. 
309. To extract the Roots from all kind of Equations by Approximation. 


Example 1. 


Let it be required to reſolve the Equation—a*-3300*—1 6004a—8125=0- 
The greateſt Poſitive Root of this Equation is ſome Number between 320 and 
330 (In. 502.) therefore aſſume b=320 leſs than juſt, i. e. 320 ea 


4 = —32768000—307200e—gboee—eee 
—_-330aa=—+33792000-211200et+3 30ee 
—1 6004=— £512000— 16000 
—8125 =— 8125 


＋503875— 97600e—630ee—eece=0 


i. e. 4 — e — tee were So 

. 1 ge ＋ tee = d — cee b 
1— 2 -e . — 
f t $2 2 7 

| 4 eee 

$ 3 — 1 am £22 
2= * — be 2 
R 4 4 


d 
3 - ART... * 
= T = T54-92063-1e © 5-00119, from which if we ſubtract 
g- 5 a 
eee 
1 __ 0.1985 


= 0.090120 (Step, 3.) we ſhall have 


5 be 164.9 e 
499999 
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4.99999 or rather e=x exact; whence b-þ-e=a=325 juſt, which is found by this 
Method true to the eighth Figure at the firſt Operation, by means of the 


| + | eee | 


Correction p 


1 0. The other Roots are +8.09017, Cc. and —3. 09017. 
Y 


Example 2. 
Let it be required to extract the Root from the Equation. 


a*%=80a?4-19984*—14937a-5000=0 or 
—4*-|-804*—19984*+ 149374—5000=0 


The firſt three Figures of this Equation are 12.7 (In. 502.) 


—a+=—26014.4041-- 8$193.532e—967.740 —50. gece eee: 
＋ SO = 163870. 6438709. Go S. ooce- -S. oer 
—19984*=— 322257.42— 50749. 200 e- 1998. ooce 


＋ 149374 =+ 189699.9 f 14937. oooe 
5000 =— 5000. 


— 298.6559 —5296.132e ＋-8 2. 262. zcre— ecee 
d — se + teeÞ weee—ccce * 


1 | (e—tf—vee#=d 

1dv—& [2e — te due e“ 
bs 4 Fs ve — e 
2 . 
d ve -e dA mr 
3” 45 ED f t 22 
5 wed? wt RT” a N 2 
| | ? / 


Then rejecting all the Powers of e above ze 


a 
2 3-63063335704 bh | 


which 


m 
L 45 ] 
dere — eee 
ö 1 3 Ne 
which being corrected by the Addition of n (Step 4.) = 


— — e 


1 


_ — 0.00000099117 becomes 0.05644179448 Cc. Whence a= 


b1e=12.75644179448 Sc. true to the fourteenth Figure at the firſt Oper- 
Veee—eece 
ation, by help of the Correction — ——, And the Work will be yet 
— —e 
/ 


farther corrected, if the laſt Value of e be ſubſtituted in the Equation e 
d vece — bece 


/ 


(Step. 4.) = 0.05644179448074402, which gives a = 


s 
— — e 
4 
12. 776441 79448074402 (9c. exact to the twentieth Figure. And if more Fi- 
ures be yet deſired, let the laſt Value of e be again ſubſtituted in the ſame 
333 and that again in the ſame, by which Means the Root may be car- 


ried to any aſſigned Exactneſs, without varying the Coefficients of e. 


Sckhol fun XIII. 
510. In the Effection of the laſt Problem, note, 5 
1, That every Repetition of the Calculus, at leaſt, triples the Figures aſ- 


ſumed (In. 351.) | : 
2. That the Corrections are of no Uſe, but when the firſt two Figures, of 


the Root, or a Number nearly equal to the firſt two Figures, is aſſumed ; 
and the nearer the aſſumed Number is to juſt, ſtill the more juſt will be 
the Corrections. 


3. That the Diviſor = re in the firſt Correction muſt always be the ſame | 
with the latter Divifor, which is uſed in finding the firſt Value of e 


PROBLEM XVIII. 
311. To reſolve an Equation with the firſt Term multiplied into a known 


Quantity. 
Ex. gr. Suppoſe the Biquadratic Equation — 2018 + 1254094) — 


2464230.254*+354683074a—274183922,25=0, Ward's Introd. p. 336. 
M The 
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The Root of this Equation is ſome Number between 10 and 20: For if the 
Equation b be divided by 2 2018, the Reſult will be—a*-6z, 1c 4-122 1.1 Ce 


a*+17575. 9 Se a—135869. Se =o, Whence are found the Limits 10, 
100. Makeb=10 i. e. 10-pe=a. 


Then —20184% =— 201 8000 80720008 —1210800ee Ec. 
＋ 254 =—+125409000-+37622700e--3762270ee c. 
2464230. 274 =—246423025—49284605e—2464230.25ee 
＋35468 307 4 =—+354683070-35468307e | 
——=274183922.25 =—274183922.25 


Whoſe Sum—60694877.25 1 15734402e4-87239. 75 ee &e. = 
— 4 —— SEC — ee — 0 


1 | 
11 | 10 TEE e 
3 
L | — 
2% * 317 . 
17 1 | 
« ble 1] 41 10pe=4=13.7 Cc. the firſt three Figures of the Root 


required. 
hence, and from the Principles already delivered, I preiume the Learner 
will eaſily perceive how to carry the Root to any aſſigned Place. 


PROBLEM XIX. | 
512. To extract the Root from a Compound Irrational Quantity, 


Example 
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Example 1 


Let it be 1 to extract the Square Root from the Equation aa=b+- 


4hcc—Accce or to find the Value of a= 
| 


— 


a= OTE : => 


= 4c - Acccc i= eÞ2e\y Jab 
* = 
2e[y 3 = 4¹ e —-Acccc * 
4eey=4bi*—aqccce 
„ z.] Y 
„2 σπ h -A- Acccc 
2— =b—2* 
E=hamzc*+y 
e=b—y 
b—2cc4g=b—y, or 3 
2 = 2c 

F ce 


51 


erb- t c=, becauſe c 


1 


e= b—cc ? 
9 ce 4 = (Step. 1.) 


a or |b-|- 4bcc—accec * 


_ ge * 


D —4 .“ * 


Example 


[48] 


Example 2. 


Let be required to extract the Square Root from the Equation a*=b— 


4bce—accce ? or which i is the ſame, from a =b—=2c FT 


Put | 


18. * 
make 


make 
385 
48 


15uv* 


1614 


4 = b—2C [Fc ; 


a? =b—2c cc = 6* —20 Th + y 
e = D 

2e H *=2c c 5 
„ ze yy b 

4e y=4ccb—accee 

„26 yy: Acc A4ccec 
A= b—2cc 
* a a 

me 
Cable, or n 
25 c 

= cc 


2 
Nec 


e =b—2c ans 
= c 
2 


1 
= 92 


e -% c * —(=8 


Find 3. 


Let it be required to extract che Cube Root from the Equation a0. 


392 „ or bring a 


; 


to a more ſimple Expreſſion. 


= 20-+392 * 


Put x 4 297392 = +53 | Oe RN 
4 8 
16* | 2 a06=20{ 390 ar ga. 5² Tren 


mn $3 1 WD ' 


25S 
4| 3e* hy * +5 = 392* 
30 | 5|-rett get? =20*=400 | 

6| 9e +be*y* pf =392 1 0 0 
5—6 [7-3 e- 8 4⁰⁰ 3922 
u e 2 


gel 487 
5 1 ee ( 4 7. loa. 


Prat = 20 + 392 392* the Root required Step 9 


** | | e XIV. 


513. To Which may be referred what Sir Jaac Newton teaches conce 
the Reduction of Radical Quantities to more ſimple Radicals. Page 31 of 
his Book of Univer/al. Arithmetic. 


PAO RLM XX. 
614. > Fo ertralb che Root y from the Infinitinomial 55 Cc Do- 
LES 4-H Sc. r. 


Effection. 


A, 2 y ſabſtitute Hr Ir Ar LF-A Nr* Sc. then by In. 413. 
F N | 7 2 


— I. 
HH . IF . E ＋ 11 1% Ge. 


3HL 
72 Hm 3H 1 A I Ga L 75 c. 
y= *. 1 4p 14475 f . 
* He 1+ 5H Ce. 
= e.. 
Vc. 


dſtitute theſe Values of y in the Equ . * 
R i or DEA LD EO Tre Fr wr . 


Te +41 e +AL +4 +40 


By= 2BHX 2BHL zBIL © 

* | BH " a 74 BI 

TR" TIE +3001 73 eur . 7 
* 4 BI FP Þ 

: v.42 . » HEH). EE! 

5 „„ . 

- 5 | ” | G5. 


3. Divide the laſt Equation by r (In. 486.) and make each of the Coefi | 
of r 5 75, As. equal to nothing, (becauſe the Whole is ſo) as ale 


i 


L521 
iſt Coefficient | 1] 4H—1=o or AH=1 
whence] 2 == 1 We” 
2d Coefficient | 3] 4 14-BH*=0 or 4 1=—BHH 

| e eee for ep 0 
3d Coefficient . 5 2 che qt, 


al 
| * | * 223 2 
 whence| 6 2 ſubſiruting . for #, and — 25 


4th Coefficient| 7| 474-2 BHK-+-BÞ+3CH" An 


whence| 8| L= Ea et LM ſubſtituting * 


gth Coefficient] 9g Amer nee 20 
a _ M= 14B*—21AB* ED CLE” 0 


| [4-4N42BYM42 DIL-EBKK+4GH"L-46CHIK-- 
bht Ooeffcient rr) | Cn T LJ 4DEPK4 EB IM-FE=o. 
bs —42B5t84 AB*C—2 84 B*D--284- eee 
whence 12 [ N=- MA : * ä 225 


4 Softicuce theſe Values of H, I, X, L, M. N. Cc. in the mation 


er * Sc. =y and you "will have the Root ſought, 
2B —M 4 5ABC— —LD—5B 


_ 203 mm 43- | | | 
14B* ee — E, Ge. « ad inn « 
Scnotivm XV. 
515. The i Mr. Ar. De Moivre, is the Author of che Eifetio 


of the laſt Prob 


CHAP. 


L 52 ] 
— 1 LH WW. 


CHAP. x. 


Of the Reduction of | Equations N K fo jt. 
Dimenſions, by my Bages: , Or the Me 
Equations of this Sort into two fuch equal | 2 299 the 
Root may be We out 7 each. From Sir lac Newton. 


80 


516. Tor. reduce an Equation of fr Da. 


% AD. „ 


Effeflion. 1 
Suppoſe a- I- e d, N p. J, T. and e che known 
Qunties o of che Teri af te uation affect ed with their proper Signs. Make 


——— — /—— . 1” is Tg. 2 
Aas. | 
Then, put for # ſome common Integral Diviſor of the Terms and 28, 
that is not a Squate, and which onghtt to be odd, and divided b 
leave Unity, if eicher of the Perms 2 "and 7 be odd. Fer ald her U dene 


Diviſor of the Quancry-E-ifrbeeven or katf vf che o -Diviſor, if pe 


odd; or nothing, if che Dividual be nothing. Take rent , 


—— a» 7 = 


and call the half of the Remander I. Then for 2 put = 


divides . and the Root of the ient be dias and equal to /; 
ich if 40 happen, add to each Part of the Equation nk k x x +2 «+ ln 
all, and extract the Root on both Sides, there coming out & A px 


n 7 into ks +1, 
Ex. gr. Suppoſe the Equation x*—2ax? 1 To xx 24 ＋-C A O. By 


„ſubſtituting — 2a, 2424 — c, — 233 e for p, q, r, and 3, re- 
ſpectively, you obtain 2a —- C a, — acc - p, and ta! THA 
: =S. The common — of the Quantities Þ and 27 is aa-&cr, 


which then will be 2; and = or—a, has the Diviſors x and 4. But be- 
| cauſe 


L 53 1 


cauſe # is of two Dimenſions, and & | * ought to be of no more than ones 
therefore & will be of none, and conſequently cannot be a. Let therefore k 


= 1, and = being divided by &, take the Quotient —g from Lykor —a, and 


o&—nkk ; 
* vor aa is Q, and A, or 


there will remain nothing for J. Moreover 


4.—a⁴, is o; and thence again there comes out nothing for J. Which ſhews the 
Quantities , k, I, and Q, to be rightly found; and adding to each Part 
of the Equation propos'd the Terms nkk x - n , that is 
aaxx<ccxx, that the Root may be extracted on both Sides; and by that Ex- 


14 
traction there will come out xX £ px =, that is, æ& * ar- 
1 


aa r |aa+ic And the Root being again extracted, you'll have a 


1 


1 = 


T — Ac 
+2 a or æ Ice - aαε· uc See Newton's Algebra p. 214. 


| | | PROBLEM XXII. 
517. To reduce an Equation of fix Dimenſions. 


Effection. 
Suppoſe the Equation Q L α E- FE I + :xx-5-tx-j-v=0, and make 


r. N e 
taal. 0 —ixp=n. v— =. 
80— yy . 


Then take for à out of the Terms 27, u, 20, ſome common Integer Diviſor, 
that is not a Square, and that likewiſe is not diviſible by a Square Number, 
and which alſo divided by the Number 4 ſhall leave Unity; it but any one 
of the Terms p, r, t be odd. For & take ſome Integer Diviſor of the Quan- 


tity — if p be even 3 or the half of an odd Diviſor if p be odd; or o if A be o. 
For & [take] the Quantity z f At. For / ſome Diviſor of the Quantity 
— if © be an Integer; or the half of an odd Diviſor, if & be 
a Fraction that has for its Denominator the Number 2; or o, if the Divi- 
dual [or the Quantity] — en be nothing. And for R the Quantity 


ar- 22D + nkl. Then try if RR u can be divided by u, and the Root of 
the Quotient extracted; and beſides, if that Root be equal as well to the 
O Quantity 


[ 54 ] 
Quantity . 2 as to the Quantity . If all theſe hap- 


pen, call the Root m; and in room of the Equation propos'd, write thus, 


. 3 
x3 | ipxx+Qx R KHAN. For this Equation, by 
ſquaring its Parts, and taking from both Sides the Terms on the Right- 
Hand, will produce the Equation propos'd. Bur if all theſe Things do 
not happen in the Caſe propos'd, the Reduction will be impoſſible, if it ap- 
pears beforehand that the Equation cannot be reduc'd by a rational Diviſor. 


For Example, let there be propos'd the Equation 


—2aabb 
a%—2ax*-2bbx*-2abbs? 2 Xxx TR” =0. 


and by writing —24, zb, +2abb, —2aabb-2a% —4qatb?, o, and 3aal* 
—&*bb for p, q, r, 5, t, and v reſpectively, there will come out 2þb—aa=e. 
r —V--29%+3aabb—gab'— $44 
D. — $9'\+34% bb—gabi'=y, and —aab*-a*%b— 4a g And the common 
Diviſor of the Terms 2, u, and 28, is aa—2bb, or 2bb—aa, according as 
aa or 2bb is the greater. But let aa be greater than 260, and aa—2bb will be . 


For muſt always be Affirmative. Moreover, £ is — 4 a T's a -b, 


1. | He . 56+ ll 
— is 14 zal, and — is — 44% 3aabb, and conſequently © .f 


=, is 44%— 44— fa +4 a*Þ*— aa, the Diviſors whereof are 1, a, 
2 | nk, 
aa; but becauſe a x cannot be of more than one Dimenſion, and » * is 
of one, therefore & will be of none; and conſequently can only be a Number. 
Wherefore, rejecting a and as, there remains only 1 for k. Beſides, 4 a+ 


2 wkk gives o for Q, and U—=2N2— is alſo nothing; and conſequently i, 


7 
which ought to be its Diviſor, will be nothing. Laſtly, 2-3 P +n4/ 
gives 4b for R. And RR - vis —2aatb*+a*bb, which may be 
divided by x, or 44 - 25, and the Root of the Quotient a ab be 
extracted, and that Root taken negatively, viz. — ab, is not unequal to 

: R— 2 f 
the indefinite Quantity 2 , Or 5 but equal to the definite Quantiry 


nl 


— — — Wherefore that Root —ab will be n, and in the 
4 


room of the Equation propos'd, there may be writ &; p EN R n 
Khun, that is, x%—axx--abb= dai xXxx—ab The Truth of 


which 


( 55 ] 


which Concluſion you may prove by ſquaring the Parts of the Equation found, 
and taking away the Terms on the Right Hand from both Sides. For from 
that Operation will be produc'd the Equation x*—2ax%þ2bba*%4-2abbx%— 
24abbxx-4-20*bxx-——4aÞ A -, which was to be reduc'd. | 


ProBLEM XXIII. 
718. To reduce an Equation of eight, ten, twelve, &c. Dimenſions. 


Effefion. * 

If the Equation is of eight Dimenſions, let it be a α rA 
1x? Foxx-|-wxz=0, and make q— 4 pp=a. — 1 p =D. S— 22 
Lag=y. —ipy—iap=d. v—igy —Lpp=t. w—-Eþpy=CQ, and z— 
2yy=y. And a common Diviſor of the Terms 2d", 2t, 20, 8», that 
ſhall be an Integer, and neither a Square Number ; nor diviſible by a Square 
Number; and which alſo divided by 4. ſhall leave Unity, if any of the alter- 
nate Terms p, r, t, w be odd, if there be no ſuch common Diviſor, it is cer- 
tain, that the ion cannot be reduc'd by the Extraction of a Quadratic 
Surd Root, and if it cannot be fo reduc'd, there will ſcarce be found a common 
Diviſor of all thoſe four Quantities. The Operation therefore hitherto is a 
Sort of an Examination, whether the Equation be reducible or not; and con- 
ſequently, ſince that Sort of Reductions are ſeldom poſlible, it will moſt 
commonly end the Work. 

And, by a like Reaſon, if the Equation be of ten, twelve, or more Di- 
menſions, the Impoſſibility of its Reduction may be known. As if it be «* 
ot bart-bore"b-12%-|-tx8-L axed Tc ud, you muſt make q——24pp 
Sa, 7— gp, — 2p f , — b ap- , v— 2p —4 ay— 
PE ˙lT pd\—t yy=n, — yd =8, d=4d = 
And ſeek ſuch a common Diviſor to the five Terms, 2t, 20, 84, 40, 8x, as 
is an Integer, and not a Square, but which ſhall leave 1 when divided by 4, 
if any one of the Terms p, , t, a, c be odd. See Newton's Alg. p. 218. 


| 2 PROBLEM XXIV. | 5 
319. To reſolve a Cubic Equation, where the ſecond Term is wanting. 


| | EffeTion. 

Let there be propos'd the Cubic Equation x%g+gx-+-r=0o ; the ſecond 
Term whereof is wanting: For that every Cubic Equation may be reduc'd 
to this Form, is evident from what we have ſaid above, Let x be ſuppos'd 
Sa. Then will a, Z s (that is x®) =qx--r=0. Let 3aab 
3abb (that is, 3abx) Ax o, and then. will a = o. By the for- 


mer 


N 
mer Equation þ is 35, and cubically l =— — Therefore by the 


3 BR * a 3 
latter, a%— 25 Fro, or a ral 25 „and by the Extraction of the 


adfected Quadratic Root, 22 27 * T Extract the Cubic Root 
27 


and you'll have a. And above, you had =. and a4b=x. Therefore 


2 is the Root of the Equation propos'd. 


For Example, let there be propos'd the Equation y%—6yy-|-6++12=0, 
To take away the ſecond Term of this Equation, make x2=y, and there 


a — 


will ariſe & * G S o. Where g is =—6, r=8, 2rr=16, 27 5, 


IT 


* 
a = — 448, 4 ri and x+2 =, that is, 2+ —4+8 * *＋ 


C 1 = 


rs oft ScHolLiIvuM XVI. | 
520. And after this Way the Roots of all Cubical Equations may be ex- 
tracted wherein 7 is Affirmative; or alſo wherein q is Negative, and 
D | 
5 not greater than 47 7, that is, where two of the Roots of the Equation are 


| 3 J 
impoſſible. But where ꝗ is Negative, and? at the ſame time greater than 277, 


Bee 25 becomes an impoſſible Quantity, and ſo the Root of the Equa- 
tion x or y will in this Caſe be impoſſible, viz. in this Caſe there are 
three poſſible Roots, which all of them are alike with reſpect to the 
Terms of the Equation 4 and r, and are indifferently denoted by 
the Letter x and y, and conſequently all them may be extracted by the ſame 
Method, and expreſs'd the ſame Way as any one is extracted or expreſſed ; but 


it is impoſſible to expreſs all three by the Law aforeſaid. The Quantity a— 
q | 


34 


2 


whereby x is denoted, cannot be manyfold, and for that Reaſon the Sup- 
poſition 


571 
poſition that x, in this Caſe where it is triple, may be equal to the Binomial 
* 25 or a, the Cubes of whoſe Terms a- r are together r, and 
the triple Rectangle 3ab is , is plainly. impoſſible; and it is no Wonder 
that from an impoſſible Hypotheſis, an impoſſible Concluſion ſhould follow. 


Schorf XVII. 


521, There is, moreover, another Way of expreſſing theſe Roots, viz. 
from a*p#þ», that is, from nothing take 


4a Er, or zræ Rr = and there will remain = | 


** zung. 

a= L 
= ; 
22 

52 tr 


n X 
* Yr 


b= —2r+ TERS oP FIAT Yi nog | 


PROBLEM XXV. IR 
522. To reduce x Biquadratic Equation. a*Þq#-4+x-+:1=0, wanting the 
&cond Term to a Cubic one. 0 Eßedun. 


, 
' 


above, #— x*—zxx-4-128—6=0, Take away the ſecond Term by wricin 


„ - 


Efetion. | 
Suppoſe this Equation to be generated by the Multiplication of theſe two 
* 


a | 0 
* 


_— *--/g=0, and comparing the Terms you'll have Ag ee g, eg—ef=r, 


F 3 3 
and g=. Wherefore q--ee=f-l-g, A] gre — 


ä 3 


27 Heeg . — 
4 


For ee write y, and you'll have y%--297y 7M ro, a Cubic Equation, 
whoſe ſecond Term may be taken away, and then the Root extracted either 
by the precedent Rule or otherwiſe. Then that Root being had, you muſt 


r | r 

BEE © a pn 
go back again, by putting y*=e, =, _ =g, and the 
two Equations xx-ex+f=0 3; and xx—ex-g=0, their Roots being extrac- 
ted, will give the four Roots of the-Biquadratic Equation * E- Y- 


So, viz. x=—$e& fee, and x=$e&4ee—g *. Where note, that 
if the four Roots of the Biquadratic Equation are poſſible, the three Roots 


of the Cubic Equation 52 — ro will be poſſible alſo, and con- 
ſequently cannot be extracted by the precedent Rule. And thus, if the affected 
Roots of an Equation of five or more Dimenſions are converted into Roots 


3 
(Sg) =s, and by the Reduction e“ 2e —45 n 


that are not affected, the middle Terms of the Equation being taken away, 


that Expreſſion of the Roots will be always impoſſible, where more than 


one Root in an Equation of odd Dimenſions are poſſible, or more than two 


in an Equation of even Dimenſions, which cannot be reduc'd by the Ex- 
traction of the Surd Quadratic Root, by the Method laid down above. 


ScnuoliuM XVIII. 


523. Monſieur Des Cartes taught how to reduce a Biquadratic Equation by 
the Rules laſt deliver'd. E. g. Let there be propos'd the Equation reduc'd 


9 
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v1 for x, and there will ariſe v%— *&vv-Þ -i o. To take away 
the Fractions, write 42 for v, and there will ariſe 2+—862zz--6002z—85;1=0. 


Here —86=4, 600=7r, and —851=s, and conſequently y*4-2qyy TAY y==rr 


So, and ſubſtituting what is equivalent, you'll have y%—1723zy--10800y— 
360000=0. Where trying all the Diviſors of the laſt Term 1, —1, 2— 
2, 3, —3, 4, —4, 5, —F, and fo onwards to 100, you'll find at length y= 
100. Which yet may be found far more expeditiouſly by our Method above 


F 
deliver'd. Then having got), its Root 10 will be e, and STI 77 As 5 
2 3 


A 
3 —23, will be 7, and 2 


5 or 37 will be g, and 


conſequently the Equations xx-j-ex4-f=0, and xx—ex-g=0o, writing 

z for x, and ſubſtituting equivalent Quantities, will become zz--10z 

—23=0, and zz—10z+37=0. Reſtore v in the room of 4x, and there 

will ariſe vv--24v— 3#:=0, and vv—23v-- 42=9, Reſtore, moreover, 

x— ſor v and there will come out xx - o, and xx—3x--3=0, two 
4 


Equations; the four Roots whereof x=—1+ 355 and x=13 -, are 
the ſame with the four Roots of the Biquadratic Equation propos'd at the 

inning, x%—x?—5xx--12x—6=0, But theſe might have been more 
eaſily found by the Method of finding Diviſors, explain'd before. 


, — * — 2 * 


CHAP, X. 
Of Mixed Equations. 


ing IV _ 


DEFINITION XXVII. ** 
524. HE Equation is that which contains in it more unknown Quan- 


tities than one: as the Equation 2a9-]-ae=b=—a, or — b+y=6b. 


DzFiniTion XXVIII. 

#25. The Extermination of an unknown Quantity out of an Equation, is 
the bringing it to one Side in two or more given Equations, ſo that one or 
more new Equations may be had without that unknown Quantity. 

COROLLARY 


526, Whence it follows, that there muſt be at leaſt as many given Equa- 


b 5 


CoROLLARY. 


tions as unknown Quantities, before the Value of all the unknown Quanti- 
ties can be found or exterminated. 


PROBLEM XXVI. 


527. To exterminate an unknown Quantity by an Equality of its Values. 


From the 


Equations 


_ 


— SD 


Example 1. 
e 
a—e== find a, e, 7. 
a A= ae 


r From whence we have two new Equations with 


24a — 2 
— y exterminated. 


a+t—e=24-2e (In. 2 1.) the firſt Equation with 3 extermi- 
5 5 | (nated. 


„ (In. 2 1.) the ſecond Equation with y exter- 
43a (minated. 


ze 

e= 2 

G—1= TO zr.) the laſt Equation with y and e extermi- 
(nated from = 2 and 12th Steps. 

a 

4a=3a-+4 

8=4 _ 

E=a—1=3 


ar I— = 


Example 


From the 


given Equa-| 1 
tions, : 


1xþ 
3 Ney bay 


4 c) 


74 


6—by] 7 


7 dc 
5. 8 


gxdexcc = 
Or 


to find @ and y 


| 9 22 a 


— ay * 

4 ca- ba 1 55 . 
p | a — dbc-+-bey | 

cc 
6 dca-Hbyy=24bb 
dca=2dbb—byy 


2dbh—byy 
— 


8 - 
977 . an Equation with & exterminated. 


10 5 Ic =&d—<6* j*—2b dy 
1198. b. e O 
2 2 


11797 


12 — 7 7 Lede, a Cubic Equation whoſe 


Root y may be found as is taught (In. 754 or 556.)and thence from Step the 


5th or 8th w 


ill be had the Value of a. 
PROBLEM XXVII. 


728. To exterminate an unknown Quantity by ſubſtituting its Value 


for it. 


Example I. 


From {mores Lo ind a and e 


124 


bb==cc 


2 ]ag—ee=bc 
3 |e*= = which ſubſtirute for er Step 2. 


Sub. 9 Step 2, ag— — = be 


Zub? 


—— 


abb cc ca 
| aI—bca=bb—cc which reſolved will give the Value of a. 


Dc * 
182 


2 Example 


An + 


— 
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, F Example 2. 
TY to find a and : 


ac babe 


which ſubſtitute for 


a and a*, 8 
the firſt. | * oP 


Pet oe —Pe=eimnmbet4-h1ed 

We —[=*—2he)-þ3 03 

c — e- -U -ab. O 
Example 3. 

cca 


PROBLEM XXIX. 


529. To exterminate an unknown Quantity of ſeveral Dimenſions in each 


given Equation. 
I 


From Bo 


4 


88 9 


3 


4 
954-6 


t cores 24 
8*+bae=18 


a*=124—be? 
a 2 18— 6e 
124 — Gee 18— 6a 
12a+6ae=1 8+6ee 


3 


8 to be ſubſtituted in Step i. 


Zee 


Ze 
246 C246 - 


2 24e ＋-36 ,? 20 


Je Tze, be*—36e—63=0. 
found by (In. 509.) 


72 
Whence e may be 
Example 


From 


— 


1— 


role 


. 


x | $ 


'G* 


64] 


14 
2 2 | 
reef sa e A Oοe Ao 
2,5] 6 140 400-4 
6= 10] 7| 14=40—4e + 
*% | 8]4e=49—14=26 
872419 N to be ſubſtirured | in the firſt Step, &c, 
a "* 
From | 1] a*—ate=3e 
1 Thind a and e 
2—ae| 3ſe e 
aa 
* 4 cemar- a IT 5 42 
i [-47 ; — 
a, 6] = [£42 n +a 
5+ 2 py +3. 5 : 
Sub. the Value of 4 * = Aa = 2 ＋3 2 ＋ 112 
into the firſt Step. 4 „ 
OL ghee wa dn AF of. 
x2 3 . 26 LQ 3 a 
ö 
% 9 203 —24= * == : 
4 f 
. 
— 2 —24a — 544 * 
9＋ 6+24*]10 2 n 2 —+—3 
a*-1-184*-ge*. __ 54a 
211 — 
108. — rv 4 ＋3 
I. 9% — 184 HY : 
171 A 25 5a 12 (In, 1 
12xa*-6a* +9113] 9a%—184*-Hga*=54%-424%117a* 4-108 
13-5 6—424.—1 17414 445.6010842 =108 7 
: 1474 15] 4*—154*—274*=27 
Subſtituteſi 6| 4*= 
Then 17) "—15* 1 
160 18255 Example 


98 


98 
Sub. ſor a in the 
1ſt Step divi- 
dingby 2 5 Geese 


11 
Example 5. 


24*8* mac) —126—15=0 


24%—50%-30* e*=m2get{rf——25=0 


to find a and e 


1 


abe — face = 7.5 
52-8 
ee 


a — ae 


42 — ae „ge 
* +5 "—_ 


1 
RD 
IGee 
w_ e*4-96e+129 Ae 

= 


4— e 


eceeJ-966-120 


__ bgreey +6448 
. NN 2 56 
16e*1? +2: fy+ 168% 
2 564% 
IS TL d-128y4-424 
| 25 be 
NN 


a= 


a 


23 | 
256e 


} +190 —473684=6977* Ae. 


e&{-96e+120= 5 or [e*-j-g6e-120 *=y 


29%—12Yf——84ye5%+1 584 —947284=0 
55-65 —42 % 79% —473 be, 0 


2 729.—42324 
6yyee-+-4.225 J 
80.1926 —4496e*-92 1 6230406414400 = 


3607-300 0-450 


4865+ 576647206 
5e. T 126—28 1444-576 +1440e-4-900 


9 


25e5% 4.12009 —2810e*-+5904e 


OT TITS 


| —289152e*—787680e!—1740 24641 65888087 31104006%+ 


—+2025e=3j=e+96e*þ+120 
| R 


2592000e-j-810000 + l 6be*--2.70e&+129608%+32406 


— 


19 


[ 66 ] | 
. 20] 25e'* ＋ 12087 — 28102* ?-+-£904e8%* + 765623 
* 18 Si +13824—2891 e ns bebo 

1658880e3-31104002?-j-2592000e810000= 

ge rosen +1 350e'? -22032c6"* ＋ yyosoes —— 

344276 + 1244160 + 4665605 + 5783 200% + 
243 oooe“. | — | 

W hence 210165 — 960 — 41600 — 161286 — 4742409 þ+ 

737362 — 110599260 — 75571205 — 1370880 

| —417024e + 1658880 + 3110400 + 2592000e8 


2 
— — — 2 
6 


| —810000=0, 
- a3 22 |e%mGoef 2.600% — 10080? — 29646? + 3346? — 
N 6912 7%—47 2326-87680 26064“ 103680. 


194400e*-þ-102 002 o. 


An Equation of ſixteen Dimenſions, whoſe Root e will be found to be 5 


(in. geg) venere, (Step. 7th. 
| ScnuoliuM XIX. 


730. Hither may be referred Sir //aac Newton's Rules for the Extermina- 
tion of unknown Quantities in adfected Equations. Vid. Newton's Algebra, 
p. 65, or in the beſt Latin Edition, p. 73. | 


— —„—-— 


C HAP. XI. 
Of bringing Queſtions into Equations. 


PARTITION VII. 


| 531. Lygebraical Queſtions are of two Sorts, Determinate and Indeterminate, 
| A according to the Number of Equations and unknown Terms 
whereof they conſiſt. 


Dai i ion XXIX. 


532. A Determinate Queſtion is that which conſiſts of as many independent 
Equations, as unknown Quantities: As if it were required to find what 


two Numbers thoſe are, à and e. whereof as —=24 and — = 6. Or 


to find what three Numbers thoſe are, whereof a 25, a+y=28, E 
31. Which kind of Queſtions are called Delerminate, becauſe they admit 

of no more Anſwers than the Number of the Dimenſions of the laſt Quantity 
ſought, DEFINITION 


— A. ig — ̃ — — — 


57 1 
DzFIN1TION XXX. 

533. An Indeterminate Queſtion is that which conſiſts of more unknown 
Quantities than Equations: As if it were required to find what two Numbers 
thoſe are, a ande, whereof a2=24 : Or to find what three Numbers thoſe 
are, whereof a-{-e=25, and aFy=28: Which Sort of Queſtions are called 
Indeterminate, becauſe they admit each of innumerable Anſwers. Ex. gr. 
Any two Numbers whoſe Product is 24 will anſwer the former, and in anſwer- 
ing the latter, any Number leſs than 25 may be aſſumed for one of the un- 
known Quantities. 

SCHOLIUM XX. 

334. If in any Queſtion the Number of Equations be greater than the 
Number of unknown Quantities ; it is odds but ſome of the Equations are 
contradictory, and conſequently the Solution of ſuck Queſtion is impoſlible. 


PARTITION VIII. 

535. Again, Algebraical Queſtions may be divided into General and 
Particular. 
DErINITION XXXI. 


536. A General Queſtion is one expreſſed in general Terms, the Solution of 
which affords Theorems for particular Caſes; as when it is required to inveſti- 
gate a Theorem for Determining any three Numbers or Quantities a, e, y from 
the Sums of every two of them given, viz. a-e=b, ay=c, eFy=4, where 
for b, c, and d, may be aſſumed any three Numbers at Pleaſure. 


DEriINITION XXXII. 


737. A Particular Queſtion is expreſſed in particular Terms; as when it is 
required to find three Numbers a, e, y, on theſe Conditions that a+e=25, 
4 eg 28, and e+y=31. 

PROBLEM XXX. 

538. To bring a Queſtion to an Equation. 
| EFection. | 

The whole Art of bringing Queſtions into Equations conſiſts in a due Ex- 
preſſion of all their Quantities by proper Species, (the known Quantities by 
Conſonants (or Numbers) and the unknown ones by V owels (In. 730.) which is 
to be learned by Example rather than Precept. 

Example 1. A Lady ſeeing divers poor Perſons at her Door was willing to 
diſtribute ſome Money among them, but when ſhe Number'd them, ſhe 
found that ſhe wanted Six-pence to give Four-pence a piece to them ; ſhe 
therefore gave to each Three- pence, and had Two-pence remaining: What was 


the Number of poor People, and what Money had ſhe in her Pocket ? 
A Lay 


\ 


[ 68 ] 


The Queſtions ic Wor ds. The ſame in Species. 
A Lady ſeeing divers poor Perſons 
at her Door for whoſe Numbers put a 


was willing to diſtribute fome Money 
among them, for the Quantity of 
which put e 
But when ſhe Number*d them ſhe wan- 
ted Six-pence to give them Four-pence 
a- piece, i. e. 4a ge. 
She therefore gave to each Three- 
pence, and had T'wo-pence remain- 
ing, i. e. | 34=e—2 

The Queſtion then conſiſts of two Equations, and two unknown Quantities 
a, e. 1 by (In 525.) à will be found = 8 Pence and e=26 Pence or 
23. 4d. 

Example 2. One bought a Horſe, and Sold it again for eleven Pounds, in 
the ſelling it gained as much per. Cent. as the Horſe coſt him. What did he 


give for the Horſe? 


The Queſtions in Words. The ſame in Species. 
One bought a Horſe whoſe Price 
was | 4 
And fold it again for 11 J. or b 
So that his Gain was — 


In the ſelling of which he gain'd as 


much by the 100 l. or c 
As the Horſe coſt him, i. e. | a:b—a==c:a 
Whence we have this Equation a2=bc—ac (In. 189.) which by due Reduc- 


tions gives a=4 2 107. (In, 306.) 


2 

Example 3. A Father and his Son went to the Wood for each aBurthen of 
Sticks, and in their return Home the Son complained that he was over-loaded ; 
to whom the Father replied, if I take ten of your Sticks, then ſhall I have 


twice the Number of Sticks that you have, and if you take ten of mine we 
ſhall have an equal Number, It is required to find the Number of Sticks that 


each had. 
Here if a be put to repreſent the Number of Sticks which the Father had, 


and e the Number of Sticks which the Son had; and if for ro be put 5, then 
will the Queſtion be expreſſed by theſe two Equations : 
1 | a+b=2xe—b=2e—2b 
2 | a —b= | 
Whence by due Reduction, it will be found that e=5b=50 and a ei 
—=7b==50. (In. 527.) Example 


| [ 69 ] 

Example 4. A Man had three Horſes whoſe Values were as follows. If ele- 
ven Guineas were added to the Value of the worſt, it would equal the Value 
of both the others; if eleven Guineas were added to the ſecond, it would 
equal twice the Value of the two others; and if eleven Guineas were added 
to the Value of the beſt, ir would equal thrice the Value of the other two. 
What was the Value of each? | 175 | 

Put à for the Value of the worſt, e for the Value of the ſecond, and y for 
the Value of the beſt, then make 4=1x, and the Queſtion will be expreſſed 
by three Equations as follows. 


| [Sit | 
2 -a 
| 3 Y I * | 
Therefore by due ReduRion 1=2 =7 Guineas, e=3b—y=t =5 Gut- 


h 
neas, and a=ey—b=—=1 Guinea. 


Example 5. A Shepherd being asked the Price of his hundred Sheep, made 
Anſwer ; I have nota hundred, but if I had as many, half as many, two and 
a half, then ſhou'd I have juſt a hundred. What was the Number of his 
Sheep? e 

Here putting 4 for the Number of Sheep the Queſtion is expreſſed by this 


one Equation aa =þ2t=1 O. Whence 4 = 39. 


Example 6. One being asked what a- Clock it was, made Anſwer, that the 
Time then — from Noon was equal to two fifths of the Time remaining to 
Midnight. What was the Hour after Noon? 

Put Iz, and let a repreſent the Hours from Noon, and conſequently 
s the Time to Midnight. Then 


[ vr the Queſtion. 
Whence'2 mY —32 Hours after Noon. 

Example 7. Tis required to divide g ο twice into two Parts, ſo that the 
Major Part of the firſt Diviſion is double the Minor Part of the ſecond 
Divifion ; and the Major Part of the ſecond Diviſion wanting one, is to the 
Minor Part of the firit Diviſion as 9g to 4. b 

Put a= the Major Part of the firſt Diviſion, then will þ—a 1 the Minor 
Part of the ſame Diviſion; and bythe Queſtion the Minor Part of the ſe - 
cond Diviſion will be 24, and conſequently the Major Part of the ſame Divi- 
ſion 6—4 a 
| S Then 


: 
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Then II- i: b=a=9: 4 by theQueſtion. 
Or (by In) [2 De of 
W hence 3 —=2 4 1 N 
„ ET, C77 db Maoripart of the firlt Div ibon. 

2 4\b—a=28 the Minor | 

5 = =36 the Minor 
0 "i a mY 942 1 of the ſecond Diviſion. ; 
2 


Example 8. A Gentleman hired a Servant for a Year for 120 Shillings to- 
gether with a Riding Coat at a certain Price; but when ſeven Months were 
expired, the Maſter falling at variance with the Servant puts him away, and 
gives him the Riding Coat with 50 Shillings, which was full Satisfaction for 
the Time. What was the Value of the Riding Coat? 

Putb=1 20, c=7, and d go, and for the Price of the Riding Coat put a 
Then 1 AFarg his Wages for the Year 


1212 15 E bis Wages for a Month 


1 
| | 
Nee his Wages for ſeven Months 


2Xc 3 


12 
5 + A by the Queſtion 


Po 
I 


OP | 
Whence 5 — Shillings, the Price of the Coat. 


— 


Example 9. A General having ſet his Soldiers in a Square Battalion had 
=50 o Soldiers to ſpare ; but to encreaſe theSquare, ſo that its Side might 
bonſiſt of ci Soldier more than it did before, he wanted d=29 Soldiers. How 
many Soldiers were in the whole Army. - 

For the Number of Soldiers in the Side of the firſt Square put 4 
Then lag the Soldiers in the Side of the ſecond Square 
aa+b= the whole Army 


2 
| 3] aa+b+d=a*2cab? by the Queſtion 
4 | 


2-44 | b+-d= 2ca gcc 
9 5 == 2 64. 
; 1 the Number of Soldiers in the Army. 


Example 10. A Man playing at Hazard won the firſt Throw, juſt ſo much 
Money as he had in his Pocket, the ſecond Throw he won the Square Root of 
what he then had, and Ig gg. more; the third Throw he won the Square of 


all he then had; after which his whole Sum was cr 2z 2566. It is required to 
find 


[ 21 ] 
find what Money he had in his Pocket, when he began to play. Ward's Intro 
duction, p. 225. oY» * 


ee+e=2256 Shillings by the 2 
ce Fe- Ho. 2 227. 25 (In. 06. 
e. = 2276. 27147. 

9 1101-47 

5, 10, [11 n 

11— 12 44d -24 242 

aa-EAa= 10, + 


1 : 210 12169 | 
13 [4 reg, (in. $06) 
14lw : IF 2 


Make I |244= the firſt Sum he had in his Pocket 
IX2 2 | 44a=the Sum after the firſt Throw 
ws” 3 | za+5= the winning at the ſecond Throw 
2X3 4 45 5= the Sumafter the ſecond Throw. 
Subſt, [F N e | 
506-2 6 fee the winning of the third Throw 
51-6 7 
8 
9 


= —13==1_12_ 
Ah nd YG FO | bl 
166-? [17 |aa=9 Shillings - 
17x2 [18 |24a= 18 Shillings, the Sum he had firſt in his Pocket. 


 ScHoLIUM XXI. 


739. From the laſt Example belonging to the foregoing Problem it appears 
of how much Conſequence a convenient Hypotheſis is for anſwering ariy 
Queſtion : For if the firſt Sum had been repreſented by à or as, 3 
tion, which expreſſes the Queſtion, wou'd have been encumber'd with Surds ; 
becauſe the Sum after the firſt Throw could not have its Root expreſſed in 
rational Terms, as the Queſtion requires; but this is remedied by putting 244 


for that Sum as above. 


Der1niTion XXXIII. 


740. The Equations by which Indeterminate Queſtions of Problems are 
expreſſed, may be diſtinguiſhed by the Name of Equalities; thoſe which are 
expreſſed by one Equation by the Name of ſingle Equalities; thoſe which are 
expreſſed by two Equations by double Equalities; by three Equations, Triple 
Equalities, &c. 

| ParTIT1ON IX. 


#41. And thoſe again may be divided into Homologous, and Heterologous. 
DeriniTION 


72 
| x DzyF1iniTion XXXIV. 
542. By Homologous Equalities are meant ſuch as have all their unknown 
* of the ſame Dimenſions; as beer da— de, aa—ee=d, alex, 
C, 


DxxriniTion XX XV. 


543. B Heterologous Equalities are meant ſuchas have their unknown Quan- 
tities of different Dimenſions: as a*——e=x, a e, &c | 


PARTITION X. ; | 


' * £44. Laſtly, Homologous Equalities may be divided into Lateral, Quadratic, 


Cubic, &c. according as their unknown Quantities are of one, two, three, 
Se. Dimenſions. 


9 

ua, 

4 Dae, Aft 
* 1 hy 


The End of the fourth Part. 


ARITHME- 


ARITHMETICAL INSTITUTIONS, 


P A 4; 


The APPLICATION of SPECIES ALGORISM to 
the INVESTIGATION of THEOREMS. 


— 


CHAP. 1. 
Containing certain promiſcuous PROBLEMS. 


PROBLEM I. 


0 © raiſe Theorems for finding any two Quantities a, e, from 
their Sum s and Difference d given. 


8 
4 
a 
| 
DP 
N 
8 
O 
X 


© 
Q 
a 
| 
—— 


3 
3 = 214]a = 128 The Theorem for the greater Number. 


2 
28 = $— 4 


5 
S —4 
5 = be=—— The Theorem for the leſer Number. 
B Ex. 


. 
Ex. gr. If 5 35, and d=21, then a= Saz, ande = y. 
Proof, 19 ＋ 12 2 31 , and 19 - 12 2 d. 


CoxoLLARY I. 


546. If 25 be put to repreſent the Sum of any two Numbers, and 2 4 
for the leſſer, then will 5 +4 give the greater Number ſought, and 5 d 


the leſſer. 


ProBLEM IL 


547. To raiſe Theorems for finding any two Numbers aà, 6, from their 
Sum , and Product p given. 


| Effeftion. 
oy »d By the Queſtion. 


ae =P 


8 Me 


3a 4-2 ae bee=ss 
4 4408 = 47 
34 5E - 24 ee n 49 
6 
7 


22 = $5 42 
24 2 .- - 4p* 
| 1 


72] 81 a= - = = The Theorem for the greater Number. 


1 — 6 gſze=$—5$5 —4p* 


9—=2 10 n. Theorem for the leſſer. 


2 
3 = 4p = . 


Ex. gr. If 33, and p = 196, then a 
27. | - 
PROBLEM. III. 


548. To raiſe Theorems for finding any two Numbers a, e, from their 
Sum 5 and Quotient given. 


Exrxexc- 


a 


EFection. 


11a ＋ = 


. - _ 0 By the Queſtion. 


5<=q+1| ble = : = -The Theorem for finding the leſſer Number. 
Es 


2 x06 


- The Theorem for the greater Number. 


Ex. gr. If 5 = 35, q = 45 — — = 7. 


* 


PROBLEM IV. 


9. To taiſe Theorems for finding any two. Numbers 45 e, from their Sum 
, and Sum of their Squares z given. 


Efettion. 
| * 4. nd =, the Queſtion. 


18 3 ij Tzae er = 


3— 21 4 24 552 

2 — 4 Sa — 24 ＋ =22=—=55 

5 w*| 6] a—e=22—55* 

1+6| 7/24 =5-| 22—55* 

78 9 — For the greater Number ſought. 


2 


1 


£m 9128 = S—2Z—s5* 


S—2Z 5 57 


= - For the leſſer Number ſought. 


9 > 210 


| 


Ex. gr. Ifs = 35, and z = 833, then a —_— —.— — 72 — 
=7. | = 


PROB- 


2— 1 


1— 42 
4 * 4 


345 
40 
© as 7 


43 


PROBLEM V. 


550. To raiſe Theorems for finding any two Numbers a, e, from their Sum 
, and Difference of their Squares given, 


Effeftion. 
6 © oF By the Queſtion. 
2— 1 3a — e — 
s 
1+3] 4 20 ee 
42 2 f = —— The Theorem for the greater Number. 
s 
1— 3] 7 2 — - 
6 +2] 7] e = — The Theorem for the leſſer Number. 
Ex. gr. If 5= 35, and x = 735, then 4 77 28, e === = 7. 


PROBLEM. VI. 


551. To raiſe Theorems for finding any two Numbers a, e, from their Sum 
5, and Sum of their Cubes m given. 


Efection. 


M os the Nueſtion. 


2 — 


f = „08 
ae =5a— ad 


m 
a pe ==-50 _ a" 
e =>5*==2 5a dat 


m 
7 ＋ 354-24 


8422 —34⁴ 


12 


12+=|13 


LG e 
s $ 
1 Mo 
a {0} = 
3s 
m —5 „„ AM — 5 
2 — a4 ＋ 155 r 
1 * 
1. An-,, m 4. 
25 8 
4 - 145 
2 ＋＋ For the greater Number. 


125 


EX" 


— —. 2 — 2 . 
1— 13 14. s a For the leſſer Number 


4m — 5 55* 
Ex. gr. It s= 35, and m = 22295, then a = — $04 + 5 = 28, and 
12s 
1 
; 4m—55s* 
e225 — = 
125 


332. To raiſe 


PROBLEM VII. 
Theorems for finding any two Numbers a, e, from their 


Sum 5, and Difference of their Cubes 7 given. 


Effection. 
Ia Te, 8 
a Le B the Queſtion 
1808. S——-g 
3 @&'] 4e. S — 351 44354 — 4 
2 + 4 SE =n+S—35* 4334 — 4 
6 4 — 334 +35* a (In 430.) 
a , 23 
6 2 7 — 24 12 5* an = =0 The Theorem for the greater 
2 Number. (In 508.) 
1— e $|a—$s5—e | 
8 S. 9 =S—gi*e-|- 350 —e? 
9g — 2]I0Þ3 = - — 35 e356 — 6 
[Ho mmgiet-|-3 -, (In 430.) | 
— — 
11 ＋ 212] — e 1 — Oo The Theorem for the leſſer 


_ Number, (In 508.) 
CT Ex. 
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Ex. gr. If 5=35 and #==21609, then a=28, and e=7==55-a Step. 3. 


PROBLEM VIII. 


353. To find any two Numbers a, e, from their Difference da, and Pro- 
duct p given. 


Eftefton. 
g—e=d 
| " b the Queſtion 
1@-2| 3|a*—20e-{-e* d 
2x4] of 44 =4p 
3-4] fe ae =dd—ap 
5 N 
6-1-1 1124=dd—--4p* dd 
73] 8 — Theorem I. 
6—1 9E —4 
RRR U. 
9 10 f 4h —4 Theorem 
| | 
Ex. gr. If d=21, and P 196, then a= — . l ——2Y, and 


PROBLEM IX. 
554. To find any two Numbers a, e, from their Difference a, and Quo- 


tient q given. 

Effeftion. 
Ila -e d 
e's = By the Queſtion. 


E 


2Xe| Z ge 

Ie Ala dH e 

3.4. 9—ͤ— 

5 e bige—e= 8 


6—2—1 


627 —1 == Theorem I. 
d 
2x7 = | Theorem II. 


Ex. gr. If d=21, and q=4, then a= i= 


PROBLEM X. 


555. To find any two Numbers à e, from their Difference d, and Sum 
of their Squares z given. 
Effetion. 


13 = the Queſtion. 


Theorem I. 


Theorem II. 


Ex. gr. If dat, and z=843, then ae ait, and 


ProBL EM XI. 


556. To find two Numbers a, e, from their Difference d, and Dine 
of their Squares x given. 


Effefion 


L 8 2 


Efeftion, 


nem FP the Queſtion. 
| 
2—1 4 4 
oy nay mts 
4—2 Joie Theorem J. 
3—5 _— Theorem 11. 


| =_—_ -i 
Ex. gr. If d=21, and x=735, then eis, and c= 5 5 5 


PRORLEM XII. 


557. To find two Numbers a, e, from their Difference 4, and Sum of their 
Cubes m given. 


Effettion. | 
1 „) the Queſtion. 
| Z|e=A=—d 


38.4% a —34˙dL30d·—4. 
2—4 fla -- ＋-3a d—zad d: 
Ts e wake | 
62 7 — 44 442d —— =o Theorem I. 


1440 

88.9 ene * +27 

2—9 4 nd 30 e- gde —. 

7. Iſ ze +3de* + 3d*e=mo—d? 
mai 


112/12 Ade d 0 Theorem II. 


Ex. gr. If d=21, and m 22295, then 3 28, ard Step. 3. 


P k 0- 
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Probs . XIII. 


358. To find two Numbers a, e, from their Difference d, and the Diffe- 
rence of their Cubes given. 


Ex. gr. If d=21, and 1 2160g, chen a=28, gad Step. 4. 


PROBLEM XIV. 


759. To find any two Numbers a, e, from their Produdt 2, and Quotient 
q given, 


D | Effefion 


* Theorem II. 


Ex. gr. If 2196, and gq=4, then a =28, a= 7 =7. 


PROBLEM XV. 


560. To find any two Numbers a, e, from their Product p, and Sum of 


their Squares 2 given. 
Effeftion. 
| GI hh the Queſtion. 
1x2} 34 2ae=2p | 
2-+3] 4 2 =2-þ-2p 
au 5 PIETY 
2—3 ee, | 
E = —_ ; 
5+7| ; 26=2+2þ* ſz—2p* 
8] 91 a= — - 22 Theorem I. 
5—jlro[2e= e 
ren 
10 U Theos H. 


561. To find any tw 
of their Squares x given. 


Ex. gr. If p=r 
(by Theorem Il.) 


[nn 14 


PronLem, Xvi. 


* 


o Numbers a, e, from their Product p, and Difference 
Efleftion. 
1 In the Quehton, 


4 

2 PP 

3@ * 
Pp 
— * aa 

5xaal 614* = 
6—4˙ n 


| = — 
* os 
lic.. 
| 2 
5 22 d n 
10 oy * 1 Theorem J. 
2 1 — — 
— 
I 
12 ſis — — Theorem It 


Ex. gr. If p=1 
(by Theorem II.) 


96, and #=735, then 4 = 28 (by Theorem I.) ak ey 


PRo- 


96, and z2=833, then 4==28 (by Theorem I.) and e=7 


—— —U—E—é — p r — 
* 


— —— 4 — 


. 
drt bas (1 öh v Fed a. enn | 
562, To find two Numbers a, e, from their Product p, and Sum of their 


Cubes m given. 


* . - 
» $7 : "1 4 7 'T * 9 * the : K * * „ as * 
31149: 214. CY „„ | T4 3442 Aen. 31 * \ 1 7 . 
— 42 


m —42 5 
| ” ' = 


45 —ma" Emm = m = 
x 


E 


um —4 25 2 Theorem J. 


100 11a 

m. 1 8 —4 594 

b icſta = PPP 
2 


A 2 


1 
MT — 6 


1209 == E Theorem II. 


Ex. gr. If p=196, and m==22295, then 4=28 (by Theorem & 
(by 3 II.) 95 (by | I.) and e 


| | PROBLEM XVIII. 
563. To find any two Numbers a, e, from their Product p, and Difference 


Effetion. 


of their Cubes u given. 


MI ww 


QSO HY @ th 


L461 


| Efetion. 
„„ © By the Queſtion. 


2 þ-p? 


4p* Tun 


3% —na? Lump + Tun — 


4 
120 


Ex. gr If p=196, and y=21609, then a=28 (by Theorem I.) and e=7 


(by Theorem fi 


PROBLEM XIX. 
564. To find any two Numbers a, e, from — Quotient 3, and the Sum 


of their Squares æ given. 


Ta«] 


Effefion. 


4 | 
J;= 95 the Queſtion. 
214*-|-e* =2 | | 
— — 1 
3e 4 5 
Fr g | 
5e =Z=—a* | 
e e 22 
3 2 
f b 
2 442 3 
8a 2 2——— 1 
1 Ti 
rann. 
GEZON  —_—— D=|— 
* 99-1 1991 | 
1 3 
ole Theorem II. 14 
4 


Ex. gr. < rag and 2 8833, then a=28 ( by Theorem I.) and e=7 


(by Theorem 


* 


PROBLEM XX. 


565. To find any two Numbers. a, e, from their Quotient q, and the 
Difference of their Squares x given. 


I xe 
3x2 


2—ee 5 


43 5» 
Whenct 


Efelon. 
2 the Queſtion. | 


a a 
oY 
ala —e* =x 


— 


2-+8 


[ 2s ] 


«„ Theorem J. 
Sams 


1 CO Theorem U. 
* == 


Ex. gr. If q=4, and X=735» then a=28 (by Theorem I.) and e=7 (by 
Theorem II. ) 


Bu? 9j4=9q 


PROBLEM XXI. 


566. To find any two Numbers a, e, from their Quotient q, and the Sum 
of their Cubes m given. | 


Effeftion 
7 0 the Queſtion 
a ＋ =m 
; a aaa 
ny — 2 
qo 741 
mg - 
1 Ca = 
Im 
2˙＋1 
. Theorem I. 
* 
999m _ m 


3 nm fig —— 
Frome 
Theorem II. 


m 1 =4, and m=22295, then a=28 by T heorem I.) and e=7 
by Theorem 


* 


* 
” 


PR o- 


[ 26 ] 


PrxoBrtam XXII. | 


567. To find any two Numbers a, e, from their * 7 * the Dif- 
ference of their Cubes » given. 


Effettion. 
14 bY 
EY 55 the Queſtion. 
2ſaaa —ece n 
xe} 3e ; 
3+] aþ== 
A 9 
40. ye .. — 
944 9 
2 ＋5] 6Jaaa=n _ 199g +904 
| ＋ 77 744 _ 
Whence| 7 =p —— Theorem I. 
| 2 | 
And| 8] e= | Theorem II. 


| 449-—1 
Ex. gr. If q=4, and 0788 then a=28 (Theorem E) and oy; 
(Theorem II) 


PROBLEM XXIII. 


568. To find any two Numbers a, e, from the Sum of their =" Z, 
and the Differeace of their Squares x given. id 


Effection. 


— By the Queſtion. 


2ſaa— e 


-1+2] 3 — 
ns 


2 
—=Z— | 


Ex. If 22833, and x = 735, then a=28 
Ee. gl 33 * 22735 a= (Theorem 1.) and 72 


PROBLEM XXIV. 


369. To find 15 two Numbers a, e, from the Sum of 
and Sum of their Cubes mz given. 6 „ 
Effection. 
Make 3 and a—e==24, 
Iiy-b4#=a 

Thend 1 4a 1. (In. 546.) 
3y*+zqu-ban=as 
4) —29u-ut=ee 
5Y* T -%) ＋ g 
65" — 35” 3 2 


4 * * | 
ox By pool _ = > By the Queſtion 


»«*—v! . 8 


L180 


Ex. gr. If z=833, and m=22295, then 521.5 (Theorem I.) and 


—— ==10.5 (Theorem 11.) conſequently a=p{u=28, and e=y— 


u=7: 


PROBLEM XXV. 
gro. To find any two Numbers a, e, from the Sum of their Squares z, and 
Difference of their Cubes given. 
1 #feftion. 
Things being repreſented as in the Jaſt, 
1125 *_|-24* r = 155 * 0 


22A -C =a* —e rn 
— — 


1-2 32) 2 — 2 
— 2—2¹ 
377 
2— 2 806% = u 2411 
5 n.2“: 
5765 3 
| U 
2UH 2A 
4» 6, CS, 
xbu| * 


_ Theorem I. 


Ex. gr. if z2—=833, and 1821609, then. 110.5 (Theorem I.) and 


on, 


=17.5(Theorem II.) conſequens x EAN and e y-, 
by the Hy potheſis. 


PRERLEM:. XXVL 


571. To find any two Numbers a, e, from the Difference of their Squares 
x, and the Sum of their Cubes & given. | | 


EfſeTion, 


[29] 
Effeftion. - 
Things being again repreſented as before. 
114 YU Glee = & 5 
2 Feen $97 the Queſtion. 


1— 2 — 
-9 34 


Ex. 7 If x=735, and m=22295, then y—=27.5, (Theorem I.) and «= 
10.5 (Theorem II.) conſequently a=y+#=28, and e=y—u=7. 
PROBLEM, XXVII. 


572. To find any two Numbers 4, e, from the Difference of their Squares 
v, and the Difference of their Cubes x given. 


| . Effeftion, 
Things being once more repreſented as above. 


* 

14 Jy=— 

„ 
5 
389 (4⁰e 16 

2—2u⁰ 5 G = 2 
* 6 22m 

* 1 * Gu 


4z 6. 


8=1 — 

3. an | | | | 
1 If x=735, and a2 609, then #=10.5 (Theorem I.) and y= 
17.5 (Theorem II.) coonſequently a=uly—=28, emy—u=7. 


PROBLEM XXVIII. | ” 


573. To find any two Numbers a, e, from the Sum of their Cubes my 
and Difference of their Cubes x given. | 


Fifa. 
er $49 the Nutte 


_7_ 


31243 — 
1 


2 
1—2| fz = — 
4 3 finel 4 | | 
HS * | 


— . 
Gul 8 == Theorem II. 

Ex. gr. If m=22295, and u=21609, then a=28 (Theorem I.) ez; 
(Theorem II.) | | 


| Sco L EUM L, 
574. Note, All the foregoing Problems of this Chapter are to be ſeen 
in Dr. Pells Algebra, except thoſe wherein m and » is concerned. 
PROBLEM. XXIX. 


575. To find three Numbers a, e, y, from the Sum of the Cubes of every 
two of them given. | 


Effeftion. 


L 21 J 


EfeBion. 


| .—55 be Queſt 
21a 4y3 =c yt * 
| 25 — — 


A if bee e e eee ER. 
(Theo. fr) =5 (Theo. III.) 4 9 (Theo. ) 6=7 


PrRoBLEM XXX. 


576. What four Numbers are thoſe a, e, y, u, whoſe Sum is 5, and the 
Difference of the firſt leſs the ſecond is b, of the ſecond leſs the third c, and 
of the third leſs the fourth d? | 


| 65 the Queſtion, 


* : 
+4 # #4 « 


e 


ante Eee Theorem IV. 


r I. 


"a IT. 


RE — Theorem II 


Ex. gr. If = 37, Bg. =, 5 d=4, then u=5 (Theorem I.) y= 


(Theorem II.) e= 


an Anſwer to the following Queſtion. 


Suppoſe four Hedgers to earn amongſt them 37 Pounds; of which the 
firſt earn'd 31. more than the ſecond ; the — 11. more than the third, 


and the third 4 J. more than the fourth: It is required to find the Earnings 


of each. 


PROBLEM XXXI. 


10 (Theorem III.) a=13 Amit IV.) Which will b be 


77. From any two Terms given, of three Terms (A, B, C) in Arithmeti- 
Prapertion, to find the third. 


** 


= — 


Effeftion; 


ALC=2B (In. 176.) 
A=2B—C Theorem I. 


82 * Theorem II. 


=2B—A Theorem Il. | 


1 


Given 


| Sought | 
| | B 


A, 


L 23 J 


| PrRoBLEM XXX, 
578. From any three Terms given, of four Terms (A, B, C, D) in Ariib- 
metical Proportion, to find the fourth. A 
| Exettion. E 
ADS BTC (In. 154) Given | Sought 
2A g= B ＋C— 0 Theorem IJ. I, C, D, | A, 
J]B=A4+D—C Theorem II. JA, C, D 
4'C=A4SD—B Theorem III. A, B, D, 
GD=B-j-C—4 Theorem IV. A, C 


PROBLEM XXXIII. 


579. From any two Terms given, of three Terms (4, B, C) Simple Geo- 
metrical Proportion Direct, to find the third. 


Effettion. 
| 1[4C=BB Un. 191.) Given | Sought 
90 1, BB | — | 
1= 2 Theorem I. | B, C, A, 
| | 
14 a | 
1w*| JB= AC* Theorem II. 42 © 
BB | | | 


ProBLEM XXXIV. 


580. From any three Terms given, of four Terms (A, B, C, D) in Simple 
Geometrical Proportion Direct, to find the fourth. 


Effeftion. - | | 
(In. 18g.) | Given | Sought | 
Theorem I. =. GA, £4 | 


| | 


Theorem II. A, E, D, | 


| 
17 Theorem IV. [4 3, C, 
| ** | ea 268 2 


8 F 


—ů 
- 


B, 
Theorem III. I, B, D, c, 
> 


Pzo- 


581. From any five Terms given, of ſix in Compound Geometrical Proportion 
Direct, to find the ſixth. Ex. gr. Suppoſe C in I Time to have the ſame Ra- 
tio to P in T Time, that R has to 7, i. e. CY: PT=R: I (In. 198.) Then 


1+TR| 5[P== Theo IV. . 2 P. 
1=PR| 6 {=> Theo. V. 0, P, R. I, T, 
8 | \ ; 
br IRE Theo. vi. , I 5. T. : R. 


582. From any two Terms — of three Terms (A, B, C) in Harmo- 
nical Proportion, to find the third. 


Effeftion. | 
Rr Given | Sought 
BY LETT {_=Iven 1 Sought 
: E EIn. 202.) OOTY ee as 
ix Al 2 C_CAmBA | 
| B—A | 
2xB— A| 3BC—AC=CA—BA | 
3+AC]| 4BC= 2CA—BA | | 
4—20— 5 . Theorem I. . J, 
| 2c 62 1 A 
N dBCLBA=2C4d © 8 
| 6 AC Tl A Theorem II. _ 4 C. 
6—BC| 8|AB=2AC—BC 
8224 | 9 MR. C Theorem II. IJ | A, B, 


' Effettion. 
1] CYI=PTR (In. 189) | Given | Sought 
| PTR ; -— 
| [i= Theo. I fr... 1, 
. r= Theo. II. c I P, R. T. 7, 
hci Theo. III. . B, R. T.. c. 


L 


PROBLEZM XXXV. 


1 


pada XXXVI. 


2255 


L 28 J : 
PROBLEM. XXXVIL 


583. From any three Terms given, of four Terms (4, B, C, D) in Har- 
monical Proportion, to find the fourth. 


Effetion. 


8 | | Given | Sought * 
1 FI In. _ | . 
1x 4xB—A| 2]DB—DA=DA—CA 
2404 3]DB=2DA=CA 
2=3D= NY Theo. I Js, C, D, the) 
2DA—CA 
37 — 5 Theo. II. * 4. C, D, B, 
34-4 B-1-CA—2DA 
6—DB, 7 C4=2D4—DB 
DB | 
A ec Theo, Ill A. B, D. C, | 
CA | 
— — —— . . | 
7224 =D Theo IV 4. B. c, D | 


PROBLEM XXVIIL 
584. From any two Terms given, of three Terms (A, B, C) in Contra- 
Harmonical Proportion, to find the third. | 
Effettion. 


C 3— 4 Given Sought | 
TE CAR (In, 203.) | 


3 AA—BA—=BC—-CC 


44: FFSCOT FC 4B Theo. I. B, c, 4, 
5 vr a | | . 
4 


: 6 7 C=B Theo. Il. A,C,| B, 
2-4-1 BB 7|CCCB4*BB=B A AA-|-.BB 
Whence| SLA B Theo, III] 4, B, | C, 


4. H PRo- 


[ 26 ] 


un XXXIX. 


585. To divide a given Number g into any propoſed Number of Parts or 


Shares, which ſhall be 
d, f.) whoſe Sum equals 5, i. e. 


| 


By the Qweſti- 
on. x 


From Step. 1. 


From Step. 4-| 


6, 7, 


gc 


Whence 
Step. 2. 
11, IO- 


Whence 


Step. 3. 


14, 131. 


Whence 


Bu 


proportional to certain Numbers given, (Ex. gr. ö, n 


Effettion. 


to find a, e, y, u. 


1 
[ 
[ 


e e Ag 74 (;' £itthed 
FI: TI 


1 6 | n_——— 
: b4-cd-d+f 
P Step: 3. 


Js or 5:f==g:4u 


1 & rn —_ b 


5 , or $:d=g:y 


* 
11 


U 27 ] . — 
8 Ef 


7 4 Dee 


% 621 5. ors:b=g: a 


Which gives this Theorem for reſolving Queſtions in Simple Fellowſhip, or 
Fellowſhip without Time. | x | 

As the joint Stock s of any Number of Partners in Trafick is to their ble 
Gain or Loſs, fo is each Man's particular Share of the Stock to his particular 
Share in the Gain or Loſs. Which Analogy may be moſt conveniently wrought 
by this Rule. 


Divide the whole Gain or Loſs g by the whole Stock 5, and the Quotient E 

s 
multiplied into each Man's particular Share of the Stock, will produce his 
particular Share in the Gain or Loſs, 


Ex. gr. Suppoſe three Partners (A, B, and C) make a joint Stock of 
1403 J. =s ; of which A puts in 330 J. 10s. Sb, B puts in 4621. 16s. Se, 
C puts in 409 l. 14s. d: With this Stock they trade a certain Time, and 


gain 7311. 155. =g: It is required to determine every Man's particular Share 
in that Gain proportional to his Part in the Stock. 


Ei. | | 
Feet, =0.52 1861 near, Then 
l. 5% & ©; . 
46505 276.688 1 or 276. 13. 09. o. 576. for A's Gain. 


2462.8 5x0.521561=< 241.3784 or 241. 07. 06. 3.264. for B's Gain. 
P 
dg 


2409-7 213.6835 or 213. 13. 08. 0.162. for C's Gain. 


Proof 731.75 Or 731. 15. = the whole Gain. 


And the ſame Theorem ſerves for ſolving Queſtions in compound Fellow- 
ſhip, or Fellowſhip wich Time, if we multiply each Man's particular Stock 
into the Time of its Continuance, according to the Rule of Compound Pro- 


2 (In. 38 1.) calling theſe particular Products 5, c, d, Sc. and their 


ums Fs. 


Ex. gr. Four Merchants (4, B, C, and D) compoſe a joint Stock, as: 
follows. 


J. Months. 


L 282 


* 


. Months. 
7 80 90 With which they trade and 
- $0 9 ith whic trade and gain 
3 75 for 3 2171, 16 5. a J. . 
D (50 12 


It is required to determine each Man's Share of that Gain. 
Here bþ=100x5=500, c=80x9=720 ; d=7 5x8=600, f=50x12=600: 


conſequently 3-þ-c-þ4+=2420=5: and ZE =0.09=g. Then 


420 
3 — 500 45 J. for A's Gain, 
2 =720 64.8 J. or 641. 16s. for B's Gain. ; 
E600 4 . 541. for C's Gain. 
4 — N 1 54 L for D's Gain. 


—— — 


Proof = 217.8 J. or 2174. 165, = the whole Gain. 


PROBLEM. XL. 


586. Suppoſe ſeveral Sums of Money (viz. b, c, d, Sc. whoſe Sum Total 
A Ec. =) due at ſeveral Times, viz. b in f Time, c in g Time, d in b 
Time, &c. It is required to find a mean equated Time a, wherein the whole 
may be paid without Damage to Debtor or Creditor, 


Effeftion. 


bf 
I. 


2 
[| 
UW 


2b: g c: 2 
3b: b d: — 


3 
38 
reg c. 
1+2+3 &c, = ou Flite T 


Whence 


[ 29 ] 

Whence we have this Theorem for the Equation of Payments. 

Multiply each particular Sum into its reſpective Time, and divide the 
Sum of the Products by the whole Debt; the Quotient will be the equated 
Time required, 

Example 1. A is indebted to B 1000 l. whereof he is to pay 600 J. in 4 
Months, 300 J. in 6 Months, and 100/.in 9 Months; but they agree to make 
an equated mean Time for the Payment of the whole. What is that Time? 

ere boo, c= 300, M 100, f=4, g, Dq, 1000=s: Whence a= 


Eien, Months. | 

Example 2. A is indebted to B 6401. whereof he is to pay 40 l. preſent 
Money, 350 J. in 3 Months, and the reſt (which is 2507.) in 8 Months; and 
they agree to make an equated Time for the whole Payment. What is that 
Time ? 

Here þ=40, c==350, d==250, f=0, g=3, b=8, 640=s : Whence a= 


ee Months. 


PROBLEM XILI. 


587. From the particular Quantities of the Ingredienis which go to com- 
poſe any Mixture, with their particular Rates given, to find the Mean Rate 
or Price of the Mixture. | 

This is what Arithmeticians call Alligation Medial. 

Ex. gr. A Vintner mixes þ=315 Gallons of Malaga, worth p=7 5s. 64. 
the Gallon ; with c=18 Gallons of Canary, at q=65. 94. the gallon ; with 
d =I Gallons of Sherry, at r=5 5s. the Gallon, and f=27 Gallons of White, 
at 5=4 5. 3 d. the Gallon, What is the Price @ of a Gallon of this Mixture? 


I: p=b: bp Malaga 
I: rc F Canar 
xs jm 1 2 the Price of the — 
12527: fs A bile 


Then bed: pe- dr ==: a; whence 4 Tei 2 6 
Shillings, which gives the following Theorem. 

Multiply the Quantity of each Ingredient into its 23 Rate, and the 
Sum of all theſe Products divided by the Sum of the Quantities of. all the 
Ingredients will give the mean Rate required, 


I | | ___ 


L 30 J 
PROBLEM XLII. 


588. So to compound unlike Mixtures of two or more different Ingredients, that 
the Ingredients may have a given Proportion to one another, 

Ex. gr. Suppoſe three Mixtures of Metal, of the firft of which a Pound 
Averdupois contains 12 3; of Silver, 1 5 of Braſs, and 3 3 of Tin; of the ſe- 
cond a Pound contains 13 of Silver, 12 5 of Braſs, 3 3 of Tin; and a Pound 
of the third contains 14 3 of Braſs and 2 3 of Tin: Ir is required to make a 
Compoſition of theſe Mixtures, a Pound of which may contain 4 3 of Silver, 
9 5 of Braſs, and 3 3 of Tin. Otherwiſe, making b=12, d=1,f=3, g=1, b= 
12, k=3, Io, M 14, 12, Þ=4, q=9, r=3, there is given. | 


Sil. Br. Tin. 


One b + dd-f 
A baren Mixture containing g L þ Ti 
A third EAN 


Out of which it is required to make a Compoſition, a Pound of which may 
contain p Silver p Braſs |. Tin. Vide Newton's Algebra, p. 75. 


Eection. 
For the Parts of a Pound which are required of the firſt Mixture put a, of 
the ſecond e, and of the third y. 


ab-\-ad 
Thend bd =p, by the Queſtion, 


-n. 
11ab--eg--yl =p | 
ally ad ebm N the Queſtion. 
3laf -|-ekd-yn=r 
© — 
7 = p X 
2, 54a — a 
r =- 
| Whence |, _dp—bq+bm—disy _ fg—dr+-dn—imxy 


1 de—bb -ab 


Or 


L 3 J 
ing) 8] 4=di—bq; B=bm=dl, G=dg—bb, D g dr, 2 = 
enen . T- At, . . B=4-168, 
G=—143, D==4+-24, L=—40, T==-|-33) e = 
AB D--Ly 
& «© 5 
TA—-GD ZA—BD — 


8 
—ͤ ˙—ůä— 


p br . 


Therefore the -Compoſition muſt be made up of Sr tþ of the firſt Mix- 
ture, , #6 of the ſecond, and none of the third. | 


=0Q, 2 


PROBLEM XLIII. 


589. The Prices of ſeveral Mixtures of the ſame Ingredients, and the Pro- 
Portion of the Ingredienis mixed together being given, to determine the Price 
of the Things mixed. 

Ex. gr. One bought 40=b Buſhels of Wheat, 24=g Buſhels of Barley, 
and 20=/ Buſhels of Oats together for 15.61. =p: Again, he bought of the 
ſame Grain, 26=d Buſhels of Wheat, 30 g Buſhels of Barley, and 50=m 
Buſhels of Oats together for 161. =q : And thirdly, he bought of the like Kind 
of Grain 24 f Buſhels of Wheat, 120=k Buſhels of Barley, and 100=#x 
Buſhels of Oats together for 341. Sr. It is demanded at what Rate a 
Buſhel of each of theſe Grains ought to be valued? Newton's Algebra, p. 77. 

Moen putting à for the Price of the Buſhel of Wheat, e of Barley and y 
of Oats. 


ad eb EN as in the laſt. 
af-ek-\-yn=r 


When ſubſtituting exactly as before, there will come out y= 


ab eg LY“ = 
ne f g--yl=p 


TADLGD 
GZLBT 


LE —yl 
el. or 2 Shillings, e 12 = . or 35. .. or 54 


PROBLEM XLIV. 


590. To determine the Proportion of two Ingredients, whereof a Mixture 
is compoſed from the Specific Gravity (i. e. the Weight of the ſame Quan- 
tity) both of the Compoſition and the Ingredients given ſeparate. 


Effeftion. 


Let the Number of Cubic Inches, Pints, Quarts, Sc. in the Compoſition 
be expreſſed by h, that of the one Ingredient by a, and of the other by e. 
Pur 


L881 


Put q for the Weight of one Cubic Inch, Pint, Quart, Cc. of the Compo- 
ſition reſpectively, p for the Weight of the ſame Quantity of a, and r for the 
Weight of the like Quantity of e. | 


I: a: pa the Weight of a 
Theng 1: : 9h the Weight of 5 


I: rg: re the Weight of 


' Conſequently A Þe a; 


becauſe By the Queſtion. 
*| 2 2 Teal 


Whence b , or -r: bg : 4 Theorem l. 


a . „or pr; b=f—4:e Theorem II. 
1. 5ʃT—T: F-: Theorem III. 
QE. F. 


Example. A Sea Captain had bought 12 Gallons of the choiceſt Brandy, 
the Weight of a Pint of which he had experienced was in Proportion to ſo 
much Water, as 9 to 10. But when he came to make uſe of his Brandy, he 
found that it bare Proportion to the ſame Quantity of Water as 97 to 10; 
he was therefore convinced that his Cabbin-Boy (to whoſe Truſt it was com- 
mitted) had adulterated it with Water. It is therefore required to find the 
Quantity of Water that had been put into it inſtead of ſo much Brandy. | 


Here is given b=12, 9=r, rr, and 10=p, therefore = =1 


Gallon of Water put in; and eb = 11 the Gallons of Brandy re- 
maining. 
ScoL1ivum II. 


| 591. The Weight peculiar to each Species of Matter, whereby it is diſ- 
tinguiſhed from all others, is called their Specific Gravity, the Knowledge 
of which being a Thing of very great Uſe, I ſhall therefore here inſert. 


I. A 


JL 33 J 


I. A Table of the Specific Gravities of II. A Table of the Specific Gra- 


ſeveral Fluids. | vities of ſeveral Solids. 
A Cubic Inch | In Summer. | In Winter. 15 

Paris Meaſure. Oz. Dr. Gr. Oz. Dr. Gr. — 

— — — 71, of Mercury? 
Of Mercury 7 1 667 2 14 || 60+ of Lead 
Oil of Vitriol 7 59 7 71 || 54+ of Silver 

Spirit of Vitriol 5 33 5 38 |] 475 of Copper 
Spirit of Nitre 6 24 6 44 || 45 of Braſs ; 
Spirit of Salt 5 49 5 55 || 42 of Iron Is equal in 
Aqua Fortis 6 23 6 35 [| 39 of Tin Magnitude to 
Vinegar. 5 15 5 21 || 38. of fine Tin pou Hundred 
Diſti!Pd Vinegar 5 11 5 15 || 26 of Loadſtone Found Weight 
Burgundy Wine 4 67 4 75 || 21 of Marble of Gold. 
Spirit of Wine 4 32 4 42 || 14 of Stone 
Pale Ale S123 5 9 || 125 of Sulphur 
Brown Ale W--— 5 #7 || 5 of Wax 
Cows Milk 5. 20 5 257 || 53 of Water J 
Goats Milk 5 24 5 28 
Urine | 5 14 5 19 
Spirit of Urine 5 45 5 53 
Oil of Tartar 7: ay 7 43 
Oil of Olives. 4 53 | Is frozen 
Oil of Turpent. 4 39 4 46 
Sea Water 6 12 6 18 
River Water 5 10 5 13 |} 
Spring Water 5 11 5 14 
Diſtilled Water 5 08 8 


PROBLEM XLV. 


592. Suppoſe two Bodies A and B, at the Diſtance þ from each other, 
tend to a certain Place between them, and A begins to move before B the 
Time 5, moving c (Inches, Feet, or Miles) in the Time d; whereas B moves 
f (Inches, Feet, or Miles) in g Time. It is required to find how far A will be 


gone before it meets B. 
Effeftion. 
For the Diſtance moved by A put a, then will }þ—a expreſs the Space 
moved by B. ' | 


K c:d=a: 


Tes U 


3 = the Time A moves. 


11 


l ns 
2 F: g HD- a: the Time B moves. 


3 EE bs by the Queſtion. 

ch Rg 
3 the Diſtance gone by 4. Theorem J. 
TY eee 


bfd—cfh | 
ar the Diſtance gone by B. Theorem II. 
d 1 


Ex. gr. If b=59 Miles, c=7 Miles, f=8 Miles; and 4=2 Hours, g=3 


* e NI bg—ch 
Hours, 5 1 Hour; then s Miles, W = 24 


Miles. 


PROBLEM XLVI. 


393. Suppoſe two Bodies 4 and B, at the Diſtance 5 (Inches, Feet or 
Miles) from each other; whereof A begins to move h Time before B, fol- 
lowing Bat the Rate of c Space in 4 Time, whilſt B flees before at the Rate 
of f Space in g Time. It is required to know whether B will be overtaken 
by Aat that Rate; and if it will, in what Diſtance moving. 


Efeftion. 


For the Diſtance moved by A put a, then will a= expreſs the Diſtance 
moved by B. 


d=a: = the Time A moves 


7 
Whence| 4 =ox i the Space gone by 4. Theorem I. 
| 2. 
And] ;ja—b= = the Space gone by B. Theorem II. 


Ex, 


DL 35 ] 

Ex. gr. If bg g, c=7, f=8, d=2, g=3, Dt, then a=2362, a=b= 
1974 6 
PROBLEM XLVII. 


594. To divide a given Number b into Extream and Mean Proportional 
Geometrical, or in other Terms, to divide þ into two ſuch Parts a, e, that 
a, e, h may be in . 


Effeftion. 


Ila -e = 
| 2 er Jy the Queſtion. 
3Jab=ee 


I, | 4lee==bb—2ba-|-aa 


3, 4, 5lab==bbnn2b 


Whence| 7 24575 Sb b —38 
78 -a bNN A =thx5*—1 
Subſtitute] 9Þ 1 x5*=0.3819661 near z. 


Andi * 0. 6180339 near = Iz 
Then 11a=bz 
Andli2|=b—bz 


Ex. gr. If b=4. a=bz=1.527864, eb==bz=2.4721356, If bg, a=bz 
—1.9098305, b—bz=3.0901695, Cc. | 


ProBLEM XLVIII. 
595. To raiſe Theorems for the Computation of Simple Intereſt. 


 Effeftion. 


Let C repreſent any Sum of Money lent out for the Time , and for the 
Intereſt which ſuch Sum gains in that Time put R; then will P repreſent an 

* other Principle lent out for the Time T, whoſe Intereſt at the ſame Rate is 7. 

(In. 581.) If then R be put for the Rate or Intereſt of 11. , for one Year 

, it is plain from Theorem J. in that Place, that the Intereſt of any Prin- 

ciple P for the Time 7, at the ſame Rate will =PTR=17, And if A be put 

for the Amount of any Principle P in the Time T at the Rate & per l. per 


Ann. then. 


I>PT-|-1 


<y 


J 36 J 


I Given | Sought 
1PRTEP=A Theorem 1. FE, T A, 
15 8 Theorem II. 4. R, 2, P, 
I—P| 3 PRT A- 6 
3= PRI 4/T= 7 Theorem III. . 
37 * > Theorem IV, . . R, 


Queſtion 1. What will be the Amount A of 3341. 105. =P, if forborn for 
2 Years 234 Days, or 2.640656 Years, = T, at 3 J. per Cent. per Annum ; or 
which is the ſame Thing at o. og J. or 15. R per l. per Ann. Simple Intereſt ? 


Anſwer. A=PRT-P=378,66497161. or 378 J. 135. 3 d. 2qrs. (Theo. I) 


Dueſtion 2. What is the preſent Worth P of 378 J. 135. 34d. A, due two 
Years 234 Days hence , abating f . per Cent. per Annum; or ſuppoſing 
0. 05 l. =R per l. per Annum, Simple Intereſt ? | 


Anfwer, P = 


Ran =3341. 105. Theorem II. 
Dueſtion 3. In what Time 7, will 3347. 10s. =P amount to 3781. 13 5. 
32d. = A, at 0.051. R perl. per Annum, Simple Intereſt ? 


A—P 

Anſwer, T = FF 

Queſtion 4. It is required to determine at what Rate R, will 3341. 10 5s. 

—P, in 2 Years 234 Days , amount to 378 J. 135. 34 d. A, Simple 
Intereſt ? 


Anſwer. R i =0-05 I. (or 51. per Cent. per Ann.) Theorem IV. 


= 2 Years 234 Days. Theorem III. 


PROBLEM XLIX. 


596. To raiſe Theorems for the Computation of Compound Intereſt. . 
Compound Intereſt is when by Reaſon of Non- Payment, the Intereſt due at 
every foregoing Payment, at equal Times, is made Part of the Principle of 
the following Payment: So that the Principle bears the ſame Proportion, or 
Ratio, to the Amount of the firſt 4 that the Amount of the firſt 
Payment bears to the Amount of the ſecond Payment, and that the Amount 
of the ſecond Payment bears to the Amount of the third; the third to the 

fourh, 


4 
fourth, Sc. Thus, if 1 J. amount the firſt Year to 1.05% l. or 1/. 14. then by 
continuing unpaid it will amount the ſecond Year to 1.05x1.05=1.10251. the 


third Year to 1.05 1.167623 I. the fourth Year to 1.05 1.21 550625 J. 
the fifth Year to 1.05 21. 27628176, Sc. Conſequently the Amount of 1 /. for 


half a Year will be 1.05*=1.02469507 J. for a Quarter 1.05+=1.012272230. 
for a Month or . of a Year 1.07 =1.00407412 J. for a Day or +5; of a 


Year 1.05 21.0001 3368 Sc. J. Ge. 

If R be put for the Amount of 17. with its Intereſt for 1 Year, i. e. R 
1. O5, at 5 J. per Cent. per Ann. K 1. 06 J. at 61. per Cent. RI. o l. at 71. per 
Cent. Sc. then R* will equal the Amount of 1 /. at two Years End; R* at three 
Years End; Rà at a Quarter, Rr at a Month, Rr at a Day, &c. and 
univerſally N& at the Number of Payment T. And by the Rule of Three, as 
17. is to the Amount of 1 /. for the Number of Payments T, ſo is any Prin- 
ciple P to its Amount for the ſame Time or Number of Payments, i. e. 
1: N P: PR", Whence | 


Given Sought 
R= Theorem I. = HIT. 4. 1 
IR" 2 — Theorem II. 1 . P, 
4 
1=P] = P 
Luv * Theorem III. 4er 


Queſtion 1. What will be the Amount A of 40001. =P, if forborn 4=T 
Years, at the Amount of 1.05 J. R per l. per Annum, Compound Intereſt? 


Anſwer. A=P R*=4862.0251. 4862 l. 00s. 06d. Theo. I, 


Queſtion 2. What is the preſent Worth P of 4862 J. oO. ob d. = 4, due 
4=T Years hence, abating at the Rate of 1.051. R for the Amount of 1 /. 
per Ann. Compound Intereſt ? 


Anſfeer. P 4000 J. Theo. II. 


Queſtion 3. It is required to determine at what Rate R will 4000 l. =P in 
—=T Years amount to 4862. 025 J. A, Compound Intereſt ? | 


— 


Ailuer. R. Berod. or 11. x 5. Theo, Ill, 
L This 


L 380 


Queſtion 4. In what Time T will 4000 J. =P amount to 48 662.02. 


=, at the Amount of 1.051, R per l. per Ann. @ompound Intereſt ? 
This is performed by dividing the Quotient 2 by R, and that Quotient 
again by R, and that again by R, Sc. till the laſt Quotient be Unity, and 


the Number of ſuch Diviſions (which are four) will give T, 4. e. T=4. 


PROBLEM L. 


397. What three Numbers are thoſe a, e, y, whereof the Square of the 
firſt, added to the Product of the ſecond and third, equals /, the Square of 
the ſecond added to the Product of the firſt and third equals , and the 
Square of the third added to the Product of the firſt and fecond equals u. 


Ex. gr. Let IIb, m=17, u==18, See Wallis's Algebra, p. 225. 


Effettion. 


Taad-ey=l 
2/ee-þ-ay = of By the Queſtion. 
3% Leeren 


7 4 8 
Subſtit. i 9 E ö nn A 1 
Then|: 1] Ay* ＋ BY 4-Cy-+-D=0 

12 1 

2—ayli 3}ee=m—ay 5 
ee 3 


12, 13/14 


naa 
* 


 Whence|15 . . =0 


Subſtit.|16]24*—1=F, G=—ma, H=In—naa 
Then 7|Fyy--Gy+H=o. 


There- 


[ 39 J 


Therefore reſtoring the Values of A, B, C, D, F, G, H 
in the roth and 16th Steps, and (by In. 3 30. Rule II.) 
we have this Equation with y exterminated. 
81+ 
T . fs 
18182" * —284"* +330, Dun m* zn a 
39 —Im*n* 
bm* n* 
——]} * 
| | — inn — 115 
102 eos „ 
9" —x30 ne ni 
— 43 8 
i +-3m*#* 
| | III. 2 
ä —14/* mn — 
97 N Ln 21m? „Tie =0 
* 1 2120 7 —alm*n* 
2m*n 
2211—21—=0 or u=2/=32=240 (In. 424.) 
23 4 2 16 5 25 
24 A. But by this; 7 Se So in the 5th Step, therefore 
another Value of @ muſt be found by dividing the 
4 Equation in the 21ft Step, by ET, and fo re- 
| . the Equation of five Dimenſions into one of 
| our. 
| —7¹ * 
25% —57 e un „ Amn W 
| ; = En 
25% 80 19984 —1490 u- CSO 
27 = e 2.796441 79448074402, c. (In. 509. Ex. 2.) 
28a 6.378 22089724037 2a Ve. 
20] 4= 2.525513986744158 near 
30] 24-299937701382096=18y—y? 
31} y=3-240580681617174 
32 =——=2.969152768619848 


Proof 


[ 40 7] 
Proof. | 


aa= 6.378220897240372 
ey= 9.621779102759628 


aa-|-ty=16.000000000000090 


ee= 8 813868 163402909 
ay= 8.184131836597093 


ee Tay =/. ooo OOO 


99y=10.501363154070430 
ay= 7.498636845929507 


=17.999999999999997=18 near. 


ScoLivnm III. 


598. Dr. Wallis gives three other Anſwers to the foregoing Queſtion in 
Numbers according to the three remaining Roots of the Equation in the 25th 
Step. Thus, | | 


The ſecond Value of is 0.350987046 near, according to which 


a=0.418919470 
e=93.91222068 er 


y= 4044884670 


The third Value of « is 34.8 3228028, according to which 


a=-|-4.173264926 
e= ＋4. 287022553 anear. 
y= —0.330331815 


The fourth Value of « is 32.06029088, according to which 


a=—-|-4.0037 66407 
e=—0.007099744 near, 


y=+0.2459893 


CHAP. 


599. Fa 


J 41 1 


CHAP II. 


0% Arithmetical and Geometrical P rogreſſi on. 


14 
2— 4 
227 


4 
1 


64=1] 


* 


PROBLEM LI. 


EffeBlion. 


52 (In. 207.) Theo. I. 


A -d 
1 1 Theo. II. 


33 nd 


Theorem III. 


Theo. IV. 


21 


ROM any three given, of theſe five, d, g, l, n, s, to find the reſt 
(In. 206.) | 


. 
22 


25 


— — 


— Theo. VI * 
I+g 


__ 251g 

* 

3 g 2-1 
2 —1 


Theo. VII. 


Theo. VIII. 


m IS, (In. 212) Theo. V. T 


— fade 


8 4-2 
25=2nbd-nnd-nd 


—— T * Ares R 


M 


—_ 4 


5 J, n. 


4. 


17-2 


L 42 J 


17-2119: 2. = d==nd | Given. | Sought 
an BY Theo. X,. 11 
| z d nd an 4 
— . 1 —.— Theo. XI. d, u, 4 J. 
| | 
25 
3 T — 
T | 
* Theo. xl ts |. 
ty 2d 2 
== 1 
ngd-nd—n* dntce 
Eng ud d=25 | 
— = * Des Th. Xl las 1-4 
agar | 
29-2 — ——5 — "Tk id d, 15 55 2. 
4 — — * WES WE 
29 3 1 _— == 


=> Theo XV. 


. 
— 


F TYI, 
5 2H | . 2 Given Sought, 
4 


0 41 beo. XVIII 1 
7 1 * + p . ö 
40-l-g1]42]25d—ld=g* —t*-+-g 3% 
40-1] 43 241 I g 7-0 | - | | 


Whence|44/25d—IJ41” d dg. Theo. XIX. d, I, „ g. 

43—=254]4.5/*—(d=g*pdgmnid OO | 

Whence[46 FF add 42d | | 
Or if 4 be S{/ Theo. XX. d, g, | I. 

Ee . a r 


Se. 5 Sc. 


5 ScoLivm IV. 
600, The foregoing Theorems may be illuſtrated by the following Ex- 


amples. Þ 


Queſtion 1. A certain Man had 13 Children,” the youngeſt of which was 3 
Years old, and every one of the reſt was 2 Years and a Quarter (or 2.25 
Years) elder than the other: It is required to know what was the Age of the 
eldeſt ; and alſo the Sum of all their Ages. : 

Here is given /=3, urig, and d=2;, to find g the Age of the Eldeſt, 
and = the Sum of all their Ages. * 


Anſwer, g=1--nd—d==30, per Theo. I. and — = 2144 per 


Theo. IX. 


Queſtion 2. Suppoſe a Perſon had 13 Incloſures of Ground, each of which 
was 2+ Acres more than another, and the largeſt contained 30 Acres: It is 
required to determine how many Acres were contained in the ſmalleſt, and 
oy: what Quantity of Ground he had in all. 

Here is given 2=13, 4=24, and go, td find /= the Acres contained 
in the leaſt Incloſure, and r the Sum of all the Acres he had. 

Anſwer. I=g-1-d—nd==3, per Theo. II. and — Ka P =314-5, per 


Theorem XIII. . 
Nueſtian 3. One had a certain Number of Horſes, each of which he valued 
at 21. 5 5. or 24 l. above the other; the beſt he prized at 30 l. and the worſt 


at 31. It is Rquired to find the Number of Horſes he had, and what was 
the Price of them all taken together. | 
s Here 


L 
Flere is given d= 22, g=30, and I 3, to find ar the Number of Horſes, 
anb s= the Sum of all their Prizes. | | 


Anfwer. 1 =123, per Theorem III. and 


| | BF, 3-2. >, 38.2145. per Theorem XVII. 
veſtion 4. Suppoſe 13 Eggs placed in a direct Line from a Baſker, at equal 
. from — pode 2 Lek of which is 3 Yards from the Jy 
and the furtheſt off 30 Yards from it: It is required to find their Diſtance 
from each other; and alſo how many Yards that Man muſt run who is to 
gather up thoſe Eggs one by one, beginning with the neareſt, and ſtil] return- 
ing with every Egg to the Baſket. e e KABEE Hatt 
Here is given z—13, /=2x3 or 6, and g=2x30, or 60 (by reaſon of the 
Man's going and returning with every Egg,) to find d the Space which the 
Man runs for every following Egg more than he did for the foregoing one, the 
Half of which is the Diſtance between Egg and Egg ; and 5= the Number 
of Yards which he runs in gathering up all. ; #6, eee 


e 5 4 _ | 
- ; 7 . per * he . The Diſtance between every 


| gg is 25. 
ee ee 

Queſtion 5. A Recruiting Officer went to a certain Place, where he tarried 
a certain Number of Days, the firſt Day he liſted 9 Men, and every following 
Day he encreaſed by a certain Number more than he liſted the foregoing one, 
till the laſt Day he lifted 30, and had in all 156 freſh Men: It is required 
to find the Number of Days he tarried, and how many Men he encreaſed 


each following Day more than he had the foregoing one. 


Here is given /=9, g—30, and 5=156, to find a= the Number of Days. 
he tarried, and d the Number of Men he liſted on each following Day 
more than he did the foregoing one. x, 


9 


Anſwer. 12 —$8, per Theorem VI. 
— 1— — 
— — 2 3, per Theorem won 


Queſtion 6. A certain Man had #=13 Children, who differed all alike in 


their Ages, the eldeſt was g=39 Years old, and the Sum of- all. their Ages, 
et niet n and, was 


L 43 J 


was 5= 214+ Years. It is required to find / the Age of the youngeſt, and 


alſo d the Difference of their Ages. 


Anſwer. I=—= 3, per Theorem VII. " 
i=—I==21, per Theorem XV, 


Queſtion 7. Suppoſe a Perſon had z—=13 Incloſures of Ground, each the 
ſame Quantity of Acres bigger than the other, the leaſt of which contained 
I=3 Acres, and the Sum of the Acres contained in them all was 5=214+4 
Acres: It is required to find g the Number of Acres contained in the 
greateſt, d the Number of Acres by which every next greater exceeds the 
next leſſer. OM | 


Anſwer. g=—= ==30, per Theorem VIII. 
2.—2u¹ | | 

n nm} 

Queſtion 8. One had #=13 Horſes, each of which he valued at d==22 J. 
more than the other, and the Sum of the Prices of all was 5=2141. 103. 


Ic is required to determine the Prizes of the worſt } and the beſt g ſeparate- 
ly; and conſequently the Prices of each of the reſt. 


=3, per Theorem XI. 


= D, per Theorem X. 


2 


s d—nd 


Queſtion 9. Suppoſe a Number of Eggs were placed in a direct Line from 
a Baſket at 4d—24 Yards from each other, the neareſt of which is 4 1=3 
Yards from the Baſket, and it would require a Perſon to walk 5=429 Yards 
to take them up ſingly, and return with each to the Baſket, It is required 
to determine z= the Number of Eggs, and g= the Number of Yards which 
the fartheſt lies from the Baſket. 


3 « 74 
A SED — 1e em 


g d- IAT —:4=30, per Theorem XIX. 


AQueſtion 10. A Recruting Officer went to a certain Place, where he tarri- 

ed a certain Number of Days, and every Day encreaſed his Company dg 
Men more than he encreaſed it the * one, and the laſt Day he en- 
| creaſed 


=30, per Theorem XIV. 
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creaſed it ge 30 Men, gaining in all s=156 freſh Men. It is required to 
determine = the Number of 12 he tafried, and how many Men J he 
J | 


liſted the firſt Day, and conſequent]y every other Day. 
| " 4 


Anſwer. n= $514 IHE, per Theorem XVI. 


ET dg, per Theorem XX. 


CoROLIARx II. 


601. From hence is learned to compute the Amount of any yearly Rent or 
Penſion, if forborn for any Number of Years, according to any propoſed 
Rate, at Simple Intereſt, For if ER 


U= the Penſion yearly, half yearly, or quarterly, Cc. Rent. | 

T= the Time of its Forbearance, or the Number of the Payments forborn. 
R=the Rate or Intereſt of 11. for 1 Year, as (In. 595.) 

A= the Amount of the Penſion with its Intereſt for the propoſed Time. 


Then will [$1 | 
U= the Amount of the firſt Year, or Half Year, Gc. without Intereſt. 
2U-: the Intereſt 1U= the Amount of the ſecond Year, or Half Year, Cc. 
3U—+ the Intereſt of 1U-4 2U= the Amount of the third Year. 
4U-- the Intereſt of 1U-þ 2U- 3U= the Amount of the fourth Year, &c. 


And univerſally ' | 


TU-+ the Intereſt of 1U-|-2U-1-3U&«. to 4-7 U--U will equal the Amount 
of che T Number of Years, Half Years, Quarters, Sc. according to the 
Term of the Penſion U. | 


But RU= the Intereſt of 1U. 

2RU= the Intereſt of 2U. 

3RU= the Intereſt of 30. And univerſally | 

TRU= the Intereſt of TU. i. e. 1:R=TU:RTU. And 1:R= 
IU: T—Iix RU. Therefore A=TU-LRU-k2RU-+3 RU-4RU, Sc. to 
T—1xRU. i. e. A equals T U- the Sum of a Series of Terms in —= whoſe 
firſt Term and common Difference is RU, Number of Terms 7—1, and 


laſt Term T—1xRU. But ſuch a Sum is equal to — per Theo- 


rem Vin, IXth, XIIIch, and XVII th. (In. 600.) Therefore 
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| | TU. TTRU—TRU 5 | Given | Sought 
8 | . 2 | | aa 
A=TU+TRUX* Fheo. 1. E. 2, U 4 | 
12 r primer re | | Ts 
CES a ++ 9 
EF = ITF Theo. II. 14, R, 7] U, 
By 7 | | 
2=—RU N — 
AR cog 8 1 
Whence| g F It RR—RyR—: | 
— | mom =T Th. A, R, U, T, 
All. x 
2—2T U 6. A—2TU=TTRU—TRU 
| 2A—2T U 1 | | 
— — — Theo. IV. » Wy 
ron roy Theo. IV. 7 7 oy "gel 


Ex. gr. Queſtion 1. What is the Amount A of 5001, =U yearly Rent, for- 
born 9=T Years, at o. og l. =R per Pound per Annum Simple Intereſt ? 


Anſwer. A=TU4TRUx' =54001. per Theorem J. 


Queſtion 2. What is the Amount A of 125], U quarterly Rent, for- 
oy 36 Quarrers , at 0.01251. M per Pound per Quarter, Simple In- 
tereſt ? 


Arfuer. AUT =54841. 75. 064. 


Queſtion 3. What quarterly Rent =U being forborn 9 Years, or 36 Pay- 
ments=T, will amount to 5484.375 J. =A (or 54841. 75. 6d.) allowing 
o, 125 J. R fer Pound per Quarter for each Payment as it becomes due: 
Simple Intereſt ? 

2A 


Anſwer, U= TR 5 per Theorem II. 
Queſtion 4. In how many Payments =T will 1251. quarterly Rent =U 


amount to 5484.3751. A allowing 0.01251. R per Pound per Quarter 
for the Forbearance of the Payments as they become due? 


Anſwer. 


L 48 J 
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Anſwer, Tze, per Theorem Ill. · 
| Bueſtion 5. If 1251. quarterly Rent =U, forborn for 36 Payments , 
amount to 5484.3751. A, allowing Simple Intereſt for every Payment as 
it becomes due; what is the Rate of Intereſt per Pound per Quarter SR? 
| 24 —27U0 | 


Anſwer, R FUF, l or og d. per Theorem IV. 


CoRoOLLARY III. 


602. And hence alſo is learned to compute the preſent Value or Price = P 
of any yearly Rent or Penſion at Simple Intereſt for any propoſe Time or 
Number of Payments to come, For, repreſenting all Things as before, then 
the Amount A of any Penſion, yearly, half yearly, quarterly, Sc. Rent 
, for any propoſed Time or Number of Payments forborn , will be 


TULTRUX—* (In. 601.) And again, the Amount A of any Principle 
P, if forborn for any Time M at any given Rate of Simple Intereſt R 
be PRT-|P. (In. 5gy.) i. e. A=TU--T WR or — 


2 2 
and A=PRT-|-P, conſequently | 


2TU-|-TTRU—TRU (in. Given [Sought 


—_— 


PRT TLP 2 "6 21.) 
1=RT+1] 2 PE Theo. I. K, 7, U, P, 
152) 3 LPRILaP=2TU-STRU—TRU 
42 | 2PRT+H2P, „ | 
327 TTR—TR 4 TITRE Theo. II. P, R, 7, U, 
th 3—2PRT fj2P=2TU-+TTRU—TRU—2PRT 
G==2T U| 6 1 TRU-TRU—2PRT 
| 2 P—2 | 
— — JE = . . P,T,U, 5 
6<TTU—TU—2PT] 7 57 2 * III R 
| 2P 2PT | 27 
We 5 
| 4 


Subſtitute 


Md 

0 

* 
Vc 


| | Given [Sought 
Subſtitute |» 000) } Fey: | 25 Fr 


8, glio| -H 


P, R, C, T. 


E FEE 
Mee —ix=T. Theo. IV. 


Queſtion 1. What is the preſent Worth P of go. =U yearly Rent at 
0.051. =R per Pound per Annum, to continue 9g=T Tears? | 


Anſwer. P= TU I n==3724-137931 J. or 37241. 02 5. og d. per 
Theorem I. ' | 


Queſtion 2. What yearly Rent =U may be purchaſed for 3724. 138 l. =P, 
to continue the Term of 9=T Years, allowing 0.051. = R per Pound per 
Annum Intereſt ? | 

TR-L1 


Anſwer U=2Px 27 TTRETR 


=500 l. per Theorem II. 


Queſtion 3. For what Time-T may a Penſion of 5001. ] per Annum be 
enjoyed for 3734. 138 J. , ready Money, at 0.051. R per Pound per 
1 Intereſt, for the Time every Payment is made before it be- 
comes due: | 


wb yd þ 
2P xx* x 


Anſcwver . TN — > =9 Years. 


Queſtion 4. What is the preſent Worth =P of 500 I=U yearly Rent, at 
0.05 l. R per Pound per Annum Simple Intereſt, to continue for 9=T Years 
to come; the firſt Year of which is not to commence till ;=7 Years after the 
Payment is made, | | 


Here find P=T CE (per Theo. I.) 3724. 137931 l. the pre- 


ſent Worth of the Annuity, ſuppoſing it to be immediately entered upon, 
as before: But in regard it is not to be entered upon till 5=7 Years hence, 
therefore the laſt Sum found, viz. 3724. 13793 1 J. is to looked upon as the 
Amount of P for ;=! Years, at 0.05 J. per Pound per Annum, i. e. 3724-1379 


—A=PR1--P (In. 595.) Whence P=- E or (ſubſtituting A=PR1l- 
O ** 


1 

| 2TU4-TTRU—TRU 5 2T U-|-TTRU—TRU 2 7 
Fr "TINY +2 ) —2RRTiþ+2RT+2R1--2 n 
2979 I. 065. oz: d. near, for the Price required. From which laſt Theorem, 
if need be, may alſo be raiſed Theorems for finding T, U, and R as above. 


PROBLEM LII. 


603. From any three given, of theſe four /, g, 7, s, (In. 218.) to find the 
fourth, | 


Effeftion. 
1\sr—gr =] (In. 225.) | Given | Sought 
Theo. I. a 
—IAer 
4|r——S=gr—l | | | 
Thea, II. abr} 5 
sr—5-[=gr | 
— l Theo. I. nals 
Sgr. Theo. IV. Kr.. 


ScuoLiuM V. 


as The foregoing Theorems may be illuſtrated by the following Ex- 
amples. | | 

Queſtion 1. 9 a Grain of Wheat and its Product were ſown for a cer- 
tain Number of Years, every Grain having always the fame Increaſe, ſo that 
thelncreaſe of the laſt Year is ro000000 Grains, and the Sum of every Year's In- 
creaſe with the firſt Grain is 11111111 Grains. It is required to find at what 
Rate it multiplied every Year, and how many Years it was ſown. | 

Here is given 1=/, 10000000=g, and 11111111=s to find r= the Rate 
required, and z—1= the Number of Years it was ſown. 


Anſiwer. io, Theo, 1. which ſhews that it increaſed yearly in 
a tenfold Proportion. 
Then becauſe g=/*”* (In, 219.) and conſequently 15 therefore 


divide >.=10000000 by r=10, and that Quotient again by r=10, Cc. 
and that Quotient = 100000 again by r=10, &c. continuing ſo dou 
| | ti 


LJ 
till the laſt Quotient be Unity, which will be done at ſeven Diviſions, 


i. e. 1 or > = r rn, whence 7=x—1 the Number of Years the 
g 7 


Corn had to increaſe in. 


Queſtion 2. Suppoſe the Nails in a Horſe's Shoes to be 28, viz. 7 for each 
Foot ; and the Hiarſe is valued at a Farthing the firſt Nail, two Farthings 
the ſecond, four the third, eight the fourth, Sc. every following Nail doublin 
the Price of the foregoing one, ſo long as any remains. It is required to fin 
the Horſe's Price on that Condition, | 


Here is given /=1, r=2, #=28, and conſequently gi or Ir*7 =rx 
ri xr" *xr7=134217728, to finds, Theo. II. Thus, s= — 


—. 2268435455 Far- 
things, or 279620 J. 55. 3. d. 3 qrs. the Price of the Horſe required. 


CoroLLARY IV. 


605. Hence is learned the Method of computing the Amount A of any 
Penfion or Annuity U, if forborn for any Number of Years or Times of 
Payment 7, according to any propoſed Rate, at Compound Intereſt. For 
if R= the Amount of 1/. (In. 596.) and U= the firſt Payment, or firſt 
Year's Rent without Intereſt; then will 


The ſecond Year's Rent -- the Amount of the firſt Year's Rent 
U+RU=I with its Intereſt, T | 


277. The third Year's Rent ＋ the Amounts of the firſt and 
U RUR ſecond Years Rents. * | 


1 _ FThe fourth Year's Rent -|- the Amounts of the 
U NUR = firſt, ſecond and third Year's Rents. 


The fifth Year's Rent with the Amounts 
U4-RU--R*U+R*U-ER*U=$ of the firſt, fecond, third and fourth 


5 Year's Rents. 
And univerſally 
The 7 Number of Payments, with 


2 3 177. } the Amounts of the firſt, ſecond, 
UNC RU RU, c. to R U=4q third, Sr, w == Number of 


Payments. 
Thereſore AL RL R*U-|-R*U<+R4U, Ge. to -U, 5. e. A equals 
the Sum of a Series of Terms in , whoſe firſt Term is U, common Mul- 
tiplier R, Number of Terms 7, and laſt Term is RU: But ſuch a Sum 


(In. 603. Theo. II.) 


—1 


R—1 


1s equal to Ux 
Whence 


R 


Whence| 14 — 275 Theo. I. | R, 7, U, A, 
1xR—1] 2 NA -A N 
2 —1 3 9 Theo. II. A, R, T. U, 
2—R'U-L-A| 4 NKU AU ins if 18 
U e Theo. m. 4. b, 2 R. 
2-4-U| EAA RU 
640] e Theo. IV. JA R. UH ©. | 


U i 


Ex. gr. Queſtion 1. What is the Amount A of 300 l. =U yearly Rent, 
forborn 9=T Years, at the Amount of 1.05 J. R per Pound per Annum, 
Compound Intereſt ? 


R 1 | 
Anſwer. A 51326227 255 13 J. 055. o/ d. 039rs. near. 


Queſtion 2. What yearly Rent U being forborn 9=T Years, will amount 
to 5513.2822 J. A, at the Amount of 1.051. R per Pound per Annum, 
Compound Intereſt ? | Dr 


Anſiwer. U= . 300 J. per Theo. II. 


Queſtion 3. If 300 l. yearly Rent U, forborn for 9=T Years amount to 
35 13.2822 J. A. What is the Amount R per Pound per Annum ? 


A—U | 
Anſwer © RN == Theo. III. According to which R vill be 
found —1.05 J. | | | | 
Queſtion 4. In how many Payments =T will 5001. =U yearly Rent, amount 
to 3313.28 22 J. A, at the Amount of 1.051. R per Pound per Annum! 
RA—ALU 
Anſwer. R 
U 
Then 1.55132822 being divided by R=1:05 and that Sanz by 
R=1.05, and that Quotient again by R=1.05, Sc. till the laſt Quotient 
=1, the Number of Diviſions will be 9=T required. | | 


=I. 35132822 I. Theo. IV. 


606. And 


1 


CoroLLakry V. 


606. And hence alſo is learned to compute the preſent Value P of any 
Penſion, yearly, half yearly, or qurenys Se. Rent , at compound In- 
tereſt for any propoſed Time or Number of Payments to come 7. For 4 


R 
— (In. 605.) and APN (In. 432.) Conſequently 
a ee RIU Given |Sought 
== * 
1 | 
RU—U, „ iK 
L E= FU Theo. I. . 2. U P. 
1xR—1 g++ P—RP RU 
— RIP NTP 
37K —1 4 . or 
Kr RT XR—1 
r = Xx PU Theo. Pt, R, 7, U. 
| ns) Lo (II. N 
| 


From whence may the Theorems for T and R be deduced at Pleaſure, 
as above. 


Queſtion 1. What is the preſent Worth P of 5001. V yearly Rent, to 
continue 9=T Years abating at the Rate of 1.05]. R the Amount of 11. 
per Annum Compound Intereſt? 


17 


Anfwer. P=Ur—=3553-911 &c or 35531. 185, 24 d. near: Theo. 1. 


Queſtion 2. What Yearly Rent =U may be purchaſed for 3553 J. 18s. 
23.4. =P, to continue the Term of 9=T Years, allowing at the Rate of 
1.051, R the Amount of 11. per Annum Compougd Intereſt ? f 


Anſwer. U Px 3 S o l. per Theo. II. 


* 
Aueſtion 4. What is the preſent Worth =P of 300 l. =U yearly Rent, to 
continue 9=T Years, the firſt Year of which is not to commence till 5= 


Years after the Payment is made, abating at the Rate of*1.05/. R the 
Amount of 1 /. per Annum A ? a 
ere 


| 544 


[== 


Here firſt find P=Ux * N- 23553911, Sc. J. the preſent 


Worth of the 9 ſuppoſing it to be immediately entered upon; but, 
according to the preſent Suppoſition, it is not to be entered upon till 32 
Years hence: Therefore the laſt Sum found, viz. 3553.91 1 l. is to be looked 
upon as the Amount of P for 5=/ Years, at 1.054, per Annum, Compound 


Intereſt, i. e. 3553-911=A=PR-* (In. 596.) Whence Pf, or, reaſſuming 
1— 5 


the Value of 4, FP . . 2784.91 J. or 27841. 115. 93d. near the 
Re N. 


Price required. According to which laſt Theorem U=Px —— 
: CPI 
N 


whence may be alſo raiſed Theorems for finding 7 and & in their order. 


from 


CoRoLLARY VI. 


_ 607. Allo by ſumming up a Geometrical Series is learned to compute all 
the poſſible Permutations or Changes which can happen to any Number of 
Things x. For this has been ſne wn to be equal to the Series n*--n*-n* -u, 
Se. till the laſt Term be * (In. 247.) But the Sum of that Geometrical Series 
whoſe firſt Term, common Multiplier, and Number of Terms is u, and greateſt 


trees l. In. 60g.) 


21 


Term is , is equal to 


PROBLEM LIII. 
608. In any Geometrical Series decreaſing ad infinitum, ſo that the leaſt 
Term /:is taken for Nothing; from any two given of cheſe three, viz. g, r, 5, 
to find the third. ä 


EFection. 
Becauſe /=o, therefore : 
II- = (In. 225.) Given [Sought 
a Ty 5 : 15 
12. — 2 3 Theorem J. Lit 3:5 
Ibgr—s| 3]r—5=gr 
3577] 4 Theo, II. U 
| [1-3 | | | 
-g Theo, Ill, „ „ 8 


L 35 J 
ScuoLlivm VI. 


bog. By the foregoing Theorems may be anſwered the following Queſtions. 


9ueſtion 1. Suppoſe a Body move 1 Mile the firſt Minute, half a Mile the 

| ſecond Minute, a Quarter of a Mile the third, + of a Mile the fourth, = of 

a Mile che fifth, Sc. decreaſing every following Minute jto the one Half of 
what it moved the foregoing one, ad inſinilum. It is required to determine, 
under this Suppoſion, the Diſtance which the Body cannot exceed.” © * 


Here is given g=1, and 7=2 to find s (Theo. II.) thus == - = 2. 


Therefore the Body cannot exceed 2 Miles, tho* it be ſuppoſed to move to 
all Eternity. 


Queſtion 2. At what Rate r does that infinite Geometrical Series decreaſe, 
whoſe Sum is 5=40, and the greateſt Term is 32=g? 


Anſwer. r . 


Dag a 
Queſtion 3. What is the firſt or greateſt Term g of that infinitely decreaſing 
Geometrical Series whoſe Sum is 5=63, and common Diviſor is 7—r ? 


Anſwer. 2 . =54- (Theo, IL) 


=5. (Theo. I.) 


| CoroLLiary VII. 


610. Upon this laſt Problem is grounded the Method of computing the 
true Value P of Freehold or Real Eſtates, which are ſuppoſed to be purchaſed 


3 
b R Re + 

to continue for ever. For PU N (In. 606.) But in this Caſe 2, and 

conſequently N being infinite, therefore— SO. Whence Pd U — 

PR, N= 


Queſtion 1. What is the preſent Worth of a Freehold Eſtate worth 500 /. 
I yearly Rent, abating at the Rate of 1.05/. , or 51. per Cent. per 
Annum, Compound Intereſt ? . 

Anſwer. P — = 10000 /, 


— 


. Quoſt ion 


L 56 


Queſtion 2. What is the preſent Worth P of a Freehold Eſtate worth 125 l. 


<7 Quarterly Rent, abating at the Rate of 1 FT or 1.012272230, =R the 
Amount of 11. the Quarter, Compound Intereſt. 


Anſwer P= UL r0184968 J. or 10183 J. 195. 44d. near. 


— R—1 


CHAP III. 


> þ Problems ng to Arithmetical and Geometrical 
Progreſſion, 


PROBLEM LIV. 


611. T is required to find three Terms in from their Sum 3, and "ou of 
their Squares z given, 


Effeftion. 
For the firſt Term put a, and for the common Difference e. Then is 


1a the firſt Term. 
= the ſecond Term. 


IT 
3 
7 8 the ſecond Term. 


3 
the third Term. 


3 
gſaa = the Square of the firſt Term. 
+ = the Square of the ſecond Term. 


4—1 24 CY * = the Square of the third Term. 


g9+-10-k1 1.12 — . —— =2 85 the Queſtion. 
1 9279 


57 ] 
12x9|13]555—1254-1 $aa==92 
1 3s 14 —1 IF $44=9Z—555 


33 32— 


| 
3 6 54 — — iter Bl 


16uy 17-4 


6, 18,119 ED = the common difference. 


184-1 l, :5= the ſecond. Term. 


JAmmgg* 


19-þ20/2 1 [—p— = the laſt Term. 


r 


=4 the firſt Term, 


Ex. 7 If 5=18 and z=116, . — 


e 
32— 6 


4 the ſecond Term, and wb ED =8 the laſt Term. 


PROBLEM LV. 


612. It is required to find three Terms in == whoſe Sum is 5 and their 
Product equal to the Sum of their Squares. 


12332 
Put a for the firſt Term, then will 1 be the ſecond, and 


— is the 


2b. g. 


third, according to which is the Product of all the Terms, and 


ſi5—1 254a-18as . 


is the Sum of their Squares, as in the laſt. 


Q | 1g 


E $5 5 


[25503500 535—1254--18aa 


9 3 9 
19 2 3540=555—1 254-7 daa 


Whence| 3 — = 4 2 the firſt Term. 


8 


* = the Grond Term. 


6ꝶ63.V:— — — — 


— 


$55$—ZSSS— 4.55 * 


4—3| 5|— 3d = the _—_— Difference. 
n 6 E T = 2 2 = the laſt Term. 


From the laſt Step it appears that for 's can be aſſumed no Number 


whoſe Square is leſs than 34, becauſe thus 5: mY PTY will be impoſſi- 
ble, as ſuppoſing the Square Root of a defective Quantity. 

f 5=10, then is the Term , the ſecond , and the third Term 4 
whole Product and Sum of their Square is 324. 


PROBLEZM LVI. 
613. To find four Terms in , whoſe Sum is 5, and Sum of their 


Squares 2, 
| Eßer. 
Put 3 he the firſt Term, and e the common Difference. Then, 
| Ila: the firſt Term. 


= the ſecond Term. 
2e=a the third Term. 
A the fourth Term. 


6 
"+ 
ne 7 22 = the ſecond Term. 
x 25 e OP 
1+ 8025 > = — the third Term. 


J—__—= the faurth Term, 


L 59 | 


1810 a in = = 
551-45 a 
78. 1 Z . 0 
—8 
8@-* _ CR 
8. —3 69. -36α 
9813 TEE 
—— d8oaa 
1o 114127131 —— — 2 . the Queſtion, 
6 
Whenceſ 15 EST the firſt Term. 
— 35 | 
6. [1667 : * = ME the common Difference. 
"+ > 180 | 


Ex. gr. If 5=28, and z=216, then —.— 


22. Conſequently the other three Terms are 6, 8, 10. 


PROBLEM LVII. 


614. To find five Terms in ==, viz. a, ate, 4 Tze, a-3e, a ＋L4e, where- 
of the firſt Term is in Proportion to the laſt as þ to d, Li the Sum of all the 
Terms is equal to the Square of the Middle or third Term, 


Effeftion. 
| 7 15 PR} 2 55 = the * 
Whence|- gn 2 te 
3 2 
= the firſt Term D the at 4 


44-3] 5þÞ— 5 — ſecond Term. 


5+3 A the third Tie. 


643] 7 


7+3 
4+-5+-0-+7-+8 


Whence]t2 


3, 12. e ad, 


6@-*110 


L 60 ] 


LE the fourth Term. 


= = the fifch Term. 
— the Sum of all the Terms. 
4a .- 8a d ＋- Aa d 


| 1657 = the Square of the third Term. 
b 4 252 2 "od. In | 
5ab-l-5ad 4a*b*1-842 bd-4-4a*d by the Qudticn. 


EE 164b 
"RE Ioxbb-j-dd 
 b*-þ2bd-4-d* 
.= = 2 
ſxdd—b * I OX b 
xb d 


Ex. gr. If 5 3, and d=5, then will the five Terms required be 22, 4, 


228 44, % or 42, 31, 42, , %. 


24 3 24 


PrRoBLEM LVIII. 


615, To find three Numbers in == 4, e, y, whoſe Sum is 5s, and Sum of 


their Squares 2. 


Effeion. 
ay=ee (In. 191.) 


=S—e 
* +2ay-yy=SS2se-ce 

Y 2 e—6e | | 
Te. Y =55—25e--ee=2z by the Queſtion. 


1 Theo. 1 . 


25 
52 


127 


IOSZ— z - ＋. 
— 0 — . II. 
45 
SHS 2 FFNurn— ZZ 


11 14 —_— Theo. III. 


A 1 OSSZ — 3 — 328 ISSb-Z 
Ex. gr. If s=228, z=19152, ex==72, 5 = 108, a=48. 


Whenceſ130 


PROBLEM LIX. 


616. To find three 7 in Geometrical Progreſſion 5, e, y from 
the firſt given equal 5, and the Sum of the Squares of the other ce H) x. 


 Effedtion. 


„ = by the Queſtion. 
195, 21ee=Z—=yy 

- | 3]ee=by (In. 191.) 
2, 3] %. e 


Whence vb Theo. I. 
3. de EW Theo. II. 


Ex, gr. If b=48, and z=16848, then y=108, and e=72. 


PROBLEM LX. 


617. To find three Quantities in = 8, e, y, whoſe Sum is 5, and the 
Sum of the Squares of the Extreams 2, 


Effeftion. 
ay See (In. 191.) 
Ix2] 2]2ay==2ee 


g]4+e--y=s by the Queſtion. 
Z==el J=5—e 


R 40 


| 
| 
| 


40 S Lz te Tee. 


5—2 


Whence 


618. To find three Quantities a, e, y in ==, whereof the Difference of 


9 S———y 
Ex. gr. If 5=228, z=13968, then e=72, y=108, a=48. 


D 620 


a ＋- Y) =5—25e—ee=2 by the Queſtion, 
"© hb 
7E = 2 —2—4 


1 
, __ $$—250-|-68* ffs 
= - 


the Extreams yard, and the Sum of all their Squares a -e g. 


Make 


Then 


_ 


Effeftion. 
I —=A 
2 2 by the Queſtion. 
AA 


_—_—_—— 


5. See (In. 191.) 
AA-4-2 Ad--dd __ 
7 2 
AA—2 Add-dd 
7 7 S Aa 
ee Sa te y by the Queſtion, 


CO 


4, hn 


F 


4, [1144 Theo. II. 


42 —4dd Theo. III. 


uu *[12ſe=| 12 


Ex. gr. If d=60, and z= 191 52, then y=108, a=48, e=72, 


PROBLEM LXII. 


619. To find three Quantities in ==, a, e, 5, whereof the Difference of 
the Extreams y—a==4, and the Difference of the Squares of the Extreams 
aa is in Proportion to the Sum of all the Squares a® ge, as p to . 


 Effeftion. 
Makel 1|y+a=A4 52 
2)— r by the Queſtion, 
Ad 
—=— 
Then 2 In. 546. 
1 
1x2] 5 — Ad 
| AAA-2 Ad4-dd 
30 . : * 
AA? Ad dd 
40. Jaa p = 
444 


3x4] 8[ee=ay= : (In. 191.) 
2 
6-+-7-+8} . 


„fe- Y =: 
00% = 1 5 by the Queſtion. 


4E e 


| - 


3, [12] 


Whence q I 


4 13 . — 


4 
Ex. gr. If d=30, p=5, and d=7, then A=50, y=40, a=10, e=20. 


w _— 55 A 


PROBLEM LXIII. 


620. To find four Quantities in — a, e, y, u, whereof the Sum of the 
Extreams a-|-u=S, and the Sum of the Means e4-y=s. 


Effeftion. 


114--u=8 by the Queſtion. 

temas the reater Extream. 
ze y = by the Queſtion. 

3—e| 40 e the greater Mean. 
5 
6 


1 


— (In. 191.) 


,® ODE; Sano 
( QXS——e ee 


a= <. the lefler Extream. 
S—g 


6: Smt =Sme:u} , | 
7 . (ln. YE = 


$S—25e-ee 
7* 811 = = 


64-8] globu= 4 IZEIE s by the Queſtion. 


S—e "i 


Whencel role - Theorem. 


6, 4 Wi... 


4, [1 2]y=5—e 
2, [13ju=S—a 


Ex. gr. If S=175, 5=150, then e 60, a=40, y=90, and u=135. 


* 


| Po- 


TS) 2 
PROBLEM. LXIV. 


621. To find four Quantities in = a, e, y, u, whereof the Difference of 
the Extreams «—4=D, and the Difference of the Means y—e=9d. 
Effeftion. 
—4=D by the Queſtion, 


I 
1. TI 2 S DA 
* — . by the Queſtion, 


J 


Te 
Un þ w 


16 
Ex. gr. If D=95, d=30, then eGo, a=40, y=90, and u=135- 


ScoliumMm VII. 


622, In · the Solution of Queſtions in the Work will oftentimes be much 
ſhortned by Help of the following Theorems, which may therefore be 
raiſed for that Purpoſe from In. 190, 191, 223, 224. Where obſerve that 

a is always put for the leaſt Term, and the other Letters for the other Terms 
in their Order, | 


Let 


L 66 f 


I. 


Let a, e, y repreſent three Quantitiesin 5: TI, 


Then (In. 19.) 
Ixe| 2 ag, Theo. I. 
| 3]44--1y=aa-þ-1y 
1X2 2060 24) a 0 
344 na a nee c a Tarte Theo. II. 
= TCO AA =AXY —A Theo. 11, 
89 = 
8—1 9] yy—ee=y XJ—8 Theo. IV. 
1-+6|10ceaa=zaxye- Theo, V 
8-1 11 yy Tee) 8 Theo. VI. 
I 1xe|12|yye eee ==yexy Nj | 
+ 1300 * 2 (In. 190.) Theo. VII. 
LOX? 14 ece-Lade ae . | 
ige Laa: ae Y Ca: e (In 190.) Theo. VIII. 
7. 13» 15 16195 4 ee: je See- Cad: ae 
Conſequentlyſi 7h) ee: ce Laa: a Theo. Ix. 
9xe|1 8[yye—ecce=yexy——a | 
7 2 ve = )-: e Theo. X. 
xe. aoſece— aae a . — 
7 aa ee Theo. XI. 
19, 21022) -e: 9e ee -a: 40 n . 
Otrſ2 3) — ee: cee—aa=y: 4 Theo. XII. 
17, 23, 24% % Yee: -er e- Taa: er aa Theo. XIII. 
2509 9 
4 26 o -A aee | 
1270 = 44-4 
| 28—44= 244 | 
25 426-1-27-}-28[29|yy—aa= . - a Theo. XIV. 
30 — . —ee g 
254-261-275 -30131 ) ee) J-ee-l-an Theo. XV. 


Ixa 


Cog | 


Txaſ32 woe. | g 
Whence|33|ee : aa=y Theo. XVI. 
17, 33,34 Mee: 8 6825": 08 Theo, XVII. 
23, 33|35|yJj==ee © ece—44=ee : ae 6% Theo, XVIII, 
1xy[36 dee 
Whence[37[y* :e* : a Theo. XIX. 
38 r | 
381139 5 ) -a 
Whence[40 : —a=y: 6=6:0 Theo. XX. 


41]y* +a? =y3 + 8&3 * 
1x34] 42[3ace==3aay 


1x33|43]3yee=3ayy 
414-42 1.43]44h* b-a%4-3ee xy-4-a= ya Theo. XXI. 


I 
Let a, e, y, u repreſent four Quantities in ==, 


au = In, ; 
— G. 1975 
= (In. 191.) 


ei axu--y=y1+2ye+ce=yÞe 
. q=ke=y=|-e: f Theo. XXII. 


- 2, —ay 


ew Ile eg Aa- ν | 

TH henceſ[12]a 17 77 eby= — ne Theo. XXIII. 

Theo. VII. I 3]a-þ-y: ex=ee-yy: ey or an Theo. XXIV. 

| *$1141a Awe, e: ey e or au Theo. XXV. 
28 [t gIaayy ge“ | 

1 œ |16]aauu=ecyy 

7 feryy = 

4818 — f 


1541644174 180190 exyy ce 
re ige eee „, Theo, XVI. 
lee ee 05 bb 


1X2 


IX2 


[ 68 J 
22026 2 
23PY=)) 
2 3 


E A or 4-4ey (Step 10 Theo. XXVI.. 


9 ag—=aae 


27ſeee Syae 


He—yyu 
aa 5-ee-|-))-jHWUXe=ae -= 


a e +y* +u* : ae 1 Theo. - 
a Te H N 0 (Step. 


— — — 
E — > nas. „et 
＋ wo ay, io yy for ey Step. 2d. and 4th. 


37—38 


1 


39 ＋74 


33. 


TEE SE x Kon . 
e | 


ee = 


doe Lg | 
= b — Ons 
= = —a + 


Gel =ae-þ-yu Theo. 
(XXXI. 


* du? Wer 5 Th b. xXIX. 
5 Su :eebyy= 3 : au or ey Theo. 2 

; 

3 


22 


0 — — 


2 


e 

LL 
2 ECL DS: buy + 
G e; a e- AA. y 
Theo. XXXII. 


Theo. XXXIII. 
Theo. XXXIV. 


4E. . 


r Step. I. 
g= Y au 


45 


44+45! 


Theo, XXXV. 


46 Fuxen=e) +5? Tee 
becauſe 


L 69 J 


| | becauſe au=ey Step. 1. 
147 2 =a*+-34*u+3auu-b-ui 
46x3[48[3eeel-3yyy=34au-|-3auu | | 
40, L S 3x07 Theo. XXXVI. 
45— 44500) —e? ANA p -aau. 
If 1]u— 3 = —31u1a--3uag—4? 
Fog 23) — 3e =3unua—3uas 
514-52153 — +3 —e 2 —47 


3a Y＋-a u=8 * 
e Ran and ey for au (Step. 1, 2.) 


Thenſ56|3ace-|-acy—a* XN 
Subſt.[57]ee for acy (Step. 27.) 


Thenj58[3 ace-l-ece=a*® . 57 
Whence bop : AG= * 


Theo. XXXVII. 


ee - 


* =a*xu-b-al-3xyTe Theo. XXXIX. 


28 aun 


Y Dau or eyxa-u+-3xe+5 Theo. XL. 


3 —aaa 
3 —aau 


45 3 — aut 
69-4707 15-72173 (e490 D . Theo. XLE. 


aau—=ae © 
uu , 


Aa o Acyy— accu 
2Xu)}77 Omtuyee=uyys 
Ry... 7475 ＋ 


L 70 ] 


744+75+7 N share ee ach 40 Laue —auy* 
/ +7 We *+u*:e r Sac -uy— a or — fy α%ẽ,udt e) 5 72 
( 9 


8 —— — —_—— 


Let, a, e, y, u, -h, repreſent five Quantities in . 


. (In. 191.) 
142 3 * Tb ce.- L Theo. XLIII. 
2—1 4% g A er 
Whence| 5|þ—a:;u—a=uz: y Theo. XLIV. 
Clab—=eu (In. 223.) 
14-6] Il b+-y—=exue | 
Whence| 8|4: eU e: b+y=e:y=y:u Theo. XLV. 
arge 
I=) 
111 yÞ=1 | 
9-1-10-11]12|yxb- y. | Theo. XLVI. 


ISN e 
14|by==uu 
15e u 
1 GHhe ga 


Lisa De eff Theo, XLVI 


11x9y|[18Þpyy=yur 
19}yyy—=auu (Theo. XXXIV.) 


18-19 20 yxb Ty =unxyT-a 

Whenceſ[2 1 5 : uU=y-a : by | Theo. XLVIII. 
2@-*|22|yyþb —unuuu | 
18.230 yaa Secee 


222304 -e 
Whenceſz gh -a: uu ee guu- Lee: yy Theo. XLCIX. 


3 UHH C DN L 
Whenceſz yſa- -b: — : yy | 
25, "” 28\bb—aa : uu ee a- gb: y Theo. L. 


C71 7 
_— | 
130 = 


[5 II = u 
2 zie ee, 
22 330: deere: al-2y4-b Theo, LI. 
34% ＋-A =b*da? | 
3. 35 uu fee 
360% Sab (In. 224.) 


34+35-+36 30. +9" Ter Ta. =bxb-ya-+axy4-a Theo, LII. 
a . f 


3 —byu—bb | 
— : 2 39. 


41 E =aye=aau 


42 1—3 
38739 Ges- C N +e* +a! fee Ta E Theo. 
34, 144 + &* =b* pat (LIII. 


35 45 L Her 
36 146] y*=a%* 


baba -e =b TE 
37: eb. T exe. * I e y 


— £7. Ol 0 a. A. 4 0 — ET IIS — EE . Ml <4 at. hid ads. i. of * 


— — _—— 


n — 


After the ſame Manner may innumerable ether Theorems'be raiſed, which 
the Learner may Teer at his own Diſcretion, whoſe Uſe will be ſeen in the 
Effection of the following Problems. 


ProBLEM LXV. 


623. To find three Quantities in , a, e, y, whereof the Sum of the 
Extreams 4a-þy=s, and the Sum of the Cubes of the ſaid Extreams a -y* 


m. 
EFection. 


a-y=s 


72 J 
y by the Queſtion. 
Subſt. x for p (In 547.) 


* 
— ————— 


4m— ,, 
— D — 


Then 6 == wy Step. 8. there) the greater Extream. 


MN 


—— a 


* 74. — 2 (by Step. 10. there) the leſſer Extream. 


2 
Ex. gr. If 5=5, m=65, then e=2, y=4, a=1. 


PROBLEM LXVI. 
624. To find three Quantities in +, whoſe Sum is 2, and Sum of their 


Cubes m. 
Effeftion. 
za Te.) 1 the Queſtion, 
2—cee 1 10. 
1430 x2—e=2—e* (Theo. XXI.) 
Subſtit. — 47. (In. 1 I.) 
Subſtit. : . 1 9 
Whence : (ia. 5475 


Ex. gr. If 2=14, and m=584, then e=4 (Step. 6,) y=8, e=2. 


Paon ZM LXVIL 


625. To find four res avg in , a, e, y, 15 whoſe Sum is s, and the 
Sum of Their Squares ⁊. 


Effeflion. 


9 1 
| Efettion. | | 
For the Sum of the Means ey put A, then will the Sum of the Extreams 
a E. be A. . 


| | 2 a 
Tk Then 144: 2=4:5 (Theo. XXII) 


— * 
22 - ᷑ m2 


Whence| 2 A= 
Subſtit. 


Conſequently 


3— 
Ex. gr. If 323, and z=31525, then A==150, S=175, e=60, a=40, 
y==90, K=135. 


ProBLEM LXVIII. 


626. To find four Quantities in =>, 4, e, y, u, the Sum of whoſe Cubes 
is n, and the Sum of the Extreams a -=. 


Effetion. 
I[z=84* du? 


=52 (Theo. XLI ) 
m 


le aa Theo. XXXIII. 
12ly=auu* Theo, XXIV. 


Ex. 


7 


0 Paoniun LXIX. 
627. To find five Quantities in , a, e, Jy u, , whereof a--b=b, and 
r. 
Efettion. | 


\ yan - * by the * | 
55 2220 


9 
-=-: 2 (Theo. LI.) 
bb-4-4bc 8c? —5—267 


Whence] y = y 
Subſtit bu=—y=d 
1 
=yy (ln. 191.) 
DH 
1 
10 4— 2 = 2 
u 
Whence — 2 22 
=d—y 
: t gay ee (In. 191.) 
ee . 
1444 2 — 
Y 
ah—eu (In. 223.) 
"4 eu 
15724 1619= — 


Ex. gr. If bi, and c=14, then y=4, d=10, u=8, e=2, 4=1, 
H=106. — 
PrOBLEM LXX. 
628. To find five Quantities in ==, a, e, y, 1, h, whereof a Lb =, 
and ec CY) EA,jÆꝝ. | 
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| Efeftion. 

+ & | TEE, by the Queſtion. | 
2—5 


3 ee Tun 
.. = XLIIL 
= 4% — 


2 
6labh=yy (In. 191.) 


8, lt 422 —5 
1 2,0e=ay (In. 191.) 


12w*|13'e= 
| 7 5 (In. 191.) 
14 7 


| Ex. gr. If b=17, Z=84, J=43 h=16, SI. eZ, and u=8, 


8 1 


Hh 


CHAP IV. 


Of the ſumming up Ranks of bomologous Polygons or Powers 


whoſe Roots or Sides are in Arithmetical Progreſſion, 
beginning with Unity. 


PROBLEM LXXI. 


629. O raiſe a Polygon P from its Root or Side » given: Or, which 
is the ſame, to find the Sum 5 of any Rank of Numbers in , 
whoſe leaſt Term! equals Unity, common Difference is d, and Number of 


Terms is u. 
EFection. 


L 75 


Effection. N 
Here becauſe /=1, therefore s or 3 . — = (in. 599. Theo, IX.) 
whence, if the Number be a. | | 

Lateral o | fu 
Trigon x) == 
Tetragon [*] nn 
Pentagon di. E. if d= 3 then P 223 — 7 
Hexagon | 4] an- 7 
Hepiagon d —— 
Oclogon 69 132. 2 

_ Ec. SR 


CorRoLLary VIII 


630. Therefore the Scale of Polygons, whoſe common Root is x, is a 
Series of Terms in , whoſe firſt Term is u, common Difference is —— 


and Number of Terms is 41, and conſequently the Sum s of ſuch a 


Series — — (In. 599. Theorem IX.) Whence, if the 
higheſt Term be a 


Later al 1 0 x 
Trigon | I = 

| | | } 
Tetragon 2 | 22 
Pentagon A e. if d 3 then 5 —= 4 zun gn 
Hexagon | 14] 3un 

N 
Heptagon 5 | 1 _ 
| 

4 211-71 

Ofogon Won 6] | - | 
Se. a &c . „ Se. 


1777 
LE Mu A to the following Problem. 


631. If a Series of: Laterals beginning with a Cypher (o, 1, 2, 3, 4, 5, Sc.) 
be placed in the contrary order, (Oc. 5, 4, 3, 2, 1, o,) then beginning with 
the firſt Terms of each to the left Hand, I fay the greateſt Trigan, ariſing 
from ſumming up the former Series, will be equal to the greateſt Trigon raiſed 
by ſumming up the latter: The greateſt jr/# Pyramidal raiſed by tumming 
up the former Series will be Subduple or + of that raiſed from the latter : The 

reateſt ſecond Pyramidal raiſed from the former Subtriple or + of that raiſed 
Fom the latter: The greateſt bird Pyramidal raiſed from the former Sub- 
- quadruple or + of that raiſed from the latter: The greateſt fourth Pyramidal 
raiſed from the former Subquintuple or + of that raiſed from the latter, Ge. 


ad Inſinitum. 


„ 


Demonſtration. 
n | | —4 . | Units * 22 
Pp | Trigons I Laterals 2 
12 o repre- 1/ ir amidals or the | Trigons © _— —4 | 
Puty r > ſent the 2d Pyramidals >Sums of 1/ yram. > A ith _ 
5s | Seriesof| 3d Pyramidals | ſomany| 2d Pyram. Cabos © 9 8 
t 4tb pf 4 7% 34 P ram. : 
| Cc. b — a „ 25 J 
Then will 2 
repreſent any Series of | FW 
O. ZN aa whoſe firſt Term . O the ſame Series inverted. 
18 O. 2 ö * 98 "#* Þ 7 


P the greateſt Trigon 

24= the greateſt 1 Pyram. 

3r= the greateſt 2d Pyram. 

45= the greateſt 3d Pyram. 

5t= the greateſt 41h Pyyam. 
Sc. Se. OM 


. p= the greateſt Trigon 

. q= the greateſt 1/ Pyram. 
r= the greateſt 2d Pyram. 
. 5 = the greateſt 3d Pyram. 
S the greateſt 4% Pyram. 
Sc. Ee. 


99990 
*$2L12S42W403 21 JO 
> +5 5D S 
$3199 done 242 0 


1 A . ]—ü — — AER De ee > — — 


Ln 5 


Ex. gr. | 2 
I. Let the Number of Terms be two, or t, then will 
| O. 1 repreſent the Series of | 1. © the ſame Series inverted. 
1 Laterals. 2 I 
| o. 1= the greateſt Trigon 1 4 7. 1=1x1 the greateſt Trigon J © 
o. 1= the greateſt 1 Pyram. | 2 1. 2=2x1 the greateſt 1/f Pyram. | & 
i o. 1= the greateſt 24 Pram Q 1. . 1. = 
| | ©. 1= the greateſt 34 + Ga Z I. 4=4x1 the greateſt 3d Pyram. > 8 
©. 1= the greateſt 4b an. | 1. 5=5x1 the — 2 Kr 7 
| ramid — 
Cc. Sc. 3 Se. 65 q 8 
II. Let the Number of Terms be three, or 2, then will 
o. 1. 2 be ek Series of Late- 2. 1. o the ſame Series inverted. 
rals. ; 
o. 1. 3= thagreateſt 7 | 2. 3. $=1x2 the greateſtTrig. A 
o. 1. 4= the ITY, 10 Py- 2. 2. 5. 8=2x4 the greateſt 17 > 
| = Pyramidal = 
1. 5= the greateſt 24 Pyra- | =» 2. 7. 15==3X5 m 24 | = 
ramidal C5 2 amidal > 2 
o. 1. 6=the N 3d Pyra-| 5 1 24=4x6 the greateſt 32| 8 
0. 1. 72 ths greateſt 41h Py-| . 2, II, 35==5x7 the greateſt b A 
ramidal 8 Pyramidal : 
Sc. Se. ; Ge. Sc. 
| III. Let the Number of Terms be four, or z=3, then will 
©. 1. 2. 3 be the Series of 3. 2. 1. o the ſame Series in- 
Laterals. verted. 
©. 1. ED teſt 771. 2, ; 6. 6=1x6 the teſt) « 
Zo Brea > 3. 5. 8 2 
o. 1. 4. 10= 1 greateſt 1 > 3. 8. 14. 20 —zxrothe x ow D 
Pyramidal 3 eſt % Pyr. I T 
0. 1. f. 1500. 3 3. 11. 25. 45==3x15, the 6. 2 
n 1. . 8. ” 3. 14. 39. 84=4x21, 75 
o. 1. 7. 28. I 3. 17. 56, 140=5x28, I, 
FOLIA J 2 Se. 8 


& 
= 
ee 
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But this will always be ſo, if the Number of Terms be 5, 6, 7, 8, 9, 
10, Cc. ad infinitum ; as is plain from a due Conſideration of the Nature-- 
and Structure of ſuch Numbers, which is here univerſally repreſented by the 
Letters p p, 4 29s 137, 5 4, 1 5h, Sc. as above. 2 E. D. 


PROꝶBBLEM LXXII. 
632. To ſum up a Series of Trigons with their iſt, 2d, 3d, 4th, Sc. 
Pyramidals, whoſe Root or Nur of Terms is u. (In. 229, 232.) 


Effeftion. 
Put p for the greateſt Trigon, q the ra 1ſt Pyramidal, r the 


2d Pyramidal, 5s the greateſt 3d Pyramidal, t the greateſt 4th Pyrami "Ye. 
Then I ſay 


— * 2 | (In. 21 3.) 


* 1 he ET 
N — nn tt, — 


5 ere. wi E 15 


2 4 eln, — os, wy +5 
1 ͤ ˙ » 
Se. Se. Oe. Se. Se. Ge. Se. Fe. Se. 
Ex. gr. Suppoſe n=5, then 
I. The Series of Laterals may be repreſented 


1 46 by 1. IT. I Lz. 1-+3. 1-+4=n or 2 
or by 14. —3. H==2, H—I. H—O=N 
II. The Triangular Numbers formed of theſe Laterals, from the 


former Series are 1. 2-1. 3-þ3. 4-6. 5-þ10. or IO D 
latter Series are y=4. 2—7. 3u—9. 410. 51=—10, or uno 


* 
But 
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But the Trigon thus found in the firſt Value of p, (which is here 10% will 


always be equal to that in the ſecond Value of p, whatſoever 1 ſhall be, (In. 


631.) i. e. 10=10, then becauſe 10=p—x from the firſt, and 10=an—p 
from the ſecond. Therefore 


1 %- 2 —- (In. 21.) 
Ip 202 - n 
2% pn 

. — n ＋ u n o 1-1 
. 


the Teorem for ſumming up a 
a Series of Lateralss the ſame with that (In. 213.) 


III. The firſt Pyramidals formed of thoſe Triangulars: F rom the 


former Series are 1, 3-1. 6--4.. 10-10. ,15-4-20=p +20=9 
latter Series are #—4. 3t—11. 64—20, 103—30. 154—40=Plt—40=P 


But the firſt Pyramidal thus found in the firſt Value of 3, which is here 
20, will always be ſubduple of that in the ſecond Value of 3, whatſoever 


# ſhall be, (In. 631.) i. e. 20 ; then becauſe 20=9—p from the firſt, 
and 40=pn—q from the ſecond, therefore 


— 


1 29—2p=Pn—q 
'1+9g] 213q—2p=pn 
2＋T25 337-29 


ee or DS ve de Theorem 


for ſumming up a Series of Triangulars. 
IV. The ſecond Pyramidals formed of the firſt Pyramidals, from the 


former Series are 1. 4-1. Io 5. 2015 35Þ+35 =q | 35=r 
latter Series are #—4. 4#—15. 1035. 204—05. 35#—105=qu—105=r 


But the ſecond Pyramidal thus found in the firſt Value of r, (which is here 
35,) will always be ſubtriple of that in the ſecond Value of r, whatſoever 
7 ſhall be, (In. 631.) i. e. 35 131; Then becauſe 35=r—q from the firſt, 
and 105=9qnu—r from the ſecond, therefore | 


4:8 — — 
1+ 2447— 3724. 
24-39] 37 N 3 


ee e 


4 1 2 
| Theorem 


. 


Theorem for ſumming up any Rank of firſt 3 Triangular. And by 
the ſame Law, it is plain, will proceed the Sums of every Series of higher 


Pyramidals, whatſoever the Number of Terms ſhall be (In. 63 1. 015 2 4 
| | 6 tad : 
x 2 ** 37 A. 225 2 jt Se. 


—ů— — 
— — f, — — . — , — — — —en 


3 5 7 


2 CoROLLARY IX. 


633. Hence we learn to form the Unciæ of Powers raiſed from a Bino- 
mial Root. For it has been ſhewn that the Uuciæ of every firſt Term is 
Unity, of every ſecond Term the Exponent of the Power u, of the third 
Term a Triangular Number whoſe Root is m—1, of the fourth Term a 
firſt Pyramidal Triangular whoſe Root is m—2, of the fifth Term a ſecond 
Pyramidal whoſe Root is m—3, of the ſixth Term a third Pyramidal whoſe 
Root is m—4, Cc. (In. 409.) But the Trigon whoſe Root is m—1 is mx 


—— the firſt Pyramidal whoſe Root is m—2 is mx— Wenne the ſe- 
P 2 3 


cond Pyramidal whoſe Root is m— is mx — * . — , the third 


Pyramidal whoſe Root is m—; is mx e — (In. 632.) 


Whence have we the Theorem (In. 464.) for finding the Uncie of Powers, 


VIZ. tl 2 3 — Ws — — m— [Ti 
4 3 4 5 6 7 8 9 


CoROLLARY X. 


634. Hence in like manner have we Theorems for determining all the 
ſimple Combinations of any Number of Things. For if u be put for the 
Number of Things to be combined, the Number of all the Combinations 


by Pairs will be 1x = » by Ternaries n e by Quaternaries 1 


ns; ROY 6 
** : Xx 8 (In. 23 .) 


CoROLLARY XI. 


635. Therefore the Number of all the poſſible Simple Combinations of any 
Number of Things u, is the ſame with the Sum of all the Uncie of the z 
Power of any Binomial b#e, excepting 4 Unciæ of the two firſt Terms 

(i. e. 


— 82 J 
(4. e. excepting 7 ſuch a Sum is = 2-1 (In. 410.) Therefore 
2% yj—1 equals the Number of all the poſſible Simple Combinations of any 
Number of Things ». | 
Ex. gr. Let n=8, then all the Simple Combinations by Pairs will be 


HY —— [ . 4 * 1 1—1 
nx = 28, by Ternaries nx OX 71 =: b, by Quaternaries ux * 


yo Hoe 350, by Fives . FS ae anne Fm. I 56, by Sixes ee 
3 4 * 3 1 8 2 
e —— mA ==28, by Sevens nx F 
1 5 6 a 3 
15 n—b | Hm 2—2 —3 H—4 t—5 n—6 
— > =8, by Eights nx . 0 * of f 


3 4 
r. In all 28+-56-+704-56--28+8--1=247=2*—8—7. 


* 


PROBLEM LXXIII. 


636. To ſum up any Series of Polygons, with their Firſt, Second, Third, 
Sc. Pyramidals, whoſe Root or Number of Terms is u, common Difference 
of the Arithmetical Series whence they are formed d, and greateſt Term of 
the fame G (In. 229.) | 


Effettion. 


Put P for the greateſt Polygon or Sum of the Arithmetical Series (which 
will be eicher Trigon, Tetragon, Pentagon, Hexagon, &c. according as d is 
I, 2, 3, 4, Cc.) 9 for the greateſt frſ# Pyramidal of the ſame Denomination, 
or Sum of the Series of Polygons; R for the greateſt ſecond Pyramidal, or 
Sum of the Series of Firft Pyramidals; S for the greateſt third Pyramidal, 
or Sutn of the Series of 22 Pyramidals; T for the greateſt fourth Pyrami- 


dal, Sc. Alſo let p, 4, r. 3, t, Sc. repreſent the ſame here as in the laſt 
Problem, which (if d=1 and conſequently Gr) muſt be the ſame with 
P, 9. R, S, T, Sc. and therefore the Effection here would be the ſame as in 
the laſt ; but if d any other Number beſides Unity, and conſequently G 
be different from : Then I ſay 


| 3 
e CI=w it, l 
4 2 


| N A % 
Sg r = 9 22 = wn — 
7 = S . 2 
6 2 3 4 
Se. Se. Ce. | 2 Z. Z. 


Demonſtration. 
Ex. gr. Suppoſe u=F as before, then 
I. The Arithmetical Series whoſe firſt Term is Unity, and common 
Difference 4. 


en x, Id. 1-+24. 14-34. 14-4d=C | 
Tor G—4d. G—34d, G—24. Gd. G—0 =i+nd—ad 


II. The Polygons'formed from the 
former Series are 1, 2d. 34+3d. 4+6d. 5 Tod ＋10 


latter Series are G==44. 2G—74. 369d. 40 10d. 5G—10d=nG—10d 
= 


But the Polygon thus found in the former Value of P, which is here 104, 
will always be equal to that in the latter Value of P, whatſoever 7 ſhall be, 
(In. 631.) i. e. 10d=10d; then becauſe od P- from the former, and 
10d=nuG—P from the latter: Therefore 


| 1nP—1=1G—P 
1-+P| 222 — 1 
2E 302 P OA 
Il 26 ＋ Gi | 
3=2] 4]P= —— x the Theorem for ſumming up 


2 


any Rank of Aritbmetical Progreſſionals, whoſe firft Term Ii. 


[84] 


III. The fir Pyramidals from thoſe Polygons, from the 
former Series are 1. 3-4. 6-|-44. 104-10d. 154+204=p 


20d— 


latter Series are G—44, 3G—1 14. 66-204. 206— 30 I 9 
—4 Od 


But the firſt Pyramidal thus formed in the former Value of Q, which i 
here 204, will always be ſubduple of that in the latter Value of &. (In. 631.) 


i. e. 20d = then becauſe 20 d=2—p from the * and 88 
from the latter, therefore 


Pp 
i 
b 


1＋ 23 == 
22 3 Becel Ge 
373] 4 es —_— 


3 
1 1 G+2 
3 


„or r by — the Value of 


P (In. 631.) E the Theorem for — up any Rank 


of Polygons. 
IV. The ſecond Pyramidals formed from choſe firſt Pyramidals, from the 
former Series are 1. 4 d. 10-54. 20-1 84. 35+35d. 


+354=R 
Jlatter Series are G—4d. 4G——150. 10G—35d. We TW >"; 35G—1054 
g =qG—105=R 
But the Firſt Pyramidal thus formed in the former Value of R, which is 
here 35d, will always be ſubtriple of that in the latter Value of R, i. e. 35d 
— 2 1056" then becauſe 35d=R—4q from the former, and lofd=qG—=R from 
the latter; therefore” — 


14-R 214 R—39=9G 
* 3 1 


—— or or by ſubſtituting the Value of g 


(In. 632.) R= 22 2755 9h the Theorem for ſumming up any 


Rank of firſt Pyramidals of what Denomination ſoever. And, by the pom 
w 
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Law will proceed the Sums of every Rank of higher Pyramidals, whatſoever 
the Number of Terms ſhall be; as in the Effection above. 2, E. D. 


CoRoLLARy XII. 


637. And becauſe G=1-þnd—d, in the foregoing Arithmetical Series, 
whoſe leaſt Term is 1, Number of Terms x, and common Difference 4, 
(In. 207.) therefore ſubſtituting this Value of G in this Theorem, Q= nx 


22. — . — | „and we ſhall have the following uni- 


2 3 | 
verſal Theorem for ſumming up any Rank of Polygons, from u and d given, 
n* d4-3nnd-3n=——dn 


2 6 Whence are deduced the following particular 
Theorems, viz. 
If the Polygons to be ſummed up be a Rank of 
Laterals | 0 — 
2 
Trigons I —— 
Tetragons | 24. » 1 
| a | 1 2 | * | 1 14925 
g Pentagon pl, e. if d=e 3 >the Sum 9 will be. 2 
Hexagons 4 | — ma 
Heptagons -- "ugh, — 1 = 
Ofogons | 6 2 
9 bd f 2 
Se. Se. Se. 


CoroLLany XIII. 
638. And all the Ts thus found are a Rank of Terms in =, whoſe leaſt 


Term is E, Number of Terms 4-1, and common Difference 2; 
therefore if for the greateſt Term be put &; the Sum of all the Terms will be 
Y | 2 | Ann A dn 


L 86 
W ———.— (Theo; V. In. 599.) l. e. if the higheſt Term 
Abe 2. | | TOI» 


Lateral A — 
Trigon | qe i up drier 


| | @7 2111? 61 @70?; 
l 3 2 
Tetragon a ——— 2 e 
Pentagon pthe Sum vill beg an- ES zA En 


; | 3 2 
Hexagon Sun EBA C10 — Ern 4 


3nn-|-3n-l-69 S 5 . 
| n bs - 


Heptagon 
Oftogon [== 7 ER 
d : 


OLA d Se. Se . 


Lemma ll. to the following Problems, 


639. If » be put indifferently for any Integer, then the Scale of Powers 
whoſe Root is u, will bez*®, 1, 1, , , u, Cc. Alſo the Scale of Powers 


— — — 1— 4 — 
whoſe Root is 21 will be I, Ai, % 1 N I „ * 2 
And if, for the Sol of all the eee eee 
rr, 


Laterals (In, 213.) 


| whoſe Roots are | 3 z 
Squares © > my 4, 5, Ce. B22 22 22 (In. 636.) 


Cubes u, be put © 
Biquadrates D 
Fifth Powers] E 

Ec. R Sc. 


then I ſay, whatſoever » be, that BLI, cu, Di- , Ec. 
will be equal to the Sum of the Series of Squares, N re- 
fpeRjyely, whoſe Number of Terms is 1 +3. The Afﬀertion is ſelf. evident 
to any who underſtands what he reads; nevertheleſs, if need ſo require, the 
+ Demonſtration thereof may be caſt into the following Syllogiſm. 

| The 
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The Sum of a Series of Homologous Powers, whoſe Roots are 1, 2, 3, 4, 
5, Ce to u, is equal to B. C, D, &c. according as the Powers are Squares, 
Cubes, Biquadrates, &c. by Hypotheſis. 

But the Sum of a Series of Homologous Powers whoſe Roots are 1, 2, 3, 


+ 


4, 5, Sc. to 1--1 is more than the foregoing Sums by 1, TT „ 1 , 
Sc. according as the Powers are Squares, Cubes, Pigudrates, Os. becauſe 


in is the next Integer above x : Therefore, c. 


LEMMA III. 


640. Again put univerſally for the Exponent of any Series of Homo- 
logous Powers to be ſummed up, whoſe Roots are in , begining with Unity, 


whoſe Number of Terms are Ii, and the common Difference of the 
Arithmetical Progreſſion is 4, Then I ſay the Sum of the Series of Squares 


will be 1+1+mdA4+mx ——44B, or 14+n4+2444d4B: The'Sum of the 


Mme] Mo? 
X 


Series of Cubes will be 1+ n+ md A+ . x llc, or 
1 +1-+ 3d A+ 34dB-1-dddC: The Sum of the Series of Biquadrates will be 


Lu Ad. En N Y adi Ks _ _— * — 
ddddD, or 1-11-44 A-l-64dB--4d4ddC4-ddddD The Sum of the Series of 


r x = dddC-4-1m 


— . duda n e "=, 5 —=ddddd, or 142 
— 5d A-d-10ddB--104ddC-|-5ddddD--ddddde, Ec. proceeding according to 


In. 632. Note, A,B, C, D, Sc. are here the ſame as in the laſt. 


Demonſtration by Induction. 
Suppoſe Ex. gr. u=4. Then. 


I. The Arithmetical Series, whoſe firſt Term is Unity, Common Difference 
is d, and Number of Terms is 1-|-7, is 


1. Id. 1-24. 1-3d. 1--44.=1-+1d. 


Whoſe Sums are 
1. II- ＋-d. 1-2 ＋3d. 1-þ3-þ-64. 1-4-4+104=1-+t--4, = 


reaſſuming the Value of A as found (In. 213.) 


II. The 
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II. The Rank of Squares of the Arithmetical Series is 


1. 1-|-2dx1-1-dd. 1-1-2dx2--4d. 1-1-2dx34-94d. 1-+-2dx4-\-16dd=1 nd 
or 1-+2nd-l-nndd. | 
| Whoſe Sums are 


1. II T2 -d“. 1-þ2-4-2dx3-1-5d*. 1--3-20x64-144d. CA 2d 
J —T———T——— Tzu In 


6 
213, 636.) : 
III. The Rank of Cubes are | 
1. 1+3dx1-]-3ddx1-1-4*, 1--3dx2-|-3ddx4--8d* . 14-3dx3-|-3ddxg4-274*. 


1+ 3d«4-4-3ddx1 6-1-64d* = 1nd . 
Whoſe Sums are 
1. 1-|-1-+3dx1--3dax1-|-d*. 1-|-2-+-3dx34-3ddx54-9d3*. 14-3-+3dx6-- 
3ddx14--364®. 1--4-+ 3dxt10+3ddxz0+1004* =1-+n+3d 4-4-3d4dB-+-dddc. 


IV. The Rank of Biguadrates are | | 
1. 1+4dx1-|-6ddx1-1-44*x1--d*. 1-4-4dx2-|-6ddx4+4d* x8--164*. 144 


ix3+6ddxy-1-44" x27 4814+. 1-4dx4 + 6ddx16++ 4d* x644-256d*=1T74 . 
Whoſe Sums are | | 

1. 141 +4dx16d*x1-þ-4d* x1-4*. 14-24-44x3-64d*x54-44* x9--174+. 

eee x63-4-984*. 1+ 4-+-4dx10-+-6ddx30-+-447 xt00-4 
3544*=1--n{-44 A-1-64dB-|-44ddC-þ-ddddD. | 


And thus it is plain, it will always be, whatever be the Value of u, and 

how high ſoever the Denomination of the Powers. Sol that if z be put 
to repreſent the Sum of any Series of m Powers, whoſe Roots are the Late. 
rals 1, 2, 3, 4, 5, 6, Cc. and whoſe Number of Terms from Unity is , 


r the Sum of the Series of n—1 Powers; IX the Sum of the Series of 7.2 
Powers; the Sum of the Series of m—3 Powers; the Series of m—4 


Powers; T the Series of m—5 Powers, &c. And if for the Unciæ be put 
m, p, 9. 7, 5, Se. (In. 404.) then will the Sum of any Series of m Powers, 
whoſe Roots are in —, beginning with Unity (the Common Difference 
being d, and Number of Terms 2+ 1) be equal to Za Cm 
—HaWan=t LrVdn—*45T0"— c. NAA u- -I. 9. E. D. 


Cor or- 


(In. 


L 9 2 


CoroLLtary XIV. 


641. And becauſe in the Series of Lateral. I, 2, 3, 4, 5» Ge. z there- 
fore the Sum of the Squares of ſuch a Series (whoſe Number of Terms, and 
conſequently laſt Term is 1--x) equals 1-+#--24-+B: Of Cubes equals 1 
+ 34-+-3B+C : Of Biquadrates equals 1-j-n-1-44+6B-j-4C-+D : Of Fifth 
Powers equals 1Þ1-54+10B-þ-10C+-5D+E: &c, And univerſally the 
Sum of all the n Powers of ſuch a Series equals ZE AI 


be A „or otherwiſe eeuc Eg Sc. * 
- »  ConoLLary XV. 


642. It alſo appears from the laſt Lemma, in ſumming up the Series of 
Cubes, whoſe Roots are 1, 2, 3, 4, Sc. to u the laſt Term, that C is al- 
ways equal to AA. 


PROBLEM LXXIV. 


643. To determine the Sum of any Series of Powers in Numbers, whoſe 
Roots are 1, 2, 3, 4, 5, &c. the Number of Terms, and * the 
laſt Term, being repreſented by u. | 


Effeftion. 
J. To find the Sum of the Rank of Sguares B. | 1 5 
Becauſe the Sum of the Series of Cubes, whoſe Roots are 1, 2, 9 Ge. 


and Number of Terms is In, has been ſhewn to be 1-134 43B+C 
(In. 640.) and alſo to equal Coin or Oates! +30-+1 (In. 638.) 


Therefore | A 
| ct hap dans 
InmC—y—i 2} 3B+-3A=nb3n*bmn 

2—3A| 3 3B=n"4-3n*+2n—34 


| 4 AER (I. 213. 


* 


— 


7 5 as. 29x = : 
Whenceſs 4 B= tan, 
6 

a Series of Squares or Tetagrons (In. 636.) 


A a II. To 


I 
the 3 for fuming up 
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II. To find the Sum of the Series of Cubes C. 
Becauſe the Sum of the Series of Biquadrates whoſe Number of Terms is 


1-1, is equal to GC e (In. 640.) and to D. In. 
N ede 0 
L4C46BL44{n41=D4ntL4n ip: TINGS 


C+6B-4-44=n*4+4n' n gn 
RT... 0 RR 1 
2 


hs | *J 


as above 


e — er4a Hor 


2 


= — 7 —=AA * 641.) The Theorem for 
Kn the Series of Cubes, | 


III. To find the Sum of the Series of Biquadrates D. 

Becauſe the Sum of the Series of Fifths Powers, whoſe Number of Terms 
from Unity is 7 is equal to 11-5 A--10B4-10C+-5D+E (In. 640.) 
and to 2. 25 (In. 638.) Therefore E-fgD+10C+10B-;A4n1+1 
SEAT Ei z whence proceeding as before, by b the Values of 
A, B, and C already found, there will come out D= MSCs 


30 
he Theorem for ſumming up the Series of Biquadrates. 
In like Manner, by a due Mimpagemcne of the Equation F-+6&-15D+ 


200-1 5B-46A4n+1=F+n+1 2 : {ubſticaring the Values of A, B, C, and 
D, there will come out Z . 5 the Theorem for ſumming 


up the Series of Fiſth Powers, DT Maar of Terms from Unity is z. 
After the ſame Manner the Learner may proceed, at his own Leiſure, to find 
Theorems for ſumming up the Series of Sixth, Seventh, Eighth, Ninth, Cc. 
Powers. 


And univerſally from the Equation zI-mY. tra , Sc. --mA 
$#41 =Z+n+1 (In. 640, and 638. ) will be found * 2 


„ m 
(351) + mc 1 


= Ir. Ge. . the Thins for ſumming up any. 


/ 


Series 
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5 of Powers whoſe Exponent is i, and Number of Terms from 
nity u. | | 


PReRLEM LXXV. 9 


644. To determine the Sum of any Series of Powers in Numbers whoſe 
Roots are in , the Number of Terms from Unity being 1 Lu, and the 
common Difference d. 

Efection. 
I. To find the Sum of the Rank of Squares. 


Becauſe the Sum of the Series of Squares (whoſe Roots are in , and 
Number of Terms from Unity is 1x) has been ſhewn to be equal to 11 
-+24A-4-ddB (In. 640.) therefore ſubſtituting the Values of 4 and B as 


found (In. 642.) it will become 1＋ a n* + 0 4 un LI1ddn the Theorem 
for Summing the Series of Sguares. 


1. To find che Sum of the Rank of Cubes. 


The Sum of the Series (whoſe Roots and Number of Terms are the ſame 
as above) is 1--n-+34A4-3ddB-þ-d*C (In. 640.) therefore ſubſtituting the 
Values of A, B and C as found (In. 642.) you will have 


14 34 zad u ., #*1-:2ddu* the Theorem for ſummi 
i ab on. 


the Series of Cubes, whoſe Number of Terms from Unity is z-{-x. And 
thus I ſuppoſe it will be eaſy for the Learner from (In. 640, and 642.) to 
raiſe Theorems! for ſumming up any Series of higher Powers at Pleaſure, 

without proceeding further. | 


Senorrivy VIII. 


645. Ex. gr. Suppoſe a Rank of Cubes were to be ſummed up, whoſe Roots 
are 1, 2, 3, 4, 5, 6, Sc. beginning from Unity, the Number of Terms 
. 4 3 = 
being 60=, the Anſwer will be Cartel —.— 23348900 the Sum re- 
quired (In. 644.) | 
Again, ſuppoſe a Rank of Squares, whoſe Roots are in Arithmetical Pro- 
greſſion, beginning from Unity; the Number of Terms being 1012 -, 


| b 

and common Difference 3=d, then B=1+ 4 L % n* +4ddn* = 
dd 

9165851 (In. 644.) | 5 CHAP. 


[92] 
CHAP V. 

Of the Arithmetick of Infinites. 
7 Demonſtration. 


646. N I<nfiniteſſimal is that which is conceived to be infinicely leſs 

than any aſſignable Quantity, as a Grain of Sand in Compariſon 
with the whole Globe of the Earth; a Moment of Time in reſpect of a Mil- 
lion of Ages, &c. | | | | 


| CoroLitLary XVI. Eh | 
647. Every Infinitefimal is comparatively as nothing in reſpe& of the 
Quantity to which it is an Infinite/imal. | 


CoroLlLaRyY XVII. * APE 
648. Hence whatever Quantities do only differ by an Infinite/imal are to 
be looked upon as equal, and conſequently. may be ſubſtituted one for 
another. | | 


CoroLLARY XVIII. 


649. Hence allo every inferior Power of an infinice Quantity (if I may be 
allowed the Expreſſion) is an Infinite//imal in reſpect of its ſuperior one, as 
being infinitely leſs than the other; i. e. the Square of an Infinite is an Infi- 
niteſmal in reſpect of the Cube, the Cube in reſpect of the Biquadrate, Sc. 
therefore every inferior Power is to be looked upon as nothing in reſpect 
of its ſuperior one. 


CorRoLLARY XIX. 


650. Whence, if a Series of Laterals 1, 2, 3, 4, 5, Sc. be continued ad 
Infinitum; ſo that ꝝ the greateſt Term and Number of Terms be infinite; 


then, rejecting all the Iyfinize/imals by the laſt, the Theorems A == I” (in. 


: 3 ＋ 3a 3 

213.) will become A ; B= — — will become B==—or 75 C 
S in become 2; D -I „ill become 
, + 2. * 4 L 30, 5 30 
Or 1 3; E . * — _ — will become or —; and univerſally the 


'T heorem 


| 
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Theorem T. . nf fg 1 LL, nf A pon Le wat 
m N N m m n N N 


become 2 Fe — — — 
m m 


E 


which by again 


* 
* 


rejecting all the Inſinitaſimals will become 2 


CoROLLARY XX. 


651. Whence laſtly have we this general Theorem, That the Sum of eve 
Series of Homologous Powers, whoſe common Exponent is n, and whoſe 
Roots are the natural Numbers 1, 2, 3, 4, J, Cc. ad infinitum, is to as many 
equal to the greateſt as 1 to -. In particular, If m=1, the Sum of the 
Series of Firſt Powers or Roots A is to as many equal to the greateſt, as 1 to 2: 
If m=2, the Sum of the Series of Squares B is to as many equal to the 
greateſt as 1 to 3: If m=3, the Sum of the Series of Cubes C is to as many 
equal to the greateſt as 1 to 4. If g, the Sum of the Series of Biqua- 
drates D is to as many equal to the greateſt as 1 to 5, Sc. ad infinitum. 


Scholl IX. 


652. And by the ſame Manner many other Theorems may be raiſed from 


In. 632, 635 and 641. 
The Inventor of the Arithmetick of Infinites was the great Dr. Wallis, 


Savilian Profeſſor of Geometry in Ox ford; the uſe of which is generally in the 
Buſineſs of Geometry. But ſince the admirable Invention of Fluxions, it is 


for the moſt Part laid aſide. 


The End of the Fifth PAR T. 


Bb ARITH- 


ARITHMETICAL INSTITUTIONS. 


PART VI. 


The ArPLICATION of SPECIES ALGORISM tothe 
ErxtcTtion of INDETERMINATE PROBLEMS. 


— — IIS uüä— — W — — — „ _— — 


CHAP. I. 
Of Single LATERAL EQUALITIES. 


PROBLEM I. 


0 find two Integers a, e, whoſe Sum added to their Pro- 
duct is equal to a given Integer 7. 


Efection. 
SIE by the Queſtion, 


n-+-1 
| eb” eb 3 e＋ 1 
Therefore for e muſt be aſſumed ſome Number, which being added to 


Unity will divide 2-1 without a * Ex. gr. If z=19, then e 
5 may 


(In. 401.) 


[2] 
may , according to which a= —1=4: Or e may =4, according to 
which 4=3 or e may =9, according to which a=1. 


| PROBLEM II. E 

654: To find two Integers a, e, whoſe Difference added to their Product 

is equal co # given Number n. 

|  Effeftion. *, 
I114e--4—e=n, by the Queſtion. 


bn kt 
_ 2 _— 1 I - wr] : 
Therefore for e muſt be aſſumed ſome Number which being added to Unity 


will Givide #:4-1 without a Remainder. Ex. gr. If »=28, then 4 may =2, 


according to which __— ＋ 1=10, or e may =8, according to which 


e--1 


44. 
SCHOLIUM I. 
Bs. In the Effection then of the two foregoing Problems, it is plain that 
2-4-1 in the former, and —1 in the latter muſt always be-compotit Num- 
bers; and for e--1 may be aſſumed any of their Aliquot Parts. 
3 eee, 77; a 
6. To find two Integers a, e, whoſe Sum is equal to their Product leſs 


6 
the latter. 
| Effettion« - 


| I Sa- te by the Queſtion. 
W — . 


6—1 —1 . 
Therefore for e here can be aſſumed no Integer but 2, and accordingly 


,— 
42 — 24. 


4—1 


- ⁵ ² Z= 29 


PAOB IIZ M IV. 


| 657. To find two Numbers, à the greater, e'the lefler, whoſe Sum is equal 
do the Difference of their Squares. 


Efetion. 


L 
| EffeFion. 
* ate by the Queſtion, 
1 214—e=1 | | 
Therefore any two Numbers will anſwer the Queſtion whoſe Difference is 
Unity. Ex. gr. If a=2, then e=1, If a=3, e=2. If a=4, e=3. Ce. 
SIE: PROBLEM V. 


658. To find two Numbers, à the greater, e the leſſer, whoſe Difference is 
equal to the Difference of their Squares. a 


Effeftion. - 
| 4 ge by the Queſtion. 
17 2 


4 1 


Therefore the Numbers ſought may be any two Fractions whoſe Sum 
is Unity. Ex. gr. If a=0.9, er. 1. If a=0.8, e O. 2. If a . y, 
e=0.3, Sr. | — x . 
e Bu PROBLEM VI. ' 

659. To find two Numbers, a the greater, e the leſſer, the Sum of whoſe 
2 is equal to the Difference between their Product and the Difference 
0 


their Cubes. | 
pry Effettion. 
| 3 -e e“ by the ſtion. 
= 21a* —e3 ga Tae ee 
2—aa-l-4e--ee| 342. 


Tbereſore any two Numbers, whoſe, Difference is Unity, will ſatisfy the * 
Queſtion ; as in Prob. IV. 


SCHOLIUM IL. a 
660. The three laſt Problems are higher than Lateral liti 
reduced to ſuch in their Effectiun. 12 Equalities, "but 3 
i PROBLEM VII. 


661. To find three Integers a, e, y, whoſe Sum is equal to the Product 
of the firſt and ſecond, leſs the Product of the ſecond 2 third. . 


Efeion. | 
1|a--e--y=ae—ey by the Queſtion. 
11 — lon DET ny pp HE! 
: G 


Con [ 


Therefore 


L 4] 

Therefore for e and y may be aſſumed any two Integers, ſo that 25 ＋1 be 
diviſible be —1. Er. gr. If y=2 and e=6, then uE. E =4, It 
=3 and e=8, then a=5. If y=4, and e io, then a=6. &. 


P x 05% x25: VII 


662, To find four Integers a, e, 5, u, whoſe Sum is equal to the Product 
of the firſt and fourth. 


Effefion. 
au ga- Fe- CY by the Queſtion, 
22 2 


e err 
r 


I 
When 2 


Therefore for e, y, u, may be aſſumed any three Integers, ſo that er 
be diviſible by 1. Ex. gr. If y=11, and e=15, or y++e=26, then muſt 


T | 
#=4, and accordingly a=1 o, or 4—=10 and a=4.. If Ae 


35, then may #=4, and accordingly a=13; or #u=5, and a = 10; or 
#=7, and 4=7 ; or #=10, and a=5 ; or u == ig, and 4=3. 


ScnoLivm III. 


663. Hence it is plain, in the Effection of all Queſtions of this Sort, that 
Numbers muſt be aſſumed for as many unknown Quantities as there are 
more than the Number of given Equations. 


| PROBLEM, IX. | 

664. To find what particular 98 of two or more Ingredients 
(whoſe Prices are given) will compoſe a Mixture that may be ſold at a given 
mean Price. 

Example 1. How much Wheat at 55. 44. (or 64 d.) the Buſhel, and Rye 
at 35. 7 d. (or 43 d.) the Buſhel will compoſe a Mixture that may be ſold 


at. 4 5. 7 d. or 554.) the Buſhel. | 
For the Quantity of Wheat put a, and Rye e. 


Then[/ 11644-4-43e=55a-55e by the Queſtion, 
215 54T-55e=5544-55e 
12 3] 94—I2e=0, Or 94=120 


373] 4} 34 4e 
Therefore 


CLS 


Therefore any two Numbers may be aſſumed for a and e, whereof 34=4e 3 
or whereof à is to e as 4 to 3: As in the following Table. 


| 


* 
443 
8. | 6 
12 | 9 
16 | 12 
Sc. Se. ad infinitum. 


2, How much Wine of each of 'the following ſorts, viz. of 164. 
104. 84. and 64. the Quart, will compoſe a Mixture that may be ſold for 


9d. the Quart ; 


Put @ for the Number of Quarts of that at 164. e at 10d. y at 8 d. and 


Then| f 16 10e-þ8y-+6u=9a-49e--9y-94 by the . 


1 at 64. 


3=5 


2194--9e+9y-+ 9u=98--9e-j-99-+-94 


3] 4+e=y—31=0 or 7a=y--34 —e 


Zli—e 


7 


Therefore any four Numbers, a, e, y, u, whereof a= en ſa- 
tisfy the Queſtion, as in the Table following. 


2 647 us 

I 20 2.1] 2 
11643 
2151445 
Sc. ad inf uitum. 


Pro- 


1 ” 
: : 
FR * 1 4 " k — 0 
©. . * « 1 


er eee e 

665. To find what particular Quantities of two or more Ingredients (whoſe 
Prices are given) muſt be mixed with a given Quantity of another Ingre- 
dient, whoſe Price is allo given, ſo that the whole may be ſold at a given mean 
Price. | E 

Ex. gr. What particular Quantities of Tobacco at 16 d. 10 d. and 6 d. the 
Pound may be mixed with go #5 Weight of Tobacco at 8 d. the Pound, fo 
that the whole may be ſold at 12 d. the Pound. 

Put à for the Quantity at 16 4. the Pound, e for that at 10 d. the Pound, 
and u for that at 64. the Pound. 3474; 57 


Thin 1[16a+ 10e-8x50+-64=12x2FJ5;oTÞu 
2[1244-12e-j-2x50-12x=12xa-|-e+ 50--#u 
3 | 


o % 
l * = # % © „ 


 1-—2] 3H —2e—4x50—04#=0 
3=2 4|2a=e-|-2x5 3 


r N 


— 


Therefore any two Numbers may be aſſumed for e and , whereof 3 is 
diviſible by 2 ; or any three Numbers a, e u will ſatisfy the Queſtion, where- 


of =<73% 4-50 as follows _ Tn, | 
5 14] -&£ | CE W * T 
j 60 1 11 50 | 3 N 


90 30 | 50 | 10 


„ _—___ — —ͤ—ä—m—— — — 


180 9 50 17 1 


80 18 50 144 
Sc. ad inſinium. 
| Scngtivn, V 2 
666. The two laſt Problems are the fame with what in Vulgar Arith- 
metic is named Alligation Alternate, and che latter is diſtinguiſhed by the 


Name of Alligation Partial, becauſe the Quantity of one of the Ingredients 
is given. 


s 
' 


2 * * * 


Po- 


2 C7.) 


PROBLEM XI. 1 


667. To find an unknown Number à (an Integer, if jt may be) which 
being multiplied by a given —_— M, and that Product divided by ano- 
ther given Integer V, will leave for the Remainder a, third given Integer R. 
Or in other Terms, it is required to determinate whether Ma—R be divi- 
ſible by N, without a Remainder. _ r 


, Effeftion, "ts 
1. Aſſume the leaſt Integer, which being multiplied by M will make it ex- 
ceeed N, and call it F). i nme 209 of oy 
2. Seck the Remainders of theſe Diviſions, vis. M, 2 putting 4 


for the Remainder of 2 B for that of =, C for that of 


54, D for that of 26.15, &c. Then 


3. Becauſe theſe Remainders, viz. A, B, C, D. Cc. ſo long as each follow- 
ing one exceeds that immediately foregoing, are a Series of Terms in =, 
whoſe firſt. Term is 4 and common Difference B—4 ; therefore, if you 
put B—A=X when B is greater than A, or B--N—A—X when B is leſſer 
than A, "y the continual Addition of X to B (ſubtracting N out of the 
Sum, as often as it exceeds NN) you will have the Remainders C, D, E, F, &c. 
till * come to a Remainder equal to R propoſed, if any ſuch be to be 
found. | 

4. Add Unity to PA-, as often as you add & to B, and the laſt Addition 
will make P equal to @ the unknown Integer required in its leaſt Value. 
Or to ſhorten the Work, | | wok 

5. Seek if you can find an Integer equal to R by the Addition or Subtrac- 
tion of any two or more of the firſt three or more Remainders (A, B, C, Sc.) 
found as above; and the Sums of their reſpective Integers, by which M4 
is multipled, will be a required. | 


Example 1. What Number is that 4, which if multiplied by 21 ,. 


IXI 


and divided by 17=1 the Remainder will be 112 Rx? Here 7 leaves 
K* 


212 
17 


leaves 8=B=2.4; therefore P, X=A=4. (Pre. 1 and 2.) 


D Then 


[8] 


14 A4 4 
2B = 2 A=8 
gC=3A=12 | 


YD=44=16 


| '6B4-E=7 A—N=11=R 
(Pre. 5.) 


P 
P 
P 


5 


„ in its leaſt 


Value. 


| Example 2. What Number is that a, which if 2 | by 2A, and 
divided by 7M, the Remainder will be GR? Here -2 * leaves 4 A, 


| kae 15 therefore Pr, and X=B4-N—A=4.” Then 


_ IP2 
- [2P-þ3=5=2 in its kaſt 
] © Value; 


' Example 3. What Number is that a, which if multiplied by 121=24, and 


| rides by 49=N, the * will be 17=R? Here 


I'21XI 


leaves 23= 


ils = 2 leaves 46=B=24; therefore Par and * 422 3. Then 
4 ; 


- 
693K 


1+X 

[2+ XN 
A, C, E, in — 

Com. Differ. =3 


| I A—23 
282846 
31C=20 


4E=17=R 


P 


74 


P44=5=8 in its leaſt 
Value. 


n 4. What Number is chat a, which if e 22 23. M., and 
divided by 37 N. the Remainder will be 30=R ? Here —— leaves g9=A, 


27 leaves PR therefore Pra, and X=B—4=23. 


A=9 


149 Wo 74 
I4.X 28 232 4 P 
2-j-X—N ; C=18 21 
3+4 [C4 D=22 » 12 N. Ls 
STX | 6|:C+2D=7 145 
6＋- A 7]2C-|-2D-þX=30=R 7510 10-1=19=4 in Its 
eat Value: 


Example 5. What Number is that a, which if nn by 6 M, and 
divided * 21 , will leave 4=R? 


Here = leaves g= wy”? = leaves bad, therefore P = 4, and 
88 | 


1[4=3 1P 
1+X| 21886 PI 
24-X| 3]6=9 9 I- 
17-4) A= 21, 2 21=—21=0 Sc. 


It is therefore apparent chat the Remainder will always be ſome one e of 
theſe Numbers 3, 6, 9, 12, 15, 18, and conſequently can never be 4, as is 
required ; therefore is no ſuch Integer as the WED 5 


PROBLEM XII. 


668. What two — are thoſe a, e, whereof þ times the former leſs, 
c times the latter is equal to a given Integer d: Or bac? 


Example 1. Suppoſe b=23, C=37, and d=30. . 


Then] 1]234—37e=30 by the Queſtion. 
__ 23430" 
Whence| 2 T7 


Therefore a muſt be ſome Number, which feaſt Vat by 23, and ide 
by 37> leaves 3O. Conſequently 4 19 in its leaſt alue (In. 667.) accord- 


ing to which the leaſt Value of e is — — And by continually add - 


37 
ing 37 to 2 2 So to e 11, we ſhall have Anſwers to the Queſtion 


ep ollow 
[a]e| 


11. 


L 10 J 


Lz 

Sc. Oc. 

Example 2. Suppoſe b=39, c==56, and d=20? 
Then . by the Queſtion. 


Whenice| 2522. 

56 8 
Therefore a muſt be ſome Number, which multiplied by $9, and divided 
by 56, leaves 20. Conſequently the leaſt Value of à is 12, (In. 667.) accord- 


ing to which the leaſt Valte of e is g. And by coatinualiy add- 


2 


ing 56 to 2 = 12, and 39 to e=8, we ſhall have anſwers to the Queition ad 
: {nſinitum. 


ſ 7 


16847 


124 86 
Oc. &c. 


ScnuoLlivm VI. 


669. But this laſt Problem will be more readily anſwered by ſeeking the 
leſſer unknown Number firſt, eſpecially when the Difference between the un- 
known Numbers is great; in which caſe proceed as follows. Ex. gr. If 23a 


ze zo, then by due Reduction a= —— which ſhews that e muſt be 
ſome Number, which multiplied into 37, and divided by 23, will leave 


2x23—30=16: If 23a—-37e=60, or a= 2 chen e muſt be ſome 
| Number, 


11 2 


Number, which multiplied into 37, and divided by 23, will leave 3823 
. then e muſt be ſome Number, | 


which multiplied into 37, and divided Dy 23s will leave 4x23—90=2 : 6c. 
And in general, whenever the Diviſor M is leſs than the abſolure Number 
in the Dividend, it muſt be multiplied into the leaſt Integer that makes it 
greater, and the ſaid abſolute Number ſubtracted from the Product will give 
the Remainder R, to be proceedcd with as in In. 667. But if N be greater, 
the Difference between it and the abſolute Number will be the Remainder 


R. Ex. gr. If 394—56e=5, or =D E. then e is ſome Number which 


60=9: If 234-—37e=90, or a= 


mulciplied * 56, and divided by 39 will leave 39==5=34. If 39a—56e 
2 | 


—10, or — then e is ſome Number, which multiplied into 56, and 


divided by 39, will leave 39—10=29, If 394—=56e=15, or a= 5be--15 


a 8 39 
then e is ſome Number, which multipled into 56, and divided by 39, will 
| 56e-4-20 


leave 39—15=24. If 39a—56e=20, or 4 TE then e is ſome Num- 
ber, which multiplied into 56, and divided by 39, will leave 39-—20=19, Sc. 


PROBLEM XIII. 


670. To find whether a given Integer be compoſed of two or more given 
Integers, and if it be, to ſhew how many ways, | | 

Example 1. To find what two Integers thoſe are a, e, whereof 21 times the 
former, added to 17 times the latter, equals 2000. Or in other Ternis, It is 
required to find how many Ways 100. or 2000 5. may be paid by Guineas 
of 21 5. the Piece, and Piſtols of 17 5. the Piece. 


1]214--17e==2000 by the Queſtion. 
1—214| 2 17e=2000—218 | 
— 00 11—21a 
217 l e=117+ TH 


Hence a muſt be ſome Number, which multiplied into 21, and divided 
by 17, will leave 11; therefore the leaſt Value of a is 7, (In. 667.) and con- 
L1—21x7. 

. =109. | 
Then by continually adding 17 to a=7, and ſubſtracting 21 from e=109, 
there will be found five other Anſwers to this Queſtion in Integers, as in the 


Table following. | 
THRIEDY E | [a|el 


ſequently the greateſt Value of e is 117+ 


Otherwiſe we may begin with oy the leaſt Value of e, | and greateſt 
Value of a, thus; | 


214-þ-17e==2000 We the Queſtion. 
3 2214 2 2000— 15e | 


fu ng = | 


Which ſhews e to be ſome Number, which being multiplied by 17, and 
divided by 21, will leave 5, therefore the 4p} Value of e is 4 (In. 667.) 


and conſequently agate Value of a is 95+ wn 


ble above. 


Example 2. It is required to pay 61 J. 75. or 1227 s. in Moidores of 1. 6-5, 
64. the Piece, Piſtols of 175. 64. the Piece, and Pieces of eight of 45. 6 2. 
the Piece. Or in other Terms, It is required to find three tegers a, e, y, 


whereof 26. 4-17. 5e 4. 35 may equal 1227. 


5. e 1126.54 ＋ 17. -C SY=122) 


1x2] 2153444-35e4-99y=2454. 
Subſt. 3]y=1 (In. 663.) 
415 


Then] 4[5345+358+92=2454 
Whence * 69 2 8 
According to which, the * kg af a is 60 by the laſt 8 and | 
the greateſt Value of e is Gp Eien a eee Number; con- 
| | 3 ſe quently 


= 92, as inthe Ta- 


[ 13 ] 
quently y in the third Step was aſſumed too little. Therefore for a ſecond 
r 
Subſt] gly=2 _ 
Then 4, 34+35e-+-9x2=>2454 


When 9 


According to which the leaſt Value of @ is 42, and the greateſt Value of e 
is 69 + — 26. 


Again, make y—=2x2=4, and the leaſt Value of a will be 41, and e=7. 

Therefore if 1 be continually ſubtracted from a=42, and added to e=6, 
and 2 as often added to y, we ſhall have forty two different Anſwers to the 
foregoing Queſtion, as follows. hal] + 


BUF hel 
=] [| * 
a1} 7| 4 
40] 8] 6 
394 9| 8 
38 1010 
Se. Sc. Ge 
114248 


And if we ſubſtitute for e and for a, as has been done for y, we ſhall have 
yet many different Anſwers peculiar to each Subſtitution, which the Learner 
may purſue at his Leiſure. | | 


PrxoBLEM. XIV. 


671. To find. two Numbers, which added each to all their own Aliquot Parts 
do make the ſame Sum. 
| Effeftion. 
For one Number put ma, and for the other xe, and let 1 EN and 1+z 
denote the Sums of all the Aliquot Parts of m. and 7 reipeCtively, 858 
| en 


142 


Tier 1 Fama 1-{-n—{-e-j-e 
Or] ; 1--m-|- 1 mx4=1 +#-+ IAN 


* 3 = 2 1 5 —.— Wolfu Elem. Anal. p. 375. 


If then for n and » be aſſumed any two Powers of 2, Mn, and if for 
ebe aſſumed ſuch a Number that et is diviſible by all the Aliquot Parts 
of m, or by Im, you will have the Value of a, and conſequently the Num- 
bers ſought, viz. ma and ne. K. 

Ex. gr. If m=2, n=4, e=5, then” 1 +7 or the Sum of the Aliquot Parts 
of m is 1-2, and 1--n, or the Sum of the Aliquot Parts of u is ＋2 4. 


424.4 + 1-- IIA 1—2 
1472 


8 by the Queſtion. 


' whence a=— =13: Conſequently wa=26: and 


ne 20. | 
Proof. 1--2+13-þ26= 1+2+4+5+10+20. | 


Again, If nA, , e=13, then a= — — 
=29 3 conſequently ma=1 16, and ye=104 _ 
Proof. 12.4 ＋ 79 ＋8＋—1 eee be. 
PROBLEM xv. 


652. To find a Perfect Number, or one equal to the Sum of all its Ali- 
quot Parts (In. 37.) 
Effection. 


Let ae repreſent the Number ſought, e being an incompoſite Number, 
whence the Sum of all its Aliquot Parts is expreſſed by IC. -a. Cc. 
e ae ＋ ae Sc. till the Exponent be 2— 1. But the Sum of a Series 
of l In , 4 leaſt Term is 1, Nominator of the Ratio a, and greateſt 


2— 
Term a is — and the Sum of a Series of Terms in , whoſe leaſt 


Term is e, Nominator of the Ratio a, and greateſt Term a. is © 2 (In. 603.) 


1 e- e- Ge. ++ ar*-[-ae*+-ar* Ge. till the 


4—1 
Exponent be n—1. | — 
| * NP 


DL 15 | 
Or — e by the Queſtion. 


| G—1 
11 2 Pe 
2—4— * IAN -2˙¹e-e 
F —1 
374 —24 41 4 IT: = 


Now that e may be always an Integer, it is plain the laſt Diviſor a*+i— 
24-1 muſt always equal Unity. | 


Therefore make| g —-24＋L1=1 
==24" 


e = K Sc. Se by the Queſtion. 


124 c. — 22 2 
But|10|2%—1—2 —2 —2 Cc. — 21 
*$111]1-+2+-4+8 Cc. =e Incompoſit. l 
Hence we have the following Theorem for finding a perfect Number. 


THEOREM. 


If a Series of Numbers proceeding from Unity in a twofold Ratio (viz. 1, 
2, 4, 8, 16, Sc.) be continued till their Sum be an impoſit Number, that 
Sum multiplied into the greateſt Term will make a Perfect Number. 


2 gr. I＋2z gg, 2x3=6. 1-2-þ4=7, 4x7=28, 1-þ24-4+8-+-16=31, 
Ft fe” x 31732 T6412), 64K 127288128. 127-4-1284-256=511, 
256x511=130816. 511-þ512-+1024=2057, 1024x2057 =2096128, Sc. 


* 1 


C HAP. II. ; 
Of Double, Triple, &c. Lateral Equalities. 


PzOBLEM XVI. 


673. TO find three Numbers a, 6, y, whereof the Difference between the 
T firſt and ſecond is equal to the Sum of the ſecond and third, and 

the Sum of the firſt and third is equal 7 Product of the ſecond * — 
y | echion. 


Therefore to anſwer the Queſtion in Integers, for e can be aſſumed no other 
Numbers than 3 or 4. Ex. gr. If e=3, then 5224 — (Step. 6.) and 


a=2e+y=12- (Step. 3.) Ife=4, then y=2+—— =4, and a=2e++y=r2, 
PROBLEM XVII. 


674. To find three Integers a, e, y, whoſe Sum is equal to the Product 
of the ſecond and third, and the Sum of the firſt and third is equal to the 


ſecond multiplied into a given Integer 6. 


—1 5 


1 —be 


Therefore for e and a may be aſſumed any two Integers, whereof he==a=—b 

TI Sy. Ex. gr. If b=6, y=b--1=7j, (Step. 7.) then e may =2, and con- 

* ſequently a=5 (Step. 4.) or e may , and conſequently a=11 ; or e may 
=4, and conſequently a=17. Cc. 


PROBLEM XVIII. 


675. To find three Integers a, e, y, whereof the firſt leſs the third is equal 
to the ſecond multiplied into a given Integer 5, and the firſt divided by the 


third is equal to the ſecond, 


Cap) 


Effefion. 


— 0 by the Queſtion. 


1 
U 
* 


8 
| 

[| 

oy 


2Xy| Aa e 

3» 4, 5 he be- 
5— Gebe 
9 75254 —— 


I ; 31a=be=b-y 


Therefore for e may be aſſumed any Integer, which having Unity ſub- 
tracted from it, will divide or meaſure b. Ex. gr. If b=18, then may e=3, 
according to which y=27 (Step 7.) and a=81 (Step. 4.): Or e may 4. 
according to which y=24, and a=96: Or e may , y=21, a=147 : Or 
e =I, y=17, 4=170. | — | 


PROBLEM XIX. 


676. To find what particular Quantities of two or more Ingredients (whoſe 
Sum and particular Prices are given) will compoſe a Mixture that may be 
ſold at a given mean Price. 


Example 1. Suppoſe three Sorts of Liquor were to mixed together of 2 5. 
(or 36 d.) 25. (or 244.) and 84. the Quart: It is required to find how much 
of each Sort muſt be taken to compoſe a Mixture of 129 Gallons, or 516 
uarts, to be ſold at 25. (or 244.) the Quart, Or in the other Terms: 


It is required to divide 24 into three ſuch Integers a, e, ), ſo that 36a+-24e4- 
8y equals 510. | 


ebony vo} by te G 


15G 3364 36e-4-36y=864 


3—2 4|12e--284=34 & 
—_ 511 2e=348—28y . ; X 
5712 Of em2g-—zy 


1, 6, 7 
Whence| 8227 


25 (In. 22.) 8 . 


[18 ] 


gx3[1014y>15 
1024110 y> 34 

6, 123) C29 (In. 22.) 
I25>3|1g] YC C27 


It appears then (from Step. 11, and 13.) that y muſt be ſome Integer be- 
tween 34 and 124; and ſuch an one as is diviſible by 3: (Step. 6, and 8.) 


But there are only three ſuch Integers, viz. 6, 9, 12 3 therefore the Queſtion 
can only admit of three Anſwers in Integers, as in the following Table. 


ale | y 
3166 
N. 
11 IT | T2 


— 


xample 2. Suppoſe three ſorts of Grain were to be mixed together of 4 d. 

2 fray, d. the . It is required to find how much of each Sort _ 

'be taken to compoſe a Mixture OI 20 Pound Weight, to be ſold at 2a Penny 

the Found. Or in other Terms: It is required to buy 20 Fowls for 20 Pence, 

Geeſe, Quails and Larks, Geeſe at Groats, Quails at Half Pence, and Larks 
at Farthings: How many muſt there be of each Sort? — 


For the Number of Geeſe put a, of Quails e, and of Larks M 


Then] 1]a+e4y=20 ara 
2 ee pore 
2xa| 3/16a-|-2e-þ+y=80 

3—1 4|158-e=60 

4—e| 51154 . 

816 SY 

I, 6, JA re ey = 20 G IS 
Whence| 8|[y=1 7 | 

75 . (In. 22.) 

9 Se = i77 : 


That is, e is ſome Number leſſer than 1%; diviſithle by 15 (Step. 6, 8.) 
but there is no ſuch Integer but 15, therefore the Quefbian can only have one 
Anſwer in Integers, viz. e=15, 4=3, y=2, | 


3 Example 


L 19 J 
Example 3. Suppoſe four ſorts of Wine were to be mixed together, of 
164. 10d. 8 d. and 64. the Quart: It is 74 to find how much of each 
ſort muſt be taken to compoſe a Mixture of 100 Quarts, to be ſold at 12 d. 
the Quart. 


For the Quantity of Wine at 16 d. che Quart put a, at 10 d. e, at 8d. 5, 


at 6 d. u. 4 
8 aſide 4205 eee by the Queſtion. 


- RA 79-6 16a 


5] 6e--6y-þ64=6boomba 
10e-109--I0#u= 1000 - lo 


4—25 2 600-1 oa 
Whence| 8 I04<<6oo 


9 * pe Bog 
4 2 4#=04-—200 
Whence 11 64 200 
1126012 4334 | | | 
It appears then from the gth and 12th Steps, that a may be any Number 
between 334 and 60. Make a=47. 1 8 / | 


4u—8 


9+ 22 4 
yJ=41—24 


+41—21u-+-1=53 
＋ 4 | [ 


1510 * 
2 


From the 22d Step it appears that there is no Limit to ſhew above what 

« ought to be taken, but in the 24th Step it is limited to ſome Number be- 

low 20; therefore, by making a=47, the Queſtion will admit of 20 Anſwers 

in Integers, according to the following Table. | 
92 "227 i 25705! 


; g 
vhs 
To Þ ell 


. 


EI 
32 120 
| 39 
30 5 5 
29 7 | 17 
* 
| 27 | 11 15 
26 | 13 . 


14. 


678. To find four Integers 


1 
25 | 15 | 13 
241/12 
23 [wg fn 
[ 22] 21 | 10 
27 23 54 
FI 
wlz7] 2 


Sms: ohh VII. 


677. This laſt Speties of Double Lateral Equalities is the ſame with that 
which in +l Arithmetic is termed Alternate Aligation * 


PROBLEM XX. 


a, e, , , e Dick of the firſt and ſe- 
cond is equal ro the Sum of the third and fourth; the Sum of the firſt and 


And if for à be ſubſtituted all the Int 
Sum of all the Anſwers in Integers, whi 
found to be 3 


37 I 
78 2a wa 
17 31] 5 
1 1633 4 
2 
14 £377] 2 

39 1 2 


s between 33+ and 60, then the 
this Queſtion admits of, will be 


ual to twice the Sum of the ſecond and fourth, and the Sum of the 
ourth is equal to thrice the Sum of the ſecond and third. 


— 


= 


Effection. 


* by _ Queſtion. 


=2e-+2 
=3e+39 


== u (Step. 4.) 


Therefore, 


L 21 ] 


Therefore, to give an Anſwer in Integers, for « muſt be aſſumed any Mul- 
tiple of 7. Ex. gr. If 4=7, then y=ju=5, e3u=1, a= u=11: If a=14, 
then y = 10, eg, 4=22: If u=21, y=15, e=3, &=33: Ce. | 


PROBLEM XXI. 


679. To find four In a, e, y, u, whereof the Sum of the firſt, ſecond 
and third is equal to the Product of the ſecond and fourth ; the Sum of the 
firſt, ſecond and fourth is equal to the Product of the ſecond and third; and 
the Sum of the ſecond, third and fourth is equal to the firſt, 


Effettion. 
e u 
2a eu pe & by the Queſtion, 
A 
1 2 SD e- je- -I e- 
Whenceſ 5 2 | | mM 
8831 2 | 
Conſequently} 61#u=y 
; 24 32 6 
„* 622 — — 24 — 
| 722 2 7 
And] 8|4= 122 ＋— 
| 4 ＋. 9 ＋3＋ = 


For y muſt be aſſumed ſome Number, which wanting 2 may divide 6, 
but there can be no ſuch Integers but three, viz. 3, 4, 5, conſequently the 
Queſtion will admit but of three Anſwers in Integers. Ex. gr. If ung, 
then e=9, a=15. If a= y=4, e=6, a=14, If u=y==5, e=5, a=15. 


CHARA: << 
Of fingle Quadratic, Cubic, Biguadratic, &c. Equalities. 
A PArT1TION I. - 


680. PH Problems belonging to this Chapter are to be diſtinguiſhed 
according as their Efeion is Synthetical or Analytical. 


Der 1- 


1 


_.DeriniTtion 1. 


681. By Syntbetical Effeftion, I here mean that which proceeds altogether 
upon Theorems already inveſtigated, aſſuming all the 8 Cubes, Bi- 
quadrates, Cc. required by the Queſtion, as known, thereby to find the Value 
of ſome one or more Numbers of one Dimenſion in rational Terms. Of which 
kind are the Effedlions of the 21 following Problems. 


ProBLEM XXII, 


682, To find two Numbers, a the greater, and e the leſſer, or ae, whoſe 
Sum is equal to the Square, Cube, Biquadrate, Fc. of the leſſer: i. e. ae 
Se, or a-þ-e=ece, or ae ecee, &c. 1 


Effeftion. | 
For e aſſume z= any Number taken at Pleaſure ; ſo that ee=zz, or cer 
222, or eeee=2222, Cc. Or univerſally &=2", &c. | 


Then| 1 =] ,- 8 
F * — by the Queſt ion. 
2—2 gl - the greater Number required. 


Example 1. Let n=2, or a-+z=2*, whence a=z*—z : Then, If e or z=3, 
'a=6: Proof a Le ee. If zA, a=12: Proof a-emee=16. If zg, 
a=20 : Proof age ee = 25. &c. Pome; 20 

Example 2. Let n=3, or a+z=2*, whence a=z3—z: Then, If e or 
K =, 4=24 : Proof a-þe=cee=27. If e=4, a=6o. Sc. C 

Example 3. Let n=4,. or a- -g , whence a=z*—z: Then, if e or 
2=2, 4=14: Proof a-l-e=eceez16. If egg, a=78. Ce. | 


PROBLEM XXIII. 


683. To find two Numbers a>e, whoſe Difference is equal to the x Power 
of the leſſer, i. e. a—e=0e. — eee — 


Effection. 
Aſſume] 1]-=z any Number at pleaſure. 
A 2f'=2" _ a 8 
Then! : — by the Queſtion. oy 
S 


Example 1. Let . or a ＋EZ: Then, if e or z=2, arb. If e=3, 
ga will =12, If e=4, a=20. c. N 
. Example 


L 23 ] 


Example 2. Let n==3, or a=2%-þz: Then, If e or z=2, a=10, If e=3, 
1=30. If e=4, a=68, &c. _ 


PROBLEM XXIV. 


684. To divide a given Number 5s into two Numbers ae, whoſe Diffe- 
rence d is a Number of the Power of u, or an » Power, i. e. is a Square, Cube, 
Biquadrate, &c. as you pleaſe. 

EFection. 
Ila et by the Queſtion. 
Aſſume] 21 SA = 


Then 


Example 1. Let n=2, or a= and e = 
dd=9, a=22 and e=13, Proof. a- dd. 
3 3 
Example 2. Let n==3, or a= and === If then 5=35, and 


: If then 5=35, and 


'ProBLEM XXV. 
686. To divide a given Number 5s into two Numbers e, whoſe Quo- 


- a . 
tient - is an z Power. 
Effeftion. 
=5 by the Queſtion. 
2 
=—at pleaſure, 


Example 1. Let n=2. If then 5=35 and gg=4, a=28, e=7. Proof. 2 
=9q4=4, and a+e=5=35. | K 
Example 2. Let n=3. If then 5=35, and ggg=8, 4811, e. Proof. - 
=g9q9=6, and are 35. 


* | Prq- 
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PROBLEM XXVI. 


686. To divide a given Numbers into two Numbers ae, the Difference 
of whoſe __ is an z Power. 


9 44 £ 55.  Effettion, 
20 "| Ar by che Queſtion. 


3 2 1 


Then 3 2 , eG... — 4 350.) 


Example 1. Let 12. If then 5=6 and * = = ary e=$. Proof. 
Ga—ee=x*=2& or 4, and a-|-e=5=6, 

Example 2. Let n= 3. If then 5=6 and „s, 5 * r. Proof. 
a -e =x* —=2A or 8, and a{e=5=6. | 


-PrRoOBLEM XXVII. 


687. To find two Numbers a>e, from their Difference =d given, whoſe 
Sum ſhall be an » Power, 


Effettion:- 
ta—e=d by the Queſtion. 
Aſſu a- Leu. 
81d om 
Then| 3 N 2 ——— Un. had o 


W I, Let 12. If then d=3 and 5* =25, Pare” SY E=11. 8 
84-e=25, and a—e=d=3. 

Example 2. Let n=3. "If then d=3 and 53=125, a=64, e=61. a Te 
5 =125, and * | 


3 E M. XXVIn. 


688. To find two Numbers a>e, from their Quotient given, or from 
the Proportion of à to e given, which let be as & to c, and tlie Sum of the 
yaid Numbers ſhall be an z Power. 


Affection. 


14 — or by the Queſtion. 
Aﬀume|, 3 pleaſure. 


| s C5" | 1 
Then * A Pa ar or kw (In. 548.) 
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Example 1. Let n=2. If =; and 5*=4, then a=3, e=1. Proof. 


a-l-e=4, and 83. 
Example 2. Let n= 3: If 2 = and $*=8, then a=6, e=2. Proof. ale 


TT: 
—8, and —=3- 


PronLzx XXX. 
683. To find two Numbers a from the Difference of their Squares 
Dx given, whoſe Sum ſhal] be an z Power. 


E HOON. -- 
e=x by the Queſtion. 


Exampl I. Let n 2. Tf Wag x=45 and 5* S, y, e=2, Proof. ae 
=9 and a — =45. 


Example 2. Let n= 3. If then x=45. and 5*=27, a, e=S14, Proof. 
Gp = Ft =27, 4 — 2413248. 
PROBLEM XXX. 
690. To find two Numbers a>e from their Difference d given, whoſe 
Quotient —ſhall be an z Power. 


Efeclion. 
1e by the Queſtion. 
Aſume| 2 = e — 
. FELT ; 
Then), 3 e ( 81 


Example 1. Let . If then,d=15 and 2 4, a=20, e=5. Proof. 
ls. | nan wen þ | nt 02 $60 
Example 2. Let n=3. If then d=15 and 9" =8, , e, Proof. 
==, Geng" 2i=15, ; 

PRro- 
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PaonieM XXXI. 
691. To find two Numbers ae from their Quotient 7 = given, or 


3 5 * 
42011 1 3 8 22 2 4 \ 


which are to one another as h to c, whoſe Difference ſhall be an » Power. 
Effeftion. 


e by the Queſtion. 


Aſſume] 2d. -e at pleaſure 
ef Ma ft bt In 
„ = 


Example 1. Let u=2. If then 9==3 and d., a=6, e=2. Proof. a 
a | 
=4<1 * | | | 
Example 2. Let n=3. If chen g=3 and d'=8, a=12, e=4 Proof. 
a—e=8, ==. | a 1 
e  ProBLEM XXXII. | | 
692. To find two Numbers a>e from their Difference given, the Dif- 
ference of whoſe Squares ſhall be an » Power. 
_ Effeftion.” 
114—e=d by the Queſt ion. 
age 2 4 — 24 WV 
| * A= 4 


Ther] 3Ja= — Key an (In. 556.) 


Zxample 1. Let 2. If then d=2 and & g, a, e=3. Proof. 
42 — ==, — 2. 2 

Example 2. Let n=3. If then d=2 and x*=27, =, e=#2, Proof, 
* n 227, t:. 


PROBLEM XXXIII. 


693. To find two Numbers a>e from the Difference of their Squares 
Dr given, whoſe Difference ſhall be an » Power. 


Effefion 


, | 1 27 J 


- #ffeftion. 


1]ag--22=x by the Queſtion, 
Aſſume] 2d = -e c= x 


Example 1. Let u=2, If then x=99 and d*=9, a=10, e=1. Proof. 

q, aa I. | 
3 2. Let 22 3. If then x—99 and d =8, a=*£2, e =. Proof. 

a. e = —8, 4a — e 2g. 


PROBLEM XXXIV. 


694. To find two Numbers a Ye whoſe Sum is an u Power, and Difference 
an m Power. | 
Effection. 
Afume e awed 1 ure, 
+48 
2 


Then a= 5 —— (In. 545.) 


Example 1. Let n. If then 5*—25 and 4. =9, 4=17, e=8, Proof. 
a- Leg; a- == 5 

Example 2. Let n=, m=3. If then 5*=25 and d' =8, a =, e=42, 
Proof. a-l-e=5*, a=e=23?, | 


PROBLEM XXXV. 


695. To find two Numbers a>e, whoſe Sum is an 1 Power, and Quo- 
tient an m Power. 
EffeTion. 


£=8-]-e 
aun) a at pleaſure. 


(In. 548.) 


8 
g = — 
Ton pF 
Example 1. Let n=m=3. If then 55 =8, and gf =27, a = = , e= 


— 2. Let 1 g, M=2. If then 5? =$ and 3 =9, ==, e= 


—4 
10 r 


| ; Pk 0- 
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PROBLEM XXXVI. 


696. To find two Numbers a>e, whoſe Difference ſhall be an x Power, 
and Quotient an Power. 


a"—=a—e at pleaſure. 
ume | 
fur 3 7 — 


(In. 384.) 


Example 1. Let u=m=2, If then d*=4 and 9* g, ai, e= 
Example 2. Let 1g, m—2, If then d' = and 2 =9, a=g, on Ip 


PROBLEM XXXVII. 


097. To find two Numbers a De, whoſe Difference is an à Power, and 
Difference of their Squares an m Power. 


Effeftion, 


M A. at pleaſure. 
Aſſume — >" 


2x 


** 4 * 
Then , e Un. 556.) 


Example 1. Let nm 2. If then d' and xͤ A, a , e=3, 
Example 2. Let n=2, m==3. If then d. and x =27, a =, e ug. 


PROBLEM XXXVIII. 


698. To find two Numbers De, whoſe Sum is an x Power, and * 
of their Squares an m Power. 


Effeftion. 
Aſſum L at pleaſure. 


rA — e . 
550.) 


Example 1. Let n=m=2. If then £=25 and g, q=624—4:2, er 
— £8 


0 


Example 2, Let Un 2, M3. In then * 16 and x*=8, g=412, e A. 


PRo- 
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PROBLEM XXXIX. 


699. To find three Numbers a, e, y, whereof the Sum of the firſt and 
ſecond is an x Power, the Sum of the firſt and third an m Power, and the 
Sum of the ſecond and third an / Power. 


Section. 


—— 
-d . 124 * c 405 
2 Fas 


l (In. 575. 


Ex. gr. Let n= M2; Eg. If chen Nate and d* =8: à will , 


ESFJ)s 7 


PROBLEM. XL. * 


- 700. To divide a given Number s into three ſuch Parts, a>2>y, ſo that 
the firſt leſs the ſecond ſhall be an » Power, and the ſecond leſs the third an 
m Power, | 

Effection. 


Here, becauſe I have no Theorem to reſolve this Queſtion by, therefore 
I ſeek what three Numbers thoſe are a>2>>y, whereof ate, a—e=b, 


and e—y=c : And I find that a=, =, W 


Therefore 


Ex. gr. Let n=3, m=2. If then 5=28, þ*=8, and cg: ==, e=22, 
* i 
ProBLEeM XLI. 


701. To divide a given Number into four ſuch Parts a> lu, ſo that 
the Difference between the firſt and ſecond ſhall be an » Power, between the 
- ſecond and third an m Power, and between the third and fourth an / Power. 


Effection 


[ 30 J 


Effettion. 


ae.) ur by the Queſtion, 
[bHU=a—e<IS+3d'—20" 


- 


”m | 1 — "A n 
r A. * 222 2 RE. 20 —53 
Then — | a 2 
== . (ln. 576.) 
Ex. gr. Let n=l=2, M. If 5=57, b*=9, c, dA, then a=26, 
EZ=17, Y=9, UZ5. 


ScnoLrium VIII. | 
702. From theſe Examples I ſuppoſe the Learner will readily diſcover 


how to make the like Uſe of any other Theorems whatever, where the un- 


known Quantities are expreſſed in rational Terms. 


DeFini1T1on II. 


703. By Analytical Effeftion I mean that which takes the Squares, Cubes, 
Biquadrates, Oc. that are mentioned in the 7 as unknown Terms; 
and as ſuch proceeds by Reduction to ſeek the Value of their Roots in known 


rational Terms. 
PARTITION II. 


704. Analytical Effefion is divided into Natural and Artifcial. 


DETINITION III. 


705. Natural Analyſis is that which, without any contrived Hypotheſis, re- 
duces the Numbers or Quantities ſought to Laterals, or Numbers of one Di- 
menſion, like the 4th, 5th and 6th Problems of the firſt Chapter of this Part, 
of which kind again are the three following Problems. 


E EM XLII. 


706. To find two Numbers a, e, whereof the latter added to the Square of 
the former ſhall make a Square Number, whoſe Root is equal to the Sum 


of the Numbers ſought. 


3 EFection. 
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Efeltion. 


a ew by the Queſtion, 


122 2 e Za 


274 3 I =24-j-e 


| 3—24 4 124 2 
When | — . 


Therefore the Numbers ſought muſt always be leſs than Unity, Ex. gr. If 
e=4, a . If , . If en a=. If e, a=S&. 
55.46 PROBLEM XLIV. 


707. To find two Numbers ae, whoſe Difference is to the Difference of 
their Squares as b to c. 


Effetion. 
Ia : aa. ee b: c. or hxaa.— ec e. by the Queſtion. 
1 2ba+be=e, Whence a= _— 


Ex. gr. If —=9 and e=4,a=5, If —=9 and e=3, a=6, If —= 9 and 
e =, 4=7, &c. | 
PROBLEM XLVI. 


708. To find two Numbers a>e, the Sum of whoſe Cubes is equal to 
the Sum of the Cube and Square of the greater multiplied into the leſſer, 
leſs the Difference of the Cube and Square of the leſſer multiplied into the 


ter. 
__ 7 - ; EFection. F 
ia Se =aTÞ-aFxe—27—=7* by the Queſtion. 
Or | 2]a* +63 ae LA e—e3 a- e 
2g? e—te* | 3a —a lea e- t- -e ce 


3742 —e Sale -e e“ 
4— Sa — e =a*eb- get 
5 Ta Dae 

1 


Therefore e muſt be leſs than Unity. Ex. gr, If ef a=1. If e=4, a==, 
If e=4, . If e=4, = Oe. 1 


K DRI 
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| De#1n1TION IV. 
709. An Artificial Analyſis is that whereby the Numbers ſought are reduced 
to Laterals, by ſome contrived Hypotheſis, or Repreſentation of the Terms 
of the Queſtion. 


PARTITION III. 


710. And this again is twofold, viz. firſt by Subtraction, and ſecondly by 
Diviſion. | 
DETINITION V. 


711. Artificial Analyſis by Subtraction is that which proceeds by repreſent- 
ing the Root of the required Power in ſuch ſort, that the higheſt Dimen- 
ſions of the unknown. Term is made to vaniſh from each Side of the Equation 
by Subtraction, as in the Effection of the five next following Problems. 


PROBLEM XLV. | | 


712. To find a Number 4a, which, if added to its Square, ſhall make a 

Square Number ee. 
Effeftion. 
1]aa--a=ee by the Queſtion. 
Afumel 2 gs Nuwher Re. 
Makef 3 De, or 7-|-4==6, Of -r e 
3@-*| 417 —2ra-aa=ee by the firſt Hypothefis 

I, 4. | 5|aa+a=rr—2ra-as 
5——aal 6 


Whence|, 7 


Ex. gr. If r=1, =. It r=2, . If r=3, = &c. 


PROBLEM XLVI. a 
713. To find a Number a, which, if ſubtracted from its Square, will leave 
a Square Number ee. 
iſaa—a See by the Queſtion. 
Aſſume] 2721 
Make| g]r—a=e, 
3@-*] Afrr— zra aa ge 
I, 4 sa- —a==rr—2ra-|-aq 
5—aal 6 


Whence 71 


PR o- 
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ProBLEM XLVIL 


714. To find a Square Number aa, from which, if 4 given Number 4 be 
ſubtracted, che Difference will be a Square Number . Or which is the 
| ſame: To find two SR Numbers aa ce, whoſe Difference is equal to 4 
a Number given. 

Efteftion. 


— by the Queſtion. 


3 If ad, or 4 if v be leſſer than d 
ara aa e 
SDrr.—2zra- -a 


Arr. 2a 


e, o= — ob tele r 


288 WD » 


Ex. gr. If 4=24 and r=30, 3 a=22 and e=22, 


PROBLEM XLVIII. 


15. To find a Square Number aa, to which, if a given Square Number 
"2 added, the Sum will be a Square Number ee. 


Effeftion. 
I bb=ee by the Queſtion. 
Aſſume] 2 4 4 W 
Make 3Ja--r—e2 


ng Ter- rr ce 
I, 4 1 


5 bb=2ar+rr | 
Whencel 7 == , = : T therefore r<<þ 


Ex. gr. If bb=9 and rr=4, f, . 


PROBLEM. XLIX. 


716. To find a Square Number 45, from which, if a given Cube 3bþ be 
ſubtracted, the Remainder will be a Square ze. 


| Effettion. + 
I11ag=—bbb=te b the ueſtion. 
Aſſume] 213 — 
Make 3 Lare 


30 


1 


[34 ] 
8 * Sera La e 
4 4, . 
5— 44 [ — =r*—2ra 


2 ES 3 f 
Whence . ==, therefore = | 


Ex. gr. b* =8 and r=10, then ag A and eg. 


SCHOLIUM IX. 


| 4/4 It is apparent then, that this Analyſis by Subtraction, can be only 
of uſe 


for diſcovering the Roots from Squares, ſince all higher Powers formed 

from a Binomial, are alſo affected with every inferior one: Neither can it 

be of Uſe for that itſelf, where the Term of two Dimenſions is either Ne- 

ative, or affected with a Coefficient which is not a Square, becauſe in the 

— Caſe, the Term which ſhould anſwer it in the aſſumed Square will 

always be poſitive, (In. 393.) and in the latter, it will always be a com- 
pleat Square. s 


DeriniTion VI. 


718. Artificial Analyſis by Diviſton is that which proceeds by contriving 
ſuch a Repreſentation for the Root of the required Power, as ſhall make all the 
abſolute, Numbers in the Equation to vaniſh, and conſequently render it ca- 
pable of Diviſion by the unknown Term. After this manner is performed 
the Effections of the remaining Problems of this Chapter; except the 57th, 
58th, 59th, 6oth and 61ſt. 1 SEM 


| PROBLEM L. > fools 
719. To divide a given Square bb into two Squares aa and ee, 
Effettion. 
| 1{þb=aaÞee by the Queſtion. 
1—aa| 2|bb—aa—=ee 
Aſſume 3|r>1 
Make| 4|ra—b=e, if b; or b—ra=e, if b>r 
40. 5Ir*a* - rab bb=ee | 
2, 5| blbb—aa=r* a*—2rabl-bb 
6—bb| 7] —a8==r*a*—2rab 
774 8 a==rra—2rb 


2r 111 
Whenc 9 a=bx 75 . therefore 7>1 


Ex. gr. If bg and r=3, then == and => 


, e=bx 


CoroL- 


[35] i 
ST ': CoxoLLany Il. | 

720. Hence it is eaſy to conceive how any given Square Number may be 
divided into any Number of Squares at pleaſure. Ex. gr. If BB be divided 
into AA and EE, and EE _ into 7 Y and UU, then BB=AA--Y Y4-UU 
three Squares; and again, it AA be divided into aa and ee, then BBA 
ee--7Y-}-UU four Squares, &c. | | | 

PROBLEM LI. | 

721. To find a Square Number aa, which multiplied into a given Num- 

ber b, and then added to a given Square ad, will make a Square es. 
EffeFion. 

-| 1]þaa--dd=ee by the Queſtion. 


” 


— — 


aa—2rda-b-dd=ee 
aa-þ-dd—=rraa—2rdai-dd 


5—4d| bbaa=rraa—2rda 


Whence| 8] a= — 4 rn therefore rr>Sb 


| ava ; 75 rr 
Ex. gr. If b=7, d=2, and r=3, then a=6 and e=16, 


PROBLEM LIL. | 
722. To divide two given Squares hdd into two other Squares AA 

and EE, Efeeftion. | 
11þ+dd=AA+EE by the Queſtion, 

Aſſume 4 and diffgrent from þ 

35 —5 28 4 
38. 5}þ*a*—2b*abb*=A* | - 
4 2d 2 E * * * 


＋ 5 ** 36.4 
Te- L-. E- . Step. . 


nnn 

; . 2bb-1-2r 

g>b*þrf I 8 

Ay Ab 3 3 dri +2þ*r-—dþ> 
128 _— 


bb-rr, 
T Ex. 


L 36 J 

5 Ex. gr. If b==4, 22. and r=6 ; then a=74, conſequently A= and 

— LY | 

PROBLEM LUI. 
* FA 75 divide three given Squares cc dd into three other Squares 
N Effettion. 
| 1]bb4-ccÞ-dd=A* +E?-4Y* by the Queſtion. 
Aſſum >4 
Make 3ba—b=4, ca—c=E, and ra—d=Y. 
38 "+ra—< STra— — =4*'+E*LY* =bb+ec4-dd 
fb * (3 .—4 . Lo ies — 2bbÞ-2cc-2rdxa (rep. 5 
| 


Whence —— 

bo- Hr 

E. * If b=4, c=2, d=1, r=3, then a=25; and conſequently A=ba 
. Enca—c=35, T=ragmnd="28. 


PAOBLEM LIV. 


724. To divide a given Number 5 into two Parts A, E, whoſe Product 
ſhall be a Square Number yy. 


==2X 


EFection. 
* 11% = ＋ -E 
24 Ts | 
2 
T bi 2 In. 545. 
2 0 
44 
4x4] - = 
Makel 6 rt : | 
6@-*| Yrraa— ra- E A = ᷣ—44 Step. 3. 


Js] S§ſrraa—2ra = —-4a 
9ſrra— 272-4 


Ex. 


L 9 J 


Ex. gr. If s=10, and r=2, chen a8; conſequently A=I%=9,and E 
=. 
| PROBLEM LV. 

725. To find two Numbers a, e, whereof the Square of the former, added 
to the latter, ſhall equal the Square Root of their Sum. 


Efteftion. 
I we} ence A by the Queſtion, 


4a*+-2age-bee= 


Ex. gr. If r=2, a=} and e. 


ProBLEM LVI. 
726. To find two Numbers A E, whoſe Sum added to their Product is 


a Square Number yy. 
* EffeTion. 


Put| iſza the Sum bf the two Numbers required, 
Aſſume] 22d their Difference 


Thend 3 — In. 546. 
3x4] 51a*—d* AE 


3+4+5| 6j4*—d*2a=yy by the Queſtion. 
Make| 7|/—a=zy, cd (In. 711.) 
7@-*| 8[rr—2ra-kaa=yy. 
6, 8, 9]a*—=d*-2a=rr—2ral-aa 
ge—aalio| —ddd-2a=rr—2ra 


Whence —— 


11 222 — 


27-2 = TY) — 
Las dd 2d rr 2d ER r_4d—2dr4-rr—24 


„12 


1 27＋-2 * 27 +2 


— 2 — Þ 


| Or otherwiſe Eee, E. 


Ex. gr. If dio. and =. then Ai and E=3S, 


PROBLEM LVII. 


125. To find two Numbers A E, whoſe Product added to the Sum of 
their Squares is a Square Number ). 


Therefore 


Effection. 


1025 . -E at * 
2 z = M -E _ ESE eng 


7% - 2e He E“ 
8030 Tee gyy by the Queſtion 


Ex. gr. If b=4, r=6, then A=s, and Heng: 


PROBLEM LVIII. 


728. To divide a given Number 5 into two Parts, a, e, the Sum of whoſe 
Squares ſhall be a Square yy. | 


Effection. 
1]4+e=5s by the Queſtion. 
2E 4 
3|4a= the Square of one Part 
4 $—250-þ-0a= the Square of the other 
S- - - yy by the Queſtion. 
222 


7rrag—2r5a-þ-55=yy 


Gs 7. 8]2a4—250-þ55=rraqm=2r50þss 
Gennss 91244254 =1T Aga==2754 


94 


＋ 39 J 


| a 4 


Whenceli Ins yd — 
. mm {oo 622. 02 

| 77-2 2 112 
Ex. gr. If s=12, and r='3, then a = , and e. 


PROBLEM LIX. 


729. To find two Numbers from their Difference d given, the Sum of 

whoſe Squares ſhall be a Square Number yy. 
Effeftion. 

| ow the one Number required. 

a d the other by the Queſtion, 
aa= the Square of the one. 
aal-2ad-|-dd= the Square of the other. 
24a-l-2ad-Jdd=yy by the Queſtion. 
ra—d=y. POSSE 
rra* ==2rda—dd=yy 
2aa-4-2a4þdd=rraa—2rad lad 
2aa4-2ad=rraa—2rad. 
. 9>a|to[2aþ2d=rra—2rd. 


2. Na „2 5 
Whence|t 1] a Ade ad garn. ＋ the other Number. 


Wear Wo Do m 


Ex. gr. If da, z. a=. „ 


PROBLEM. LX. 


730. To divide a given Number s (of which 3 equais a Square Number 
9%) into two ſuch Parts a, e, that the Sum of the Cubes of thoſe Parts ſhall 


be a Square Number yy=m. (In. 551.) 
 Effedition. 


„ t 2rr = - 127. 
IP 121-1275 
lar 


——— (In. > 
8 (In. 711.) 


35127 $1 


4” 2 in. 551. 


| 
4 
& 


L | | 
Ex. gr. If 5=12, and r=2, then a=9 and e=4. 
| M PRo- 
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| PaodLuk LXI. 


731. To find two Numbers a, e, from their Difference given d, ſo that 3d 


may be a Square Number gq, the Difference of whoſe Cubes ſhall be a | 
Square Number y. | 


Efeftion. 
Aſſume| 1 2— 2 2 or — 558.) 
7 27 12 34 
Whence 20x — 24 
fi dd—12rr | 
9 8 247 | 2 In 8 
irrt 4 18 | 
! 24 2 


7. 121 <dd—124r, *d*>124r or d>12r. 
Ex. gr. If diz and 7, then q=2#+*, e=2. 


PROBLEM LXII. 
1732. To find two Numbers a, b, whereof the former, multiplied into the 
Cube of the latter, will make a Square Number. 
a | Effettion. 
1[abbb is a Square Number by the Queſtion. 
1—bb| Aab is a Square 
Make] 2þ4b=ab* 
38 bb==ab 
4=>b} 5rb=a 
Ex. gr. If b=3 and 7=2, then a=12. 


= 


PROBLEM LXIII. 


733. To divide a given Number 5, into two ſuch Parts a, e, that their Pro- 
duct ſhall be equal to a Cube Number 5), wanting its Root 9. 


| Effeftion. 
1e gha by the Queſtion. 
Then] 2|þ4—aa=yyy-+y by the Queftion. 
Make] gJae—1=y 
30 J 4e 34 e 34 1 


4—3 


423 
Lim 
6d a2 
123 
72 —2 
9— 


IO=ece| I la 


6 
7 
8 


L 4¹. J 


Iofe* ag ge —1 


3e —1 
FE 


666—8 


S 


ae —gaο + 24 n Y == 
ae — 34e ＋-262.—4 
ae —3ae* CA —2 
5=2e and fo the Queſtion becomes determinate, 


geb a => 3ae*—a 


Walf 


Ex. gr. If 5=6, then 4=235, and = -a == s. 


$14= 


9 


PROBLEM LXIv. 


734. To find two rational Cube Numbers e*>y* of the ſame Difference 
with two given Cubes Numbers 5 d. Whereof 2d. . 


2 


Effeftion. 


* 3 
oP bs 26 


4 


Xa==3b*d" - zůd⸗ 
3b*d*—3bd* 35d. 
; 6 


—̃ä —̃— — — 


+ If +4? 


SCHOLIUM IX, 
735. Note, the Cubes found by 


the forego 


ing 


302535 ; Jy f 
— * y 


4 


by dividing by 5-4. 


Method, are always leſs than 


the given Cubes, i. e. bis De, and d): Which may be thus demonſtrated. 


L 42 J 


12d" is Sb? by the Queſtion. 
[274>b (In. 146.) 


c 25 (Step. Sch in the laſt.) 


71-*>4* by the Queſtion. 


b 3b? 
25 8 2 —— T —— 
e 


Conſequently} 9I36—1 45214 
b==b 


9—t|10 bn Step 9. in the laſt, 


0 5 11 7 
That is, The leſſer Root given is always greater than the leſſer Root ſought: 


And conſequently, ſince their Difference is the ſame, therefore the greater 
Root given is alſo greater than the Root ſought. Q. E. D. 


ProBLEM LXV. 


736. To find two rational Cubes, ec >y* , whoſe Sum is equal to the Dif- 
ference between two given Cubes 5 , whereof 20 is. cb. 


Effettion. 


Make 


; 


5 — 4e 5 gd {WP 
3 ＋4 92 .— — 24.4 Se Y =b* mg? 
| (by che Queſtion. 


e 


„ 


L 43 J 


2 — 35d — 35d? zd 
7=>=b*—4*| 8a Fr ee 


Ex. gr. If b*=8 and d' =1, 6-4 =7, then e=4, and y=4, 


Co ROLLARV II. 


737. Hence is learned the Effection of this Problem, viz. To divide an 
given rational Cube Number & into three rational Cubes: Thus, 


1. Aſſume any Cube d', whereof 2d. hs. | 

2. Find two Cubes f* and g*, whoſe Sum is equal to b3?—4? by the laſt. 

Then are d', f* and g?, the three Cubes required, i. e. d fg =. 
2. E. E. | 
Ex. gr. If b>=8 and di =, then f == and g =. Proof. 1-|-5+- 
8: Or multiplying by 27, 27 ＋64 1252216. 4. e. 334% +53 


=067, 


CoROLLARY III. 


738. And hence it will be eaſy to conceive how any given Cube h may be 
divided into any odd Number of Cubes. For if þ* be divided into d --f3--g3 
(In. 737.) and g? into 43 +3 4-13 by the ſame Means; then 5 =d*F? Fr 
+3 4-13, five Cubes: And again, by dividing any one of theſe Ex. gr. F 
into m E- , we ſhall have ö --- -- mi +33 +73, ſeven 
Cubes: And ſo we may proceed, at pleaſure, to divide 4 into nine, eleven, 
thirteen, &c. Cubes. : 


| Mo Scyolivm X. : | 

739. Note, to divide a given Rational Cube into two Rational Cubes is 

impoſſible ; as is demonſtrated by the ſagacious Dr. Wallis. 
PROBLEM LXVI. 


740. To find two Cube Numbers e >y*, whoſe Difference ſhall be equal 
to the Sum of two given Cubes þ3>d% 


Eftttion.” 


7 b 


Mak<| ifa be 
1; d= 


[ 44 ] 
1@-| ga TNA Le. 
28. re b 30d y 
45—53⁵ 3bd* |-gb* 


4 OT TC +O =i—y =h3+-0 
$1 of by i the Queſtion, 


6x—] 7 71d* —b*xa-l-gbd* +3b*d*=0 
"s 8136d* +-3b*d* —=6* — Ad.: xa 
36d ＋3 
| 77 
517 3 
obtrolebb= EDD 
bb bb 4. ＋ 24h 
ede | 
Ex. gr. If b* =8 and d , fo that B d q, then will e=2 and y=22, 


24 


CoROLLARY IV. 


741. Hence is learned to find two Cubes of the ſave Difference with two 
EPR 5 ds, whereof 24* is Th. 


Effettion. 


1. By Prob.6;. find two Cubes f* and gs, ſo that 77g =-. 

2. By the laſt, find two Cubes þ* and &, ſo that Y — K g. 
Conſquently 5¹ — * will ſatisfy the Queſtion, i i. e. hb) — 4 1-4, (In. 21 9 
E. E. 

Ex. gr. If 5 8, d* t, fo that 2 — . ; ts g 2, wi 


2024284625 BB —29813 85216 2 Ss 


Corollary V. 


742. Hence again is learned to divide two given Cubes d- into two 
other Cubes: Thus 

1. Find ff—g=+4. Prob. 66. 

2. Find =- (In. 741.) 

Then is L . In. 4 ) BS, E. E. 

Ex. gr. If Þ=27, &=1, then will f=3;, K, and þ==$335+70; , 


k= 2863410511 
rer 


; | © Coror- 


L 45 J 


CoROLLARY VI. 


743. Hence laſtly we learn to divide the Double of any given Cube 7, 
into four Cubes : Thus 

r. Aſſume 1 8 

2. Find fig = -d (In. 742. 

3. Find Ep =o (In. 960 

4. Then adding theſe two Equations we have f* ＋- g= 25. Q. E. E. 

Ex. gr. If 5127 and d' , then will R ene 
SS rte 73544085283 * Ir Nr 


4 


SCHOLIUM XI. 


744. The Effections of the three laſt Problems, with their Corollaries, were 
taken chiefly from a Manuſcript now by me, the Work of one Mr. Robert 
Dalrymple," a Scotchman, Teacher of the Mathematics ſome Years ago in 
Whitehaven. 

SCHOLIUM NI. 


745. Becauſe it ſometimes happens that one of the required Squares or 
Cubes in this kind of Problems are to be limited, it therefore remains that 
the Learner be inſtructed how this is to be performed. Ex. gr. Suppoſe, 
in Problem the 47th, it were required that the ſide of the ſefler Square 


= 


2X 


- were required to be D, a N umber given. 


Famed 


greater than Qa g. 
Again, in Prob. 5o. if e=bx —=—= be required to be p and <q: Then 
brr—þ : err 
111 * 
2 brr— b grr - 
Whence 3172 . 


Therefore 


L 461 


Therefore to make. e or 55 55 greater than p, and leſſer than , for r muſt 
be aſſumed a Number greater than 25 | ; . Lag leſſer than — 


And after the ſame manner you may ene to limit any other required 
Square or Cube. 


— — 9 pd — _y —c__— ww — 


— — 


CHAP. IV. 
Of Double and Triple Quadratic and Cubic Equalities. 


PROBLEM LXVII. 


746. O find a Number a, which if added to þ and to c will. be, two . 
Squares un and yy. Bc. 10 


Effetti 10. 
: La by the Queſtion, 


Make * —= be 

3@* =bbem=2bed-ce | 

2 =bb—2be- tree * 
eee ee 


| 1 (Step 6.) 


W hence — — An 
- 2 r 

0 52 55 

{| 4 


Zy. gr. If b=11 and cg, then 4214. Proof. 14-1 _ 14224 


PROBLEM. LXVIII. 
7547. To find a Number a, which if taken from þ and from c, will leave 
two Squares uu, 5). 


 Effettion 


1—2 
375 


Aſſume 
Make 
68 


Whence 


88. 


Whencc 


lO 


m—_—_y by the Queſtion, 
b—c=uu—yy =q 
un 


S - (Step 4.) 


. x or x<<q* 


2Xy--Y= 


W 2 * 


Ex. gr. If b=35» c=26, and conſequently g=9, then if x=1, a will =10: 
Proof. 35—10=5*. 


26—10=4*. 


PROBLEM LXIX. 


748. To find a Number a, from which, if þ and « be taken, there will 
remain two Squares ze and yy. c. 


84-6 


Ex. gr. It b=14, and c=5, whence g=9, then if x=1, 4=30. 
| | O 


EFedtion. 
112 —5 See 
ov by the Queſtion. 
3 SS 5 
A Dee 
Se. 
E Tzxe Fer g=ꝗg- Lee = )y (Step. 4) 
JO vs ESR. 
7 * : * 
ge - (Step. 1.) 
2 
TH © 


Pr O- 


L 48 J 


PROBLEM LXX. 


749. To find a Number a, which (if þ be added to it, . en from 


it) will make two Squares ce, ). 
| Efefion. 
Iſa bee 
5 aten, by the Queſtion. 
1—2 3 IL. 


3+) 4g Ne 
Make 4 | 


5@-*| brav =ee=qþ3y (Seep. 4 
Whence| . > ay h 


78 85 = 


84. i= = 
* ge — =6 


Ex. gr. If b=12, c=8, qzb-c=20, x=2, then a=24. 


. PROBLEM LXXI. 
750. To find a Number a, which, if added to h and taken from 6, will n 
two Squares ce, y. b-1< being a Square. | 
Efettion. 2 
; 3 by the Queſtion. 


4 2 Com a=") 
12 Ee Af 

3—)1] A - ee 

Make 5 Are 

5@-*] &þ*y* —2gxy+aq=ee=qg—yy (Step. 4.) 


W henc: 5 -—$-W pou 


| _ | 
78 = 2 47 2 — (Step. 2.) 


— — (Step. 2. 


2 


Whence 9 


XxX -|-1 
_—_ 3 2 


Ex. gr. If b=6, 3, qqz=b{«c=9, x=5, then 42135. | 
3s P x 6- 


- O_o TT” oo ny YO CRC $9 


Pproslzu LXXII. 
751. To find a Number a, which, if multiplied into ö, and into c, will 
produce two Squares ee, yy. 


1 
21ac=yy 
3 


_ 
© 
- 
0 
o - 
F 
E 
* 
E 
"I 
a 
— 


Ex. gr. If b=8, c=2, x=3, then ant. Whence ab and ac = 


PrzoBLEemM LXXIII. 
752. To find a Number a, which, if divided by ö and by c, will 2 
two Squares ce, yy. 


Effeion. 
a 
| 1] ee | 
5 by the Queſtion. 
1 
I, 2. 3 ee 
30 4 ee y. therefore - muſt be a Square. 
Make] 5|xe=yy 
cx 
4 55 = 7 


6@-* 


* A 2 2 R 1 
; - «owt; 2 N 


E 


68. Jer I == (Step. 1.) 
c rx 
* 


Ex. gr. If b=8, c=2 and x=3, then 22, =. 


P 40 BLEM LXXIV. 


753. To find a Number a, which, if moltiplied into 5, and divided by c, 
will make two Squares ee, yy. 


Effeftion. 
1lab==ee 


by the Queſtion. 
8 y the Qu 


* ; 8 


Ex. gr. If bB, c=2, x Iz; or 4S or 2, Proof, ab=22=36, 


— . 
[4 


PROBLEM LXXV. 


754. To find a Number a, which, if þ be added to it, and ſubtracted 
from it, the Sum and Difference will be two Squares ee, yy. 


Efettion. 
g by the Queſtion. 
1—2 3]2b—2e—yy 


3 TN A cee 


Make] 5þ4--y=e G A5 Step. 7.) 
4 5] CR FY -A-. 


Whence 


51 J 


Whenceſ 7 — (Step. 2.) 


7 8 : =_ fins 


Ex. g. If b=8, and x=2, chen a=17. Proof. abb=25, a=b=9. 


PROBLEM LXXVI. 


55. To find a Number a, which, if added to and ſubtracted from its | 
e will make two Squares ee, yy. 


| EFection. | 
2. by the Queſtion-. . 


agq—a=yy 


Make| 3[a*—a=77 =a ns Tha 


314 
Whence] 44 
| 21—1 


* 
0D ww 


4 * 


4 —4u4-1 


ö | r 


5+4] © ——_ See (Step. 1.) Therefore 


| 283 « 2l{— [ 
muff un- 2.1 5 (In. 156.) 
Make 7 1 z Lz2C-LuN 
Whence| 8 == % Kl 
4, 8,9 Gm 
| 20—1 + 


Ex. gr. If 2=5 Bs — 


PROBLEM. LXXVn. 


756. To find two Numbers, the greater of which is to the leſſer as h to c 
and if each be added to the Square of their . the Shs will make two 


Squares ee, 5). | 
: EFection. | 


Put bac for the two Numbers 9 and make — or bag ca 


2. 
i 


3 P Put 


L 52 ] 


1þ*4*=|-ba==ee 
26 a*+cqzzyy 


5þ4] 6Þa*+ca=FU—LRKF-be x 
"Why 

Therefore s5y@u—25cu--bc 

Make| 7 ee 2 520-22 


3 22 be 
2c 


2 the Queſtion; = 


Pat] 3 Tha LLL 240 -LEA e 
un 


4. 


Ex. gr. If b=3, c=1, 4, 22, then «=;, 


u 
5— 26 


PROBLEM LXV. 


z Ale and r 


Ze (Step. 2.) 
muſt be a Square (In. 1 56.) 


a Art conſequently, 


757. To find two Numbers, the greater of which is to the leſſer as þ to 63. 
and if the Square of each he added to their Sum, the Sums will be two 


Square ee, yy. 


Section. 


Put ba>ca for the two Numbers required, and make e or ba-l-ca: 


Sad. 


Put | 3[ 


-HD =o U - ,- = SY (Step. 2. * 
te. au- Tag muſt be a Square (In. 156.) 


11522 — ; 
l 2 by the Queſtion. 
„a Har 22 or b* a* þ2baub-u* ES. 


* 


Make 


E87 


Make 7 nee, or rate 4-22 
r — Io le 


Whence] 8l=——— 
| 2 — cx ELLIOT 
ul — * 


| | = 42x92 Pb 

Ex. gr. Tf b=s, c=21, 5=6 and x i, then ar or 25 conſequent]; 
ba = and ca, whoſe Sum ga g= or . . * 
Scholiun XIII. 


759. The three next Problems are Triple Equalities, but are reduced to 
Double ones, by the Repreſentation of the Terms. And for their more eaſy 
Effection, the in Lemma is — to n 


LI. 


759. If d be put te repreſent the Difference Bien any two Squares 
ad te, and r be Ne for any other Number at pleaſure, whoſe Square rr is 


greater than 4, then= ALT the Side of the greater Squnte ſought. or a; 
re 


— 
27 


and the fide of the leſſer or e a. 714)! Om if 72 8228 then 


1. re 


or 22M and or —==e. | Whence | , 


If re repreſents the Difference between any two Squares, I ſay Half the Sum 
of thoſe Factors, viz, = wilt be the ſide of- the * 2 and half 


a Dibarence, in. 2 7 ne 


Pao LXXIX. 


760. To find three ſuch Numbers, that if the Product of every tuo of 
them be added to the third, the three Is will be ſo many * aa, 


ke, — Bf 
af Effetion. | 


Put a for the firſt Number ſought, a—db for the ſecond, and abb for 
the third, by which Means the Sum of the Product of the firſt and ſecond,. 
added to the third, is equal to the Square of a or as by Hypotheſis. 


11 ä f 
1—2 3 ab Se- d (ln. 714) | 


4 3 _ 2h = Kr . bx abb =rc by 


1 - the: Lemma. at the Ert of theſe; Pairs of Factors 


; muſt be taken, viz. _ — and — 2ah, becauſe of aab, 


b- * Babes of which nay be! inscved ard 


355 F equated to its proper Square in the 


3 | ay =, 
dene, . iſt or 2d Step. 


ab* 


eee 


Kean 85 20170 * 
| Whence| See :. d or rather 1>0 


" hd _ 
cee 0 + the ſecond Number required. 


48—86* 

| _ $*+-864--16 «py 1 48-44 
nab SDS demi ol, 
Ex. gs. KF b=1 then a=73+55+ a- = 53352 12222. l 4223 


PROBLEN LXXX. 


hs To find three ſuch Numbers, that if the Product of every two of 
them be leſſened by the third, the three Remainders will be ſo many Squares 


aa, ee, yy. - 
1 Hection. : 


a Oe a for the firſt Number ſought, * for the ſecond, and abb for the 
tape (act „Ja- Aab ban | 
2]aabb—a—bb=ec 7 the 3 

| | 3 r | 


314. -e ee. g el 


. e eee 19954497 


. 5E ＋4 5 [1 
1098474 ; Bo | 
j 1 5 „ In. 760. A. 
. 252 4 2— 2 22 — 3 
0 2 5 uh AT ot 
8 ˙⁰ A | | 
8 N. 1 
fm 55 4 —5 . a> 


Ex. gr. If b=2, then ak, +#h=4, abb=. 


PROBLEM LXXXI. 


762. To find three ſuch Numbers, that if to the Square of 74 one of 
0 


them the Sum of the other two be added, the three Sums will be 


Squares. 


many 


E feftion. 


For the three Numbers ſought put a, 24, 1. 


2, 6 


Whence 


7 


y a2 12 
= . 2 Poo i nin 


3a--1=yy 


4|440—24=80—yy=2X244a—4 or red 


5 
6 
7 
8 


1 44—2 and c=8 Un. 718.) 


2 
440 Ca CI — at I 


9 


4 175 onſequently 241K 
The three Numbers then are 1, 4 and . 


PROBLEM LXXXII. 


763. To find three Numbers, which, by the Addition of each to the 
Square of their Sum will make as many Squares. 


Effeftion. 


Put à for the Sum of the three Numbers required, and aſſume d, 


any three Numbers, whoſe Sum is r: Then make 2 


2ab-1-bb= the firſt 


Number; 2ac--cc= the ſecond; and 2ad-þdd= the third. 


Q Then 


244TH 
ab- 2c 4-2ad-bb--<c-4-dd=a-by'the Queſtion, 
Whence 5 ; __Bradd " I>2 Ja 
_— —— 
Ex. gr. If b, c=3, d=, then ag; whence za Lb =. 2ac-bcc 
rx. zd Edd · Proof, Br SFE. 
PROBLEM. LXXXIII. 
764. To find three Numbers, which will leave as many Squares, after 
the Subtraction of each from the Square of their Sum. 
Effeion. 


Put à for the Sum of the three Numbers required, and aſſume Bc, 


ſo that ö Ad be f and Ti: Next make 2ab—bb= the firſt Number 
2acr—=cc= the ſecond ; 2a4d—dd= the Third. Then 


S . Se e 1 
Ex. 4. If ö, c d==4, then 6=47;==54- 2abembb==5;. Zac. cc r- 
z2ad - dd r. 
PROBLEM LXXXIV. 


565. To find a Non Quadrate (i. e. a not 
added. to three Non Quadrates A, B, C, will 


Effettion. 


are) Number Z, which being 
ke as many, Squares. 


Put 
And 


1 aa: E the firſt Number ſought 
5 | 


ce—4ac=2 alſo ſought 


{== ava 
ae —=yy—_ | I0N, 
242 * f : 


— 
= mg 


2B1-2e 


C. rare 


Then 


Make 
6, 45 


Whence| 8 
Makel 


Whence 


Whence 1044 —— 


$, 1e38„Äñ„40ꝗꝗ% —— 


„.. BCxB--C—2 
"|" c= 
Ex. gr. If B=3 and C=2, then e=2, and. ar; conſequently Ages 
Gm A Pry E=—=284e-l-aa==3735. And if we multi y all 5 * will 


have A=1305, B 300, C=200, and E=2976-in Iniegers. Proof, A -E 
=1681=71 . B+E=676=26 . C+E=576=27", 


 PronLEM LXXXV. 


766. To find a Number 4, to which, if one given Cube h be added, and 
another leſſer given Cube d ſubtracted from it, that Sum and Difference 
will be two Cubes 65, 9% 


Put 

334 d ＋-3ad —d? eo ek ** 

| - 1 
Then| 3|a!—34* 4. al gad.-E a- gra. 


W 
Ex. gr. If 5 =8 and d=1, then a=48, conſequently Ar 1. Ang, 
if we 2 all by 343, we will have 5 —=2944=147, 4 3439, 
and A= 5256. Proof ALU =8000=20 and A -d. =4913=177, 


PROBLEM LXXXVI. 


767. To find three Numbers, which will leave as many Cubes after the 
Subtraction of each from the Cube of their Sum. 


Effettion. f 
For the three Numbers put a, þ, c, whoſe Sum is 4, and for the three 
Cubes remaining put e, f*, g. 


a=? 


L 58 J 


aT ed 
by the Queſtion. 


d -a e 
d — 
dmc g 


o OD 00 8 
* 
* 
Jed 


13]Let gan v5 th 
14% =p? —3f t-3pn*—n 


L5\f * =—p* +12p*n=—=48pu* +641 
16% =873 


6 (*)[t7]Let d An 


180d S664 ö 
19% — =651* - -D hp? =a - 
20d a48pn*—12p*n-b-p? =b 


21 — 2 =56n3 


22==1123|1211*+45pt—9p* =4 


709 


24|Let II EP 12 75 Gpn—gpp*=2 


23, 2402/12 1n*|-45pn—9p* n 2p . 


Whence|26|p—=221 
11,27 E = -n 
17,128 d=4n—=73n d =02929g3 
12,129]f = AN- Y» Fiese“ 
13,130|g Sa u r 


8, 
9, 


10, 


31＋32＋-33 


3236617037 
31 ard — e — r . 
— 19 


33=d*—g 


47135|' io u 


35 


Whenceſg 7 
31,38 


325 
33» 


att it # 1 
— — 494424 
III SES cd 
SH 22 9 IT 
FE 1. 773000 
40e = oo 7 =irSirH7T 


6 124 ad == > 6 
4A rr e F EAA g Pr 


ec 
22012 1 -45pn*—g9p* n=a4-b+c=d=4n (Step. 8, 9, 10.) 


34|a-|-be="3$23*n* ="475*n* =d=4n (Step. 17.) 


For 


59 J 


For the Excluſion of Negatives the Doctor proceeds thus: Inſtead of the 
Equation at the 24th Step, he takes 1 11ND 2 or —2: And then en- 


quires what Numbers may be the Values of , ſo as to make both e andf 


fitive. L 
To this purpoſe having borrowed the 11th, 12th, and 23d Equations, he 
goes on. | 
|! 2 
12684 —5 
22 [2 I 45 — 9p =4 


4-11 1n+qgp=-2 or —2 

42@-*143]121n--229pn-þq*p* =4 | 
23—43]+4[451p—92p—224P1=—=q"p =0 

44—11451451—9p—-22qn—qqp=0 
W hence[46]4 51==2291n==9q9p-]-9p . 

[47] ?: 45229 
Firſt Scopt[48]-=p—n=0, or y=nr 
47» 48]49}441-9=45—229 

49-þ229—9]5949-+229=36 


Whenceſ51|p=—11-þT57* =+1.529964, or 11757 = — 
| (23.529964 


52]*+q taken between -1472, and —23 7 makes o. 


Second * 53% A- pro, or 9 . 
46,1541451—22qn=44qn-4-36n, or 45--22q=444-1-36 
Whenceſ;5|4—--0.382491 Fc. or — 5.882491 Ge T 


560. g between Te and 5.72, makes f Co, other: 


| wiſe greater than nothing 
Conſequentlyſ57]Both e and F will be >o, when you take 9 between 


— 1.529964, &c and +0.382491 Cc. or between 
25.882491 Sc. and -23.529964 c. 


Thus far Dr. Pell, who alſo proceeds by making g=, for one Example, 
and —56 for another: And then goes to Tables, by the help whereof, great 
Varieties of ſuch Anſwers may be readily had. 


The End of the Sixth and Joſt PART. 
TRIUNI DEO GLORIA. 


| 
f 
| 
| 
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An Alphabetical INDEX of what is contained in the 
| foregoing TREATISE. 


— — 


Note, The e rf to the Inſtitutions in the Margin. 


: A. 
Bſolute Number of an Equation 444. 
A Addition, what 59, Cc. Its Sign 61. 
Of Integers 311, 313. Of Frac- 
tions 111. Of Species 380, 381. Of 
Surds 419. 
e of Quantity 371. 
8 Quantity. See Poſitive. 
lgebra, what 399. By whom invented 32. 
Algoriſm or Agorithm Numeral 250, Cc. 
Literal 370, &c. 
Aliquant Part 37. 
Aliguot Part 37. 
Alligation Medial 587. Alternate 664, 
Partial 665, Total 676, 
Annuities. See Penſions. 
Antecedent, what 44. 
Arithmetic, what. 9. 
Arithmetic of Infinites, by whom invented 


652. 
B 


Balance of Quantities 376. 
Binomial, what 395, 398. How raiſed to 


any Power 404. 
Biquadrate, v what 127. How extracted 


351, 354- 
Biquadratic Equations. See Equations Com- 
Bodies. See Mations. 


Circle, its Diviſion 298, 


Co-affifted Quantities 375. 


rent 74, 439. 
Coin Engliſh 292. Foreign 342. 
Combinations of Quantities 233, &c. How 
determined 634, 635. | 
Commenſurate Numbers 48. 
Commenſurate in Pawer, what meant by it 
135. 
8 Meaſure 47. The greateſt be- 
tween two Numbers 119. How ſound 
120, 135, 332. 
Complement to a Whale 6. 


Compoſite Numbers 56, 

Compound Rule of Three 198, 199, 341. 

Computation, what 3. 

Conſequent, what 44. 

Contra-a 4 Quantities 375. 

Contra-harmonical Proportion 203. Its Ana- 
lyſis 584. 

Cube, what 127. How extracted 351, 354. 

Cubic Equalities 4. 708, 730, Cc. Dou- 
ble 766. Triple 767. 

Cubic Equations. See Equations Compound, 

Cycle of the Moon 308. Of the Sun zog. 

Cypher, what 257. | 


Decimal Fractions, their Notation 260. Ex- 
act and Approximant 262. When firſt 
invented 263. 

Decimal Tables 345. 

Defectiue Quantity 374. 

Denominator of a Fraction 89. Of a Po- 
lygon 228. 

Difference, what 62. Its Sign 66. 

Dimenſions of a Product 75, Of an Equa- 
tion 440. 

Direct Rule Three, how performed 197. 

Dividend, what 76. 

Diviſion, what 76. Its Sign 78, 79, How 
performed in Integers 323. Fractions 

114. Species 401 Surds 421, &c. 

Divifer, what 76. their Invention 121 

E. 


Earth, its Circumference 299. _ 

Egeln Syntketical 681, Cc. Analytical 
703, Sc. 

Efficients, See Factors. 

Equalities, See Indeterminate Problems. 

Equality, what 13, 14. Its Sign 31. 

Equation Algebraical, what 425. How re- 
iſtered 426. How reduced 427, 461. 
To prepare it 451. To find the Num- 
ber of its Roots 459, Sc. To find the 
Affections of its Roots 465, To know 


how 


INDEX. 


how many of its Roots are poſſible or im- 
poſſible 476, &c. To augment or dimi- 
niſh its Roots 481, To multiply or di- 
vide any of its Roots 486, To free an 
Equation out of Fractions 487. To free 
jt out of Surds 488, To diſtribute it into 
Periods 489. To take away its ſecond 
Term 499. To take away its third 
Term 493. To find its Limits 496, &c. 
To determine the firſt two or more Fi- 
gures of its firſt Poſitive Root 502. To 
reſolve it finally 504, 506, &c. 

Equations Compound Inadſected 446. Ad- 
fected 506, Explicable 459. Inexplica- 
ble 468. ws 

Equation of Payments 586, 

Even Number, what 53. 

Evolution, its Sign 143. See Extraction. 

Exceſs. See Difference. 

Exponent, what 140. 

Exponential Quantities 144. 

E xtermination of unknown Quantities 525, 
c. 

Extraction of Roots in Numbers 351, 354. 
In Species 416, 417. 

Extreams, what 169. 

Extream and Mean * 173,394. 


Factors, what 70. 

Fell:wſhip Simple and Compound 585. 
Feuer, 16. Its Sign 31. 

Final Equations 437. 

Fractions, what 35, 88. Proper and Im- 


per 91. Pure and Mixed 93. Simple and 


Compound 96. Humogeneous and He- 
terogenous 98, Vulgar and Decimal 260, 

Freehold or Real E tate, how to value it 610, 

Geometry, what 9. 

Golden Rule 25 197, 341. 

Greater 17. Its Sen 31. 

Harmonical Proportion 202. Its Analyſis 
582, 583. | 

Heptagon, what 226, 629, &c. 

Hexagon what 226, 122 Sc. 


Incompaſite Number, what 55. 
Indeterminate Problems, how diſtinguiſhed 
540, &c, How limited 745. 


Inequality, what 13. 

Infinite Series, how ſumm'd up 650, 651, 

Infiniteſſimal, what 646. A 

Infinitinemial, what 402. How raiſed toany 
aſſignable Power 413. How extracted 
514. 

Integer, what 34. How found on certain 
Conditions given 667. 

Intereſt Simple 595. Compound 596. 

Inverſe Rule of three, how performed 197, 
l: 

Invalution, what 127, Its Sign 143. 

Trrationals 138. How denoted 141. See Surds. 

| 1 


Lateral Numbers, how ſumm'd up. 213. 

Lateral Equalities Single 653, Sc. Double 
673, &c. Triple 678, 679. 

Leſſer 17. Its Sign 31. 

Limits of an Equation 495. See Equations, 

Logarithms, what 253. their Structure and 
Algoriſm 356, * Their Inventor 369. 

Magnitude, what 12. ; 

Mathematics, what 1. AbſtratandConcrete7. 

Mean, what 169. 

Mean Proportional, how ſound 178, 200. 

Meaſures Engliſh 297, Cc. Of Foreign 342. 


. Metenic Cycle. See Cycle of the Moon. 


Minuend, what 62. 

Mixed Equations 524. | 

Mixtures, how compounded 588. How va- 
lued 589. How mixed 590. | e 

A Monome, what 265. 

More 16, Its Sign 31. 

Motions, how determined 592, 593. _ 

Multi pie and Submultiple Ratios, with their 
Species 182, 4 

Multiplicand, what 69. 

Multiplicate and Submultipltcate Proportion. 
with their Species 201. 

Multiplication, What 69. Its Sign 72. Of 
Integers 317, Cc. Of Fractions 113, 
Of Species 400. Of Surds 421, 422. 

Multiplier, what 69. 


 Muliittude, what 11. 


Mufical. See Harmonical Prepertion, 
| N 


Negative Quantities. See Defeftive. 
Newton Sir Iſaac, his T heotem inveſtigated 
411, 462, Nemina- 


IVD EX. 


Nomi nator of à Ratio, what 181. 
Notation of Species 30. Of Numbers 254. 
Number, what 27. Its Species, 34, 35, 138. 
How one is ſaid to meaſure another 46. 
Numerator of a F 1. what 89. 


Odd Number, what $4 


Part, what 6. 

Penſions, computed at Simple Intereſt 602. 
at Compound Intereſt 605, 606. 

Pentagon. See Polygons. 

Perfect Numbers, what 57. How found 672. 

Periods of Numbers 258. Of Powers 287. 

of Equations 489. 

Permutation of Quantities 240, &c. how 
determined 607. 

Polygons or Polygonal Numbers, how formed 
226, How denoted 229. How ſummed 

up 629, Cc. | 

. Polynomes 267, 395, Cc. How raiſed to 
any Power 412. 1 

Pofitrve Quantity, what 373. 

— er Species 127. How diſtinguiſh- 
ed 130, 132, 136. How denoted 140. 
See Extractian. | 


Practice in Merchants Accounts 347, 348. 
Prime Numbers. See Compoſit. 
Problems. See Queſtions. 
Product, what 69. . 
Progreſſion Arithmetical, what 204. Its * 
205, How indefinitely denoted 206. Its 
Analyſis 599, 600, 611, &c. 
es, Geometrical, what 21 5, Its Sign 
217, How indefinitely denoted 218. Its 
Analyſis 603, 604, 608, 60g, 615, Sc. 
Proportion Arithmetical, what 167. How in- 
definitely denoted 168. Diſcontinued and 
Continued 170. Its Analyſis 577, Cc. 
Proportion Geometrical, what 186. Diſconti- 
nued and Continued 187. How indefinite- 
ly denoted 188. Its Analyſis 580,581,622. 
' Pyramidal Numbers, how formed 232. 
How ſummed up 632, 636. 


Duadratic Equalities, Single 689, 698, 712, 
&c. Double 746, &c. Triple 762, Cc. 
Quadratic Equations, See Equations Com- 
pound. | 
 Vrantity, what 41 


* 
. 


\ 


Wneftions, their different Species 532, &c, 
ow brought to Equations 5 38, &c, 
Quotient, what 76, 


R 
Radicals; See Surds. 
Ratio, what 43, 44. 
Ratio Arithmetical, what 165. Its Sign 166, 
Ratio Geometrical, what 180. Its Sign 184. 
Reduction of Integers 333, &c. Of Vul 
Fractions 107, &c. Of Decimal Frac- 
tions 343, &c. Of Surds 418, 420, Of 
uations 427, Ec. 
Remainder, See Difference. | 
Roots, their Species 127. How diſtinguiſhed 
132, 135, 136, How denoted 141. 
Roots Impoſſible 394, 470, &c. 
8. 
Scale of Powers,what 129. How fummed 
up 643. 
Side of a Polygon 226, | 
Simple Equations 441. How reſolved 427. 
Species, what 26, 28, 30, 
Specific Gravity 590, 591. 
Subſtitution, what 397. 
Subtractian, what 62. Its Sign 65, OfInte- 
dert 312, 314. Of Fractions 112. Of 
urds 419, 423. | 
Subtrahend, what 62, 
Sum, what 59. 
Superparticular and Subſuperparticular Ra- 
tio's, with their Species 183. 
Surds, their Arithmetic 418, &c. 
Surd Diviſers 516, &c. 
Surds Univerſal 422. How to extract the 
Roots from ſuch 5 12. 


Surfolid 127, 145. 


Tariffa, what 321. 
Tetragon. See Polygon. 

Tranſmutation of Equations 479, &c. 
Triangular Number, or Trigon, See Polygon. 
U. 

Untie of Powers, what 408. How formed 
633. 

Unity, what 4, 5. 

J. ulgar F Yr actions. 


See Fraffions. 


W. 
rt 5 Weight Enghſh 293, &c, Foreign 342, 
( ul, what 6, 
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